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PREFACE. 



Galileo is accused of having adopted the conversational 
form in his physical treatises, in order that he might 
be the more free under the disguise of his interlocutors 
to praise his own discoveries. Without caring to under- 
take a complete defence, I can easily suggest a more 
charitable reason for his having expounded his views in 
the form of a dialogue. Galileo might feel, indeed must 
have felt, a freedom of explanation, and a facility in 
putting difficulties and solving them, when he adopted the 
dialogue, of which the greater stiffness and dignity of an 
ordinary treatise might not seem to allow : and certainly 
we must admit that he has been singularly happy in 
bringing out and explaining the various points of his 
subject in an easy and entertaining manner. 

It was probably the example of Galileo's dialogues, 
which suggested to me the possible advantage of intro- 
ducing the conversational element into i^chool-books on 
Mechanics. I knew, however, that a mere conversation- 
book could not be made to convey the subject in a form 
such as the student requires; I knew that the funda- 
mental propositions must be given in that plain stern for<m 
in which they are usually presented; yet I thought that 
the dialogue might be introduced as subsidiary to the 
common method ; and, finally, I determined to attempt an 
elementary treatise founded upon the union of the two. 
The following book, therefore, has been cotiv^o^^^ \x:^^\i 
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this principle ; first, there is a general introductory con- 
rersation between the tutor and his pupil upon the subject 
of Mechanics; then follow the various chapters of the 
book in order, and to each chapter (except the last, which 
contains problems only) is appended a conversation longer 
or shorter, as the case may be, containing explanations of 
difficulties, collateral matter, and the like, such as I 
deemed it inconvenient to introduce into the body of the 
chapter; and then follows an examination paper. It is 
intended that each chapter should be complete in itself, 
the appended conversation being merely supplementary 
and explanatory. And I may mention that I regard the 
conversations as a dep6t for illustrative matter, and that I 
shall feel thankful for any hints which may tend in future 
editions to render this part of the work more useful. 

There is another feature in which this treatise differs 
from any which have preceded it. I have divided the 
subject into experimental and demonstrative Mechanics; 
while I have felt the extreme importance of putting 
Mechanics upon its true basis as a demonstrative science, 
I have, nevertheless, considered that it may be treated 
experimentally, and that an experimental introduction is 
probably (for young minds) the simplest and the best. I 
have endeavoured, therefore, by means of two chapters 
depending upon experiment, to familiarize the student 
with the general notions of the subject before proceeding 
to its more abstract treatment. 

These are the only points in the plan of the Work 
which I think it necessary to notice ; the utility of the 
plan, and the manner of its execution, I must leave to the 
judgment and experience of those teachers and students 
by whom the book may be used : I will only add, that, as 
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I cannot expect to earn fame in such a humble walk of 
mathematics, I hope I shall hare the credit of an honest 
endeavour to supply a want which I know to be very 
generally felt; and further, I shall feel obliged if those 
who use my book, and approve it on the whole, will favour 
me with any suggestions which may occur to them for the 
improvement of its details. 

The treatise on Dynamics is not yet prepared ; I am 
anxious, before it shall be published, to see what view is 
taken of the plan which I have adopted for the Statics. 

I may also take this opportunity of mentioning, that as 
in the treatise on Dynamics I shall have frequent occa- 
sion to refer to the properties of the Conic Sections, I 
have thought it desirable to prepare a treatise on that 
subject, adapted as much as possible to the use of Schools. 
This treatise may be expected shortly. 



H. GOODWIN. 



CAMBRmGE, 

November y 1851. 
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Tutor. Wb have now laid so good a foundation of 
Geometry, Algebra, and Trigonometry, that I think we 
may safely proceed to an application of our Mathematics 
to the subject of Mechanics* 

Pupil I have heard Mechanics spoken of as a difficult 
subject, and I was afraid that it would be quite out of my 
reach at present. 

T. A difficult subject no doubt it is, taken in all its 
length and breadth ; for the whole theory of the motion 
6 of the earth, moon and planets, not to mention others still 
more difficult, comes under the head of Mechanics^ And 
in order to solve the various beautiful mechanical prob- 
lems which nature presents to us, mathematicians have been 
led to devise the most refined methods of calculation ; so 
that in studying the physical investigations of the great 
masters of science, one hardly knows which to admire 
more, the beautiful order of creation which their labours 
have explained, or the fine intellect with which mankind 
have been endowed and which has rendered such expla- 
nations possible. But without aspiring at present to such 
high regions of science, for which neither your age nor 
your present acquirements in pure mathematics fit you, it 
may be very possible for you by attention and care to 
acquire a knowledge, and a very useful knowledge too, of 
the fundamental principles of Mechanics. 

P. What do you mean by the term pure Mathematics ? 

T. I mean that great branch of Mathematics, which 

, treats only of the pure conceptions of number, space, and 

quantity. Arithmetic, Geometry, and Algebra, may be con- 
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sidered as the tliree fundamental subjects in pure mathe- 
maties; Trigonometry, as usually treated in the present 
day, is a compound of Algebra and Geometry; and all 
the higher branches of pure mathematics, with which I 
hope you will one day be acquainted, may be considered 
as belonging to one or both of these. 

P. What term do you apply to those branches of 
Mathematics which are not included in this class ? 

T. We generally make use of the term Mixed Mathe- 
matics. In this class are included Mechanics, Optics, Hy- 
drostatics, Astronomy, the theories of Sound, Light, Heat, 
Electricity, and the like. You will see at once that under 
these heads we have to deal with conceptions much more 
difficult than in the pure sciences; no boy of ordinary 
ability has any difficulty in conceiving of a triangle, a 
square, a circle, or in comprehending what is meant by a 
straight line, although Mathematicians have had some 
doubt as to the best mode of defining it, or in acquiring 
the rules of Arithmetic, or in solving conftnon Algebraical 
problems ; but the question is a very different one when we 
come to the consideration of such a conception as that of 
Force, which is the foundation of Mechanics ; a triangle or 
a straight line can be represented on paper, and niunber 
can be illustrated by divers familiar examples, thus the 
addition of 2 and 3 is inmiediately understood by the 
familiar notion of a boy having 2 oranges and 3 more 
being given to him ; but Force can be by no means so 
easily illustrated, we know it by its effects, and it is not at 
all easy to see how those effects can be made the subject 
of calculation. Moreover, all the mixed sciences are more 
or less experimental sciences ; that is, we ascertain certain 
laws or facts by experiment or observation, and we then 
make use of mathematical science for the purpose of ascer- 
taining the results of those observed laws ; and it is pro- 
bably from this mixture of abstract calculation with experi- 
mental truth that the name of mixed mathematics arises. 
The superior difficulty of thje mixed sciences may be. argued 
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also Trom this, that the acute Greeks, who succeeded so 
admirably in Geometry, made, comparatively speaking, 
little progress in those branches of mixed mathematics to 
which they applied themselves. 

P. And you think that I have made sufficient progress 
in pure mathematics to advance to the more formidable 
science of Mechanics ? 

T, I think so : I should not recommend the step, if I 
were not satisfied that you had thoroughly laid hold upon 
the principles of the subjects which you have read, and that 
you were able to apply them. You will remember how 
careful I have always been that you should not merely learn 
a certain number of propositions, and that I have insisted 
upon a very extensive application of what you have read to 
examples and easy problems ; by this means I trust you 
will find that you have realized the end which I have had 
ever in view, namely, that your mathematical knowledge 
shoi4d not be a weight for you to carry, but a tool for you 
to use with ease and dexterity. 

P. I confess that I have often a little murmured in 
my mind at your inexorable determination concerning ex- 
amples and problems. 

T. That confession does not surprise me; but you 
will now begin to enjoy the sweets of your labour, you will 
find that you will be able to apply your previous knowledge 
to very interesting mechanical problems with comparative 
ease, having only the difficulties peculiar to your subject to 
contend with ; whereas if while you required all your atten- 
tion to enable you to grapple with the mechanical principles 
of a problem, you had your mind distracted by the diffi- 
culty of managing an undisciplined regiment of a?'s and y's, 
sines, cosines, and tangents, you would experience a degree 
of mental confusion very prejudicial to your advance in 
mechanical science. 

I will now explain to you in a few words the plan 
according to which I propose to teach you something of 
Mechanics. We will first take a chapter of an elementary 

\—% 
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treatise^ such as this which I have prepared for you, and now 
hold in my hand, and we will read it carefully*; then you 
shall ask me to explain any difficulties which may present 
themselves, or perhaps I may suggest difficulties to you and 
questions which may serve to test the manner in which you 
have comprehended what we have read ; and having thus 
discussed the subject of the chapter in a familiar manner, 
I will leave you a paper of vnritten questions or of problems 
and examples, upon which you may at your leisure try your 
skill ; and until this paper has been thoroughly finished I 
shall think it undesirable to proceed to the succeeding 
chapter, 

P. Before we commence reading the book, would you 
think it too much trouble to explain to me in a familiar 
manner the general aim and principles of the science which 
I am about to enter upon ; for I find that communication 
viva voce is in general much clearer to me than the teach- 
ing of a book by means of dry definitions and axioms. 

T, I do not object. I begin then by telling you that 
the Science of Mechanics is the Science of Force. 

If we look about us we see that all things are in motion^ 
or if not in motion they may be put in motion ; a scientific 
mind at once inquires. What are the laws of this motion ? 
there is a stone resting upon my hand, the stone is at 
Test, but if I take my hand away it falls, and it begins 
to fall gently, but soon its motion becomes more rapid ; 
pow I require to know the laws according to which this 
takes place. Again, I take this kitchen steelyard; here 
is a large weight hung upon this short arm, and here is a 
small weight hung upon this long one, and you see they 
just balance each other ; now it becomes a question, what 
is the relation between the weights and the arms of the 

* I take this opportunity of suggesting to all young students the great 
advantage of writing any proposition which they may desire to master, 
instead of merely reading it. The process of writing, though it may seem 
tedious, will, for the majority of students, prove the shortest and easiest 
ipethod. 
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steelyard, in order that this may be the case. I could 
suggest a thousand similar questions, which it would puzzle 
you very much to attempt to answer. But here I must 
observe that I have just now proposed two questions to you 
of a very diflferent kind ; do you see the difference be- 
tween them ? 

P* It struck me at the time that the questions seemed 
very different. For I think I could easily measure the 
length of the arms of the steelyard, and so ascertain the 
relation which they bear to the weights which hang upon 
them ; but how to find out anything about the way in which 
the stone falls and how fast it goes, I confess this quite 
puzzles me. 

7\ You are quite right in your comparative view of 
the two questions. I should state the distinction in a 
shorter and more technical way by saying, that the question 
concerning the weights on the steelyard was a Staticat 
question, that concerning the falling stone a Dynamical. 
Scientific men have seen it advisable to divide the science 
of Mechanics into two great sections, the first and simpler 
of which we call Statics, which treats of bodies at rest, th^ 
second and more complicated JDynamics, which treats of 
bodies in motion. But in connexion with this division of 
the subject let me give you a strict and formal definition 
of Force, 

Any cause which produces or tends to produce motion in 
a body is called force. 

P. You use the term body : I am not quite sure that 
I have a distinct conception of the meaning which you 
attach to the word. 

T. All things in the world of the existence of which 
we become aware by means of our senses we call matter; 
thus, wood, lead, water, air; &c. all come under the general 
definition of matter, and any portion of matter we call a 
body. If the body be inconceivably small we call it a 
particle, and a body may be regarded as a collection of 
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particles; a particle may be caDed a body, but a bodjr 
is not neceflBarily a particle. 

Now yoa will at once see, that if there be a canse 
tending to produce motion in a body it may, or may not, 
actoaUy produce motion; if it be counteracted by some 
other cause it will not produce motion, if it be not 
counteracted it wilL For instance, here is a book lying 
upon the table, if the table were removed the book would 
fidl; why? 

P. In consequence of its weight, I suppose. 

T. Yes ; I might ask you what you mean by weight ; 
but passing that by, its weight is Afcfreet because it tends 
to move it ; the table prerents it from moving ; therefore 
the table exerts a force upon it. One of these forces 
tends downwards, the other upwards, and the result is that 
the book is at rest. Here then we have a case of a body 
acted upon by forces, and yet remaining at rest. To 
which branch of Mechanics then would this case belong ? 

P. To Statics. 

T. Certainly. And if the table be suddenly removed 
the book falls ; and then we should have a problem, which 
would belong to 

P. — Dynamics. 

T. Tes ; and you were quite right in supposing, that 
statical questions are the more easy of the two to treat. 
At present we shall be entirely employed with Statics, 
and when you are familiar with that branch it will then 
be time to proceed with Dynamics. 

Now one of the first things which it will be necessary 
for you to lay hold upon clearly, is the manner in which a 
force is to be measured. Here is a weight of lib. lying 
on the floor ; by means of this string which is attached to 
it and which I am, as you see, pulling directly upwards 
with my left hand, I am exerting a force upon the weight. 
Here is another weight of 2 lbs., upon which I am, in like 
ioianner, exerting a force by means of a string which I 
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hold in my right hand. I have now lifted them both, the 
one with my left hand, the other with my right; what 
conclusion do you draw concerning the f(yrce which I am 
exerting by means of my right and my left hand, respec- 
tively ? 

P. One IS twice as great as the other, since your 
right hand supports twice as great a weight as the left* 

T. Certainly ; and you have now told me the method 
by which we measure all forces in Statics ; I will enunciate 
it for you thus : 

A Statical force, or a force considered statically, is mea* 
sured by the number of pounds weight which it will sustain. 

So far as our purposes are concerned at present, it 
is not at all necessary to consider what a pound weight is : 
it is sufficient to observe, that certain standard pound 
weights exist, which are made very accurately, and pre- 
served with great care, and these standard weights deter- 
mine the pound weights throughout the country. If then 
we call a force which will lift a pound weight unity, or 1, 
then a force which will lift two such weights will be 
denoted by 2, and, generally, a force which will lift P 
pounds will be denoted by P. 

P. I observe that in this book the author speaks of a 
force P, a force Q, and the like ; I suppose that what you 
have just now said explains what he means. 

T. Doubtless ; we speak for shortness' sake of a force 
P, meaning by the expression that force which would just 
lift P pounds ; and if you bear this in mind each symbol 
you meet with will convey to you a distinct meaning. 
When we come to the consideration of Dynamics we shall 
be obliged to enter more particularly into the question of 
measuring force. 

P. I observe also that straight lines are spoken of as 
representing forces: this appears somewhat strange; at 
least it does not very readily occur to me that a force and 
a straight line can have many common properties. 
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T. The representation of a force by a straight line' 
is extremely convenient, and by no means so arbitrary 
as you seem to imagine. For, let us analyse the concep- 
tion of a straight line and that of a force, and we shall 
see that there are two things which are necessary to deter-i 
mine a straight line, and that the same two things are 
necessary to determine a force. Do you see what the^e 
are? 

P4 I am not sure that I imderstand clearly what your 
mean by the expression determine a straight line, and 
determine a force. 

T. In reading Euclid you will remember that we find 
the phrase a given finite straight line ; what do you mean 
by saying that a finite straight line is given ? 

P. I mean that I know its length and how it is 
situated. 

jP. Precisely so : in other words, you know its mag* 
nitvde, and you know its direction. It would not be suf- 
ficient to know the magnitude without the .direction, nor 
the direction without the magnitude ; but if we know these 
two things we know all that it is possible to know con- 
cerning the finite straight line ; and therefore the mag- 
iiitude and the direction are said together to determine 
the straight line. 

P. I believe I understand you : you would say that 
the position of the centre and the length of the radiii? 
determine a circle, and that two sides of a right-angled 
triangle determine the third. Am I right ? 

T. Certainly. And now let us consider what is 
necessary to determine a force. How did we say that the 
magnitude of a force was estimated ? 

P. By the number of pounds weight which it would 
lift, 

T. Yes ; but I shall not know all that may be known 
concerning a force by being told the number of pounds 
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which it can lift; for instance, you may have two loco- 
motive engines of precisely the same power, but you could 
scarcely say with propriety that they were exerting the 
same force if one was dragging an up-train and the other 
a down-train : in one sense of course this would be true, 
but we should speak more accurately if we said, that the 
forces though the same in magnitude were opposite as to 
the direction in which they were exerted. Again,^ suppose 
you are felling a tree, and have a rope tied to the upper 
part of it in order to prevent it from falling upon your 
house, you would not think it sufficient to say how many 
men were to be employed in pulling the rope, but you 
would also tell them in which direction they were to pull ; 
that is, you would give the direction as well as the magni- 
tude of the force which you wish to be applied to the tree, 

P, This seems to me quite clear : it is obvious that 
though two forces may be equal in magnitude, they may 
produce very opposite effects according to the direction 
in which they act, and therefore that to determine a force 
entirely we must know its magnitude and its direction. 
There is however one point which I should wish to have 
bleared up : how am 1 to define the direction of a force ? 

T. You may say that the direction of a force is that 
direction in which a particle on which the force acts 
would begin to move, if not prevented from moving by 
other causes. 

Now let us collect the results of this discussion. We 
found that a finite straight line was determined by the 
knowledge of its magnitude and its direction; we have 
now concluded that a force is determined by its magnitude 
and its direction; does it not seem then to be a very 
natural course to represent a force, which we cannot see, 
by a straight line, which we can see, and which will pro- 
bably assist us in carrying on our reasoning respecting 
force ? 

P. It seems so, when viewed in this light. But 1 
fear that I shall be apt to confound the two, and perhaps 
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to forget sometimes that the lines which I have drawn 
represent forces. 

T. You will of course be liable to such confusion, 
but a little attention wiU save you from errors ; to assist 
you in this we will always take capital letters as P, Q, 72... 
to represent forces, and small letters a, 6, c, . . . to represent 
lines. 

There is one more point to which I must call your 
attention, while we are upon the subject of representing 
forces by lines, or as it may be called representing forces 
geometrically. Suppose I take AB to repre- 
sent a certain force which we wiU call P; A b 

then I intend to assert that ^6 is P times 
as great as a certain line, an inch for instance ; so that 
if a line of 1 inch be conventionally taken to represent 
lib., a line of 2 inches will represent 21bs., and so on; 
and the position of the line AB upon the paper shews me 
the direction of P, or (as it is sometimes called) the line 
of P*s action ; but at present there is a point not clearly 
defined, and that is, whether the force is tending to move 
a particle from A towards P, or from B towards A ; to 
make this appear to the eye by a figure, it is usual to 
denote the direction of a force by an arrow-head, the force 
tending to move a particle in that direction in which the 
arrow appears to be moving. 

Thus if I wished to represent a force acting upon a 
particle A and tending to make it move from 
left to right across the paper, I should draw X. % 

an arrow-head as in this figure. And I might 
either take the line AB to represent the magnitude of the 
force, or (which is more common) I might at the point of 
the arrow put a letter or figure to indicate the magnitude 
of the force ; thus I might represent as in the 

figure a force of P lbs. tending to move the j^ ^P 

particle A in the direction indicated by the 
ILrrow-head. 

P. This seems to be very convenient, because it 
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represents to the eye all that we can wish to know con- 
cerning the force. I suppose that the same method would 
enable us to represent several forces acting on a particle ? 

T. Certainly. A particle may be under divers in- 
fluences; that is, it may be under the action of divers 
forces ; and (as you have anticipated) these may be most 
conveniently represented by lines drawn in different di- 
rections, or by lines and arrow-heads. Thus, the particle 
A may be under the action of two forces P 
and Q, acting in different though not in ex. 
actly opposite directions, and we should re- 
present this state of things by such a figure 
as I have just now drawn. 

P. The particle -4, if acted upon in the manner 
which you have represented cannot, I suppose, be at rest ? 

T. Surely not. If two equal forces act in exactly 
opposite directions upon a particle, it is clear that the 
particle will not move; but two forces, whether equal or 
unequal, cannot keep a particle at rest under any other 
conditions. The smallest number of forces which can 
keep a particle at rest, or (as we express it) maintain 
equilibrium, is three. Thus sup- . ^ =*<P 

pose we have two forces P and Q N 
acting upon a particle -4, and sup- ^^ 
pose that the particle would begin to move in the direction 
A X ; produce AX backwards to N, and suppose AN to be 
a string made fast at N\ then it is evident that the 
particle cannot move at all ; and therefore it will be 
possible to find a force R which acting in the direction 
AN will counteract the combined effect of the forces 
P and Q. Thus it is clear that three forces may be found 
to keep a particle at rest, and also that if any two forces 
be given a third may always be found which shall coun- 
teract the effect of the other two. 

P. It seems from what you have said that such a force 
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might be found ; but I must confess that I have no notioa 
how to set to work to find it. 

T. I am not surprised : for this is in fact the verjr 
problem of Statics, and we may therefore now with pro- 
priety pass on to the consideration of the subject as it is 
treated in the book which I have put into your hands. 
I have only one preliminary remark to make; you will 
observe that the first two chapters are called Experimental 
MeehanicSi and the fourth and fifth Demonstrative Mecha- 
nics. The fact is that the science of Statics is strictly a 
demonstrative science ; in other words, it can be shewn, 
not only that the recognized laws of force are such as 
experiment indicates, but that they are necessarily true ; 
indeed the great beauty of Mechanics as a mathematical 
acience is that it possesses this demonstrative character; 
at the same time the subject presents so many difficul- 
ties to a young beginner, that I have thought it a con- 
venient method to introduce the fundamental laws of 
Statics in the first instance as results of experiment, and 
afterwards to demonstrate the truth of the same laws 
mathematically. The advantage of this method is, that 
when you arrive at the demonstrative portion you will have 
a clear conception of what it is that you are required 
to prove; and in many cases to see clearly what it is 
that is to be done is a very considerable step towards 
actually doing it. 



CHAPTEK L 

EXPERIMENTAL MECHANICS. COMPOSITION AND RESOLU- 
TION OF FORCES WHICH ACT AT ONE POINT. 



1. The simplest case of two forces acting at the same 
time upon the same particle, is that of two forces acting 
upon it in the same direction. 

It is evident that a particle under the action of two 
forces cannot be at rest unless the two forces be exactly 
equal in magnitude and opposite in direction. Let us 
denote by P and Q two forces acting upon a particle in 
opposite directions, then for equilibrium we must have 

P-Q (1), 

or P-Q»0 (2). 

2. If the forces P and Q be not equal, the greater 
will preponderate; and the particle will be under exactly 
the same circumstances as if it were acted upon by the 
excess of the greater over the smaller force. For instance, 
if a particle be acted upon by a force of 51bs., tending to 
draw it from left to right across the leaf of this book, and 
by a force of 31bs., tending to draw it from right to left, 
the particle will be under exactly the same circumstances 
as if it were acted upon by a force of 21bs., tending to 
draw it from left to right. In this case the force of 21bs. 
is said to be the resultant of the two opposite forces 51bs. 
and 31bs- More generally, if the two forces P and Q act 
in opposite directions, and P be the greater, P - Q will 
be the resultant of P and Q, and wiU tend in the same 
direction as P. The resultant of these two forces may be 
denoted by J?, and we shall then have 

P'-QmR (3). 
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It is evident that if P act upon the particle and tend to 

draw it in one direction, and Q together with if tend to 

draw it in the opposite direction, the particle will be at 
rest. 

If P and Q tend to draw the particle in the same 

direction, and we call R their resultant, we shall have in 
like manner 

P^Q^R (4). 

And generally, if a particle be acted upon by any 
number of forces Pi Pj P3 . . . tending to draw it in one 
direction, and by any number Qi Q^ Q3 ... tending to draw 
it in the opposite direction, and we call R the resultant, 
we shall have 

Pi + Pa + ^3 + ... - Qi - Q2 - Q3 - ... - R (5). 

3. It is frequently convenient to use a symbol for 
a force which shall indicate not only the magnitude of the 
force, but also the direction in which it acts. Now in 
Trigonometry we make use of the signs + and - to indi- 
cate the directions in which straight lines are drawn, and 

Very great advantage is derived there- , 

from. If we take a fixed point A^ and 

draw a straight line AB of length a in a given direc- 
tion, and then draw a straight line AB' of the same 
length (a) in the exactly opposite direction, we distinguish 
AB from AB' by calling AB + a and AB' - a. And it is 
quite unnecessary to explain to any person who is ac- 
quainted with Trigonometry the remarkable simplicity and 
generality which is given to formulse by this means. Sup- 
pose then we adopt a similar convention respecting forces ; 
that is, if J be a particle acted upon by a force P tend- 
ing to move it from A towards P, let us denote the force 
by + P, and then we can denote by - P an equal force 
tending to move the particle from A towards P^ 

4. We can by this convention enunciate, in a very 
neat and simple form, a proposition which expresses the 
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rule for finding the resultant of any number of forces, act- 
ing upon a particle along the same straight line, but some 
tending to move it in one direction along the straight 
line, and others to move it in the exactly opposite direction ; 
for we may say that 

The resultant of any number of forces hamng the same 
line of action is the algebraical sum of the forces. 

Or if we denote by Pi Pg Pg ... any number of forces 
acting in the same line, and by R their resultant, and if 
Pi Pg P3 ... represent positive or negative quantities as the 
case may be, we shall have 

Pi + Pg + Ps + ... = R (6). 

5. We may further make use of the convention con- 
cerning positive and negative forces to enunciate the 
general condition of equilibrium of any number of forces 
acting upon a particle and having the same line of action ; 
for we may say, that under such circumstances the particle 
will be at rest if the algebraical sum of the forces be zerOn 

6. The term resultant, which we have used in this 
very simple case, is one of much more general application. 
Whatever forces may act on a particle and in whatever 
directions, they will be equivalent to one single force ; for 
if they be not such as to keep the particle at rest, or 
produce equilibrium, the particle will begin to move in 
a certain direction, and it can be prevented from moving 
by a single force acting upon it in the exactly opposite 
direction; call the force which is just sufficient for this 
purpose J?, then R is in equilibrium with the whole system 
of forces ; but so it would be with a force R applied in the 
direction in which the particle would begin to move ; con- 
sequently the whole system of forces is equivalent to one 
single force if. acting in that direction in which the particle 
would begin to move. And R is therefore termed the re- 
sultant of the system of forces. 

7. The general problem of Statics may be said to be, 
to find the resultant of any system of forces. The ijTo\Afc\fiL 
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is much simplified by supposing the lines of action of all 
the forces to lie in the same plane, which for clearness of 
conception we will suppose to be the plane of the paper, 
and to this limited case we shall confine ourselves. It will 
be found, however, that notwithstanding this limitation the 
results at which we shall arrive will be applicable to a very 
large class of interesting questions. Our first step must be 
to solve this problem : Given the magnitude and direction 
of two forces (P and Q) which act upon a particle, to deter- 
mine their resultant {R). Or, which is the same thing. 
Given that three forces acting in the same plane upon a 
particle keep it at rest, to find the relations which subsist 
between the magnitudes and directions of the three forces. 

8. Now in considering the case in which a particle 
was acted upon by forces having the same line of action, 
we were able at once to deduce our results by reference to 
the simplest principles : but the problem with which we are 
now concerned does not admit of so easy a solution. There 
are two modes of solving it ; we may either have recourse 
to experiment, or we may demonstrate it mathematically 
by means of certain axioms concerning force. In this 
treatise we shall adopt both methods ; first we shall shew 
how to deduce the result experimentally, and we shall 
illustrate the result by some applications ; by this means 
the reader will become familiar with certain new concep- 
tions, which may at first seem strange to him ; but he must 
not rest satisfied with this mode of treating the subject, for 
experiment can only render a law very probable, and re- 
sults obtained by experiment however precious they may be 
when we can obtain them in no other way, are altogether 
of a different order of value from those which we can de- 
monstrate to be necessarily true. 

9. We might commence with some experiments for 
the purpose of determining the relations which the result- 
ant of two forces given in niagnitude and direction will 
bear to the forces themselves, but it will be more simple to 
enunciate the result at which mathematicians have arrived, 
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in the form of a theorem, and then shew how the theorem 
may be experimentally verified. This theorem is usually 
called the Parallelogram of Forces and may be enunciated 
as follows ; 

If two forces acting upon a particle be represented in 
magnitude and direction by two straight lines drawn from 
the particle^ then the diagonal of the parallelogram described 
upon these two straight lines will represent the resultant in 
magnitude and also in direction. 

Suppose, for instance, that A is the particle, and let it 
be acted upon by a force represented 
in magnitude and direction by AB^ and 
by another force represented in magni. 
tude and direction by AC\ complete 
the parallelogram ACDB; then the re- 
sultant force will act in the direction 
AD and will be represented by -4 D in magnitude. So that 
if we produce AD backwards to D\ and make AD^ equal 
to AD, then AB, AC, AD', will represent three forces in 
equilibrium upon the particle A. 




10. TVe shall now explain a method of proving by 
experiment the truth of this theorem. 

Let A and B be two small brass wheels turning upon 
horizontal pivots inserted into a ver- a 
tical board. The wheels must be care- 
fully constructed so as to avoid friction 
as much as possible. Let P, Q, R be 
three weights attached to the extremi- 
ties of three silk cords, the other ex- 
tremities of which are all knotted together in one point C 

Now let the cords supporting two of the weights, as P 
and Q, b6 made to rest upon the wheels A and B, as in the 
figure, and let the weight R hang from the point C, Theii 
it will not be diflScult to arrange the system in such a 
manner that it shall rest as represented in the figure ; we 
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have therefore the point C kept at rest by three forces 
acting in the direction of the three cords. 

And these three forces will be measured by the three 
weights P, Qy Ri for the effects of the wheels A and B is 
(neglecting any effect arising from friction,) merely to 
change the direction of the strings; that is, the force 
which must be applied at C in the direction ^C in order to 
support the weight P must be a force whose measure is P. 
The point C is therefore kept at rest by three forces P, Q, 
R acting in the directions of the three cords which support 
the weights P, Q, and R respectively. 

Along CA measure a line Cp containing as many inches 
as there are ounces in the weight P ; and along CB a line 
Cq containing as many inches as there are ounces in Q ; 
complete the parallelogram Cprq ; and join Cr, Then it 
will be found that Cr is sensibly in the direction of RC 
produced, that is, vertical ; and if Cr be measured, it will 
be found to contain as many inches as there are ounces in 
the weight R. 

By these means, therefore, the Parallelogram of Forces 
can be proved, so far as such a proposition can be proved 
experimentally: the more accurately the experiments are 
made, and the more they are varied in their circumstances, 
so much the more certain will they render the truth of the 
proposition. 

11. Let us now take a few illustrative examples. 

Ex. 1. Suppose P = 3lbs., and Q = 4lbs., and the angle between 
them to be a right angle. Then it will be seen that the lines repre- 
senting P, Qy and R form a right-angled triangle, and therefore by 
Euclid I. 47. 

.-. i2» = P*+Q« = 9+l6=25, 

.-. R = 5. 

The angle which R makes with P is that whose cosine is -|- or .6, 
which will be found to be 5S^ 52' 11" nearly. 

Ex. 2. Two forces act on a particle, the angle between their direc- 
tions being 60^; to find the magnitude of their resultant. 
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Let P and Q represent the forces ; R the resultant ; then in the 
figure of page 17> 

AB = P, BD^Q, AD = R, ABD^lSOf" -BAC^UO"; 

.-. i2' = P*+Q' -2PQco8l20^ 

= P'+ Q* + PQ, since cos 12(y» - - J. 

Ex. 3. Suppose in the' preceding example P= 2lhs., Q = 3lbs. 

.-. i2'=4 + 9 + 6 = 19; 

.'. 22 = ^/19 = 4. 3589 lbs. 
Ex. 4. To find the direction of R in the preceding example, 

sin BAD = -^ sin if5D= -^sin 120^= -^^, 
^^ ^/l9 2^19 

.-. BifD= 36' 35' 12", 
as ¥^ill be found by help of a logarithmic table of sines. 

12. When by means of the parallelogram of forces we 
find a single force which is equivalent to two others, we 
are said to compound those forces. And the parallelogram 
of forces may be described as the rule for the composition 
of forces. 

Conversely we can by the same proposition find two 
forces which shall be equivalent to any one given force; 
when we do this, we are said to resolve the force in two others, 
or into two components ; so that the parallelogram of forces 
is sometimes spoken of as the rule for the composition and 
resolution of forces. 

If two component forces be given in magnitude and 
direction, it is a determinate problem to find the magnitude 
and direction of their resultant ; but if the magnitude and 
direction of one force be given, it is not a determinate 
problem to find the two components of which it is the 
resultant, since there are an infinite number of pairs of 
forces, from the composition of which the given force may 
be conceived to have resulted. If, however, it be required 
to find two components in given directions from which a 
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given force shall result, the problem can be solved. Thus 
let AB represent the given force in magni- 
tude and direction; AX^ AY ihfi given direc- 
tions of the components. Draw BC, BD pa- 
rallel to AY, AX respectively; then AC, AD 
Viill represent the magnitudes of the two 
components required. 

Or, again, if one of the components be given in mag- 
nitude and direction, the other can be found. Thus, let 
AB be a given force as before, and let AC h^ one of its 
components; join BC, and complete the parallelogram 
ADBC, then AD will be the other component. 

Ex. 1. A force of 61bs. is the resultant of two forces, with the 
direction of which it makes respectively angles of S(f and 45^ : required 
the magnitude of each component. 

Referring to the preceding figure we shall have 

AB^6, BAC=-S(fi, ABC = BAD ^^S""; 

.-. ^C = 6x5B_^ = 4.392Slb8. 
sm 75* 

AD = BC = 6??5|? = 3 . 105Slbs. 

8m75'» 

Ex. 2. Let the resultant be 10 lbs., and let one of the components 
be 7 lbs., and make with the resultant an angle of 60^, to find the other 
component. 

Heferring to the same figure, we have in the triangle ABC 

AB = 10, AC =7 J BAC = 6(y, to find BC ; 

••. BC' = 10* + 7'-2x.lOx 7cos60* 

= 149 - 70, since cos 60*' = ^ 

= 79; 
.-. SC= ,779 = 8.8882 lbs. 

13. It will further appear that the parallelogram of 
forces will enable us to find the residtant of atoy number of 
forces which act upon a single particle. For we have only 
to take two and find their resultant by the rule ; then 
we can compound this resultant with the third ; the next 
resultant with the fourth ; and so on for any number* 
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To represent this geometrically ; let AB^ AC, AD, AE, 
represent any forces acting on the 
particle A, Complete the parallelo- 
gram ABRiQ and ARi will represent 
the resultant of AB and AC. Com- 
plete the parallelogram AR^RzD^ and 
AR2 will represent the resultant of 
ARi and AD, that is of AB, AC and 
AD, Lastly, complete the parallelogram ARzR^E, and 
AR^ will represent the resultant of AR2 and AE, that is, of 
AB, AC, AD and AE. 

It is evident that this process applies equally well, 
whether the lines of action of the forces be all in the same 
plane or not. 

We might, by means of the process here described, 
actually calculate the magnitude and direction of the 
resultant of any number of forces acting at one point ; 
the method however would not be convenient, and we shall 
hereafter explain a process for finding the resultant, the 
Bame in principle, but much more easy of application. 



14. We have observed, that a force may be resolved 
into two others in an infinite number of ways; there is, 
however, one mode of resolution which deserves particular 
attention, and that is the case in which a force is resolved 
into two components in directions perpendicular to each 
other. Let AB represent the given force; and AX, AY 
two directions at right angles to each other. 
From B let fall the perpendiculars BC, BD 
on AX, A Y respectively ; then since A CBD 
is a parallelogram, AC, AD represent the 
components of the force in the directions 
AX and AY. Call the angle BAC 0; and 
let R be the original force, X and Y its two components. 
Then since 

AC « AB cos 9, and AD = AB sin 0y 

we have -^ = i? cos 0, and y « i? sin 9. 
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Now the peculiarity of this ease consists in this, that 
no force has any tendency to produce motion, in other 
words, it has no effect in the direction perpendicular to its 
own. This is evident from the very nature of force ; but 
the truth of it is seen at once from such a consideration as 
this, that a body placed upon a horizontal table will be 
at rest, however smooth the table may be. The body is 
acted upon by a force, namely, its own weight, but this 
tends to draw it downwards, and the table being horizontal, 
will not admit of any motion downwards, consequently the 
body does not move at all. The pressure downwards is 
counteracted by the upward pressure of the table, and 
these two are exactly equal and opposite. The effect of 
the body's weight therefore is to produce a pressure upon 
the table, which is measured by the weight ; but it has no 
tendency to produce motion upon the table, that is, there 
is no component in the direction parallel to the surface of 
the table, or perpendicular to the direction in which the 
weight acts. 

The same thing may be seen as follows Let C be a 
ball having a string attached to it, and let c 

AB be a smooth plane having in it a recti- 
linear slit through which the string can pass. 
Then let a force P act at the extremity of 
the string ; if the string be exactly perpen- i* 

dicular to the plane, it is obvious that there will be no 
motion, but if otherwise the ball will move along the 
plane in the direction of the slit. If the string be per- 
pendicular to the plane, the force P ynSl produce a 
pressure P upon the plane, and will have no component 
parallel to the plane or perpendicular to the string. 

Suppose however that the dh^ection of the string is 
not perpendicular to the plane; then 
motion may be prevented by a force a 
acting along the plane; what will be 
the magnitude of this force ? The pre- ^ 

ceding investigation will enable us to determine this. 
For let Q be the acute angle which the direction of the 
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string makes with the plane; then P may be resolved 
into two components, P cos 9 parallel to the plane, and 
P sin 9 perpendicular to it ; let X be the force which 
would prevent the ball from moving, then it is evident 
that we must have 

X^Pco^9. 

And the component P sin will produce a pressure 
upon the plane, having P sin 9 for its measure. 

The component P cos 9 may be termed the resolved 
part of P parallel to the plane ; and the preceding expla- 
nation will enable us to form a very distinct notion of what 
is meant by the resolved part of a force in any given 
direction; for it is measured by the force which is ne- 
cessary to prevent the given force from producing motion 
in that direction. And we have this general rule of which 
it is impossiblet o overestimate the importance, To find the 
resolved part of a force in any given direction^ multiply the 
expression for the force by the cosine of the angle between the 
given direction and that of the given force. 

Suppose, for instance, that in the preceding figure, 
JP ■= 41bs., and = 60®; then the resolved part of P along 
the plane, that is, the force necessary to prevent motion 
along the plane == 4 x cos 60^ >= 21bs. And the pressure upon 
the plane 

«4sin60 = 2\/31bs. 

Again, suppose a horse is drawing a weight up a hill, 
and for distinctness let the weight be 1 ton, and let the 
inclination of the road to the horizon be 14°; then the re- 
solved part of the weight parallel to the road will be 
1 X sin4^ or 156.25 lbs; and if we neglect the resistance 
to motion arising from the roughness of the road, this will 
be the measure of the eflPort which must be made by the 
horse in order just to drag the load. Practically this re- 
sistance may by no means be omitted, it is called friction 
and will be considered hereafter; but theoretically, that 
is, supposing the road be perfectly smooth, the horse would 
have to exert such a force as would just lift 156.25 lbs. 
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And the resolved part of the weight perpendicular to, and 
therefore supported by, the plane will be 

1 ton X cos 4^ or 2234.51bs. 

15. We shall return to the subject of the Composition 
and Resolution of Forces, when we have demonstrated the 
J?arallelogram of Forces independently of experiment. 



CONVERSATION UPON THE PRECEDING CHAPTER. 

T. I shall now be happy to explain any diflSciil- 
ties which may have occurred to you in reading this 
Chapter. 

P. When the forces act in the same straight line 
there seems to be no difficulty whatever; it is a mere 
case of addition and subtraction. One point howeveir 
occurs to me, concerning which I should wish to put a 
question. In what light am I to regard the principle of 
applying the signs + and - to indicate the directions of 
forces ? 

T. I think that the clearest manner of conceiving this 
is to regard the symbols + and - as marks indicating any 
qualities of bodies, or lines, or forces, which are exactly 
opposite to each other. When they are first introduced into 
mathematical reasoning, they are taken to represent the 
operations of addition and subtraction; and regarding them 
thus, a - 6 means the number a when the number 6 has 
been subtracted from it ; consequently if h be greater than 
«, the symbol a - 6 has, properly speaking, no meaning, be- 
cause a greater quantity cannot be subtracted from a less ; 
but in Algebra we nevertheless often speak of negative 
quantities, which we denote by a symbol such as — 6 : what 
do we mean by such a symbol ? 

JP. May we not say that it is a quantity which is to h^ 
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tuhtracted from any quantify greater' than itself with which 
it may be connected ? 

• - • . • ■ 

T. Yes ; you may regard it in that manner, and then 
a positive quantity would be considered as a quantity to be 
added. Now to add and subtract are exactly reverse ope- 
rations, and a quantity which is to be added is exactly 
opposite in quality to one which is to be subtracted; and 
thus the symbols + and — when used as affecting monomial 
quantities, as + a or - 6, may be spoken of as symbols of 
exactly opposite affections. Observe then, that if instead of 
introducing + and - as symbols of addition and subtraction, 
we introduce them in the first instance as symbols of oppo- 
site qualities or affections, the use of them in elementary 
algebra will be no exception to this definition, but a par- 
ticular instance of it. Various instances will at once occur 
to you, in which we are able to denote by such symbols 
opposite qualities which we have frequent occasion to ex- 
press. Thus, let a man's property be a, and his debts 6; 
then we. should say that the man is actually worth + a -^ 6; 
if a be greater than 6 the man is solvent, if a » 6 he ia 
worth nothing at tdl, and if a be less than 6 he is in debt ; 
hence if we denote by p the man's actual property, sup:* 
posing his debts jpaid, we have 

p 8 + a - &9 

and the state of the man's affairs depends upon the magni- 
tude and 3ign oip* 

Again, suppose that at a certain time a thermometer 
3tands at exactly (fi or zero ; suppose that it afterwards 
rises a degrees, and then sinks 6 degrees. If A be the 
height of the thermometer after this rise and subsequent 
fall, we shall have 

A « + a - 6; 

if 6 be greater than a, 6 will be negative, and the thermo* 
meter will stand hehiv zero. So that in publishing the state 
of the thermometer, it is not necessary to say that it was at 
a given time so much above zero, or so much below, pro? 

2 
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Tided that an algebraical sign be prefixed to the quantiiy 
which marks the height. 

In like manner depth may be called negative altitude ; 
and if the height of a body above the earth's surface were 
said to be - 20 feet, it would be understood that the body 
was in reality 20 feet below the surface of the earth. 

It is precisely in the same manner that a thrwt may be 
regarded as a negative pull^ and that a force which tends 
from the earth's surface and is measured in magnitude by 
4 lbs. might be spoken of as a weight of - 41bs. 

And if you bear in mind this fundamental notion of -h 
and - being marks which indicate opposition of some par- 
ticular quality, you will easily see that if a force tending in 
one direction be affected by the sign -f , a force tending in 
the opposite direction must be affected by the sign — , this 
being the only meaning which we attach to that sign« 

JP. This appears to me intelligible. With regard to 
the experimental proof of the Parallelogram of Forces 
described in this chapter, is there any difficulty in nn^Tri ing 
the experiment ? 

T. None, except that which arises from the necessity 
of having the wheels J and B sufficiently carefully con- 
structed to avoid the effects of friction. If you think 
it worth while, you can obtain the apparatus made ready 
to your hand* ; you may also obtain a variety of other 
apparatus having the same purpose, namely, to exhibit the 
truth of the parallelogram of forces : but I do not wish 
that you should lay too much stress upon these experi- 
mental proofs; I would rather have you regard theni as 
provisional, as a convenient mode of introducing you to new 
conceptions, but not as being intended ultimately to bear 
the weight of the proposition. When you have proceeded 
a little further you will perceive that the doctrines of 
Statics may be made to rest upon axioms peculiar to the 
subject, just as those of Geometry rest upon axioms pecu-* 

* All apparatus of this description may be obtained at Messrs Wsf 
kins and Hill, Charing Gross. 
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liar to that subject ; and when the Parallelogram 6f Forces 
has been so established Statics will have to be regarded 
as a demonstrative science, not an experimental one, exactly 
as Oeometry is demonetrative and not eccperimental. You 
might if you pleased, demonstrate the propositions of 
Euclid experimentally ; you might by actual measurement 
prove, as far as such a process could prove, that the three 
angles of a triangle make up two right angles, or that the 
squares described upon the two sides of a right-angled 
triangle are equal to the square described upon the hypo- 
thenuse ; but the doctrines of Geometry, rest, as you well 
know, upon quite different groimds, and though we have 
at present assigned an experimental basis to Mechanics, 
yet this is, as I have said, only provisional, and eventually 
I shall hope that you will regard the truths of Geometry 
and of Statics as resting upon similar foundations. 

P. But will it not answer our purpose very well to 
confine ourselves to experiment as the basis of Mechanics ? 

T. Begarding Mechanies practically I should answer^ 
Yes; but regarding Mechanics scientifically. No. If we 
used geometry only for practical purposes, it would be 
sufficient to be able to say that Huo. I. 47 was true as 
nearly as could be> ascertained by experiment, and I have 
heard of persons who did not believe the truth of the pro- 
position until they had tested it experimentally ; but no 
experiment can shew that the proposition is accurately 
and mathematically true, and the position in which the 
human mind places itself when it affirms a proposition to 
be true is very different from, and much higher than, that 
which belongs to it when it has to depend for its con- 
actions upon experiment. 

P. Yet I have seen it stated that Mechanics must 
ultimately depend upon experiment. 

T. I should rather say that Mechanics must depend 
upon experience than upon experinxent ; upon experience 
it must depend in this way, that we can have no notions 
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<^onceming force at all, prior to the experience Which w^ 
have of the effects of force in the world about us; by 
consideration of the nature of force as we see it manifested 
in its effects we are led to certain axioms concerning force» 
and from these we are able without any direct experiment 
such as have been described in the preceding chapter to 
deduce the rules for the composition and resolution of 
forces, to construct in fact a complete system of Mechanics* 
Thus Mechanics may and ought to be regarded as a de* 
monstrative science ; but there are certain portions of it| 
as you will find, in which we are obliged to have recourse 
to experiment; for instance, the laws of friction are so 
deduced; but all such laws are to be considered not as 
absolutely true, but as sufficiently near to the truth for 
ordinary purposes. 

P. I believe I understand you ; I shall probably under« 
Istand you better hereafter. Even with my present know- 
ledge of Mechanics I find my mind much cleared respecting 
the action of force : for instance, I should have been dis- 
posed to say that the greater the steepness of a hill the 
greater would be the effort required to draw up a burden 
upon it, but I find now that strictly speaking I should 
speak of the sine of the hill's inclination. 

T* We are apt to use phrases in common conversa^ 
tion which are deficient in scientific strictness; in the 
instance which you have adduced, the effort would vary 
directly as the steepness for very small inclinations, but i£ 
the inclination became considerable the law would be very 
different. 

You cannot dwell too much upon the notion of re«- 
solving forces, to which you have been introduced in this 
chapter. It may be said to be the foundation of all me- 
chanical science; and you will have made an important 
Btep, if by studying this chapter and working at the 
examples which follow you become entirely familiar with 
ihe conception. 
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EXAMINATION UPON CHAPTER L 

1. Define /or(^, and explain how force is measured in Statics. 

2. Distingaish between Statics and Dynamtes, 

3. Exphun the method of representing forces by straight lines. 

4. Enunciate the parallelogram of forces, and shew how it may 
be proved experimentaUj. 

5. Two equial forces act upon a point, and the angle between their 
directions is 60 ; find the magnitude and direction of the resultant. 

6. A particle in the centre of an equilateral triangle is urged 
towards two of the angular points by forces each equal to 3lbs. ; find 
the force which must tend to the third angular point in order that the 
particle may be at rest. 

7- A particle is acted upon by a horizontal force of Slbs. and 8 
vertical force of 4 lbs.; find the direction and magnitude of the resultant 
force. 

8. If two forces act at right angles to each other> they and 
ihfiit resultant are proportional to the sides of a right-angled triangle. 

9. Three forces measured by 3, 4, and 5 pounds respectively ^eep 
a particle in equilibrium ; determine the angles at which they act. 

10. The resultant of two forces acting at right angles to each 
other is double the smaller of the two ; find its direction. 

11. The resolved part of a force in any direction is found by mul- 
tiplying the expression for the force by the cosine of the angle between 
the direction of the force and the given direction, 

12. A weight of 11 2 lbs. rests upon an inclined plane making an 
angle of 8(fi with the horizon : what is the resolTcd part of the weight 
in the direction of the plane? and what the resolved part perpendicular 
to it? 

13. Is it possible for three forces in the proportion of 3, 7 and 1 1, 
to be in equilibrium when acting upon a point. 

14. Three forces act at a point, and their directions make angles 
of 120^ with each other: shew that the three forces are equal. 

15. The resultant of two forces which act at right angles to each 
other is Icwt. ; and the direction of the resultant divides the right 
angle in two of 18^ and 72^ respectively : find the components in lbs. 
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16. If two forces P and Q acting upon a point have a resultant /?, 
and be the angle between the directions P and Q, then 

17« Three forces of 2lb8. 7lbs. and 8lbs. are in equilibrium : find 
the angle between the directions of each two of the forces. 

18. The square of the line representing the resultant of two forces 
is greater or less than the sum of the squares of the lines representing 
the components according as the angle between the components is acute 
or obtuse. 

19. The magnitude of two forces being 2^5 lbs. and 36 lbs., and the 
angle between their directions 72^; find the magnitude and direction oif 
the resultant. 

20. The angle between two forces is 60^ and the resultant divides 
the angle in the ratio of 1 : 3 ; find the ratio of the components. 

21. If P, Q, R be three forces which produce equilibrium upon a 
point, and if (PQ) denote the angle between the directions of P and Q, 
then 

P:Q: R:: 8in(Q«) : sin (RP) : sin (PQ), 

22. Three forces acting at a point are in equilibrium, their direc- 
tions making with each other the angles 60^j 135^, and l65^ respectively ; 
find the ratios of the forces. 

23. If two forces acting on a point be in the ratio of 3 : 4 ; find 
the angle between them when the resultant is a mean proportional 
between them. 

24. The resultant of two forces cannot be an arithmetical mean 
between them, if one of the forces be more than three times as great as 
the other. 

25. If three forces be in equilibrium, anj two must be together 
greater than the third. 



CHAPTER II. 

EXPERIMENTAL MECHANICS. THE PRINCIPLE OF 

THE LEVER. 



1. In the preceding chapter we have treated of the 
Composition and Resolution of Forces which act all at one 
pointy or of the conditions under which a single particle can 
remain at rest when two or more forces are acting upon it. 
We shall now take the case of a body of any magnitude, 
which is acted upon by various forces, and shall endeavour 
to discover, by experiment, the conditions which must be 
satisfied in order that a body of this kind may be iu 
equilibriima. But the problem in this form would be too 
complicated ; and we shall therefore take a simple case, from 
which afterwards it will not be difficult to pass to the more 
general. 

Our first simplification shall be this : instead of con- 
sidering the conditions of equilibrium of a body of any 
form, we will take the simplest form of body possible^ 
that is, a straight rod, which, however, we shall suppose to 
be so strong as not to bend imder the action of any forces 
applied to it. 

Our second simplification shall be as follows : instead 
of considering the case of any forces whatever acting upon 
this stifi* or rigid rod, we will suppose it to be acted upon 
by only three^ and we wiU suppose the lines of action of 
these forces to lie all in one plane. 

The system may then be represented as in the figure ; 
AB is the rod ; P, Q, /? are three forces, ^ 

whose directions lie in the plane of the A 

paper, acting at three points -4, B, and C / ' v 

respectively ; the problem is to determine / \ 

imder what conditions the rod AB will ^ ^ 

be at rest. 
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There is yet one further simplification which we can 
make ; and this consists in supposing^ the three forces P, 
Q, ^ to be parallel in direction, and that ^ 

cUrection perpendicular to AB; and the J^ 

system will then be represented by the j^ 
figure; in "which it will be observed, that 
we have represented one of the forces act- y 
ing in a direction diametrically opposite to ^ 
that of the other two, as must evidently be the case, 
since equilibrium could not subsist if the forces all tended 
ia the same direction. 

2. The problem is now in a form convenient for expe- 
riment ; let a rod AB be suspended by a 



i 
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string, one extremity of which is attached b 

to the middle point C of the rod, and the 

other to some fixed point of support 2>; 

iiow let any given weight, as a weight of 

lib., for instance, be suspended by a string ^^ • 

from the extremity A, and let some larger 

weight be attached to another string which by means of a 

ring, or otherwise, is capable of being suspended firom 

any point of the arm BC; then it will be found that if 

this second weight be suspended from the extremity B^ 

B will descend until the three strings and the rod are all 

vertical, and by making the point of suspension more and 

more near to C, we shall come at last to a point from which, 

if the larger weight be suspended, the rod if placed in a 

horizontal position will remain so. 

For instance, if the larger weight be 21bs., it will be 
found that the point E^ from which it must be suspended, 
is half-way between B and C; and in general, CE will be 
ihe same fraction of BC or AC that the smaller weight is 
of the larger ; so that if we have two weights P and Q 
hanging by strings from two points A and Ey and if CA « p, 
and CE = q, we shall have 

P : Q :: q : p; 

or, P.jp=: Q.q. _■ 
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If we call the product of the weight P and th^ perpen* 
dicular upon its string from C the moment of P about C, 
then we may express the above relation by saying that the 
moments of P and Q about C are equal* 

3. It will be found that if this condition between the 
two weights and the distances of their 
points of suspension from C be satisfied, 
the system will remain at rest when C is 
not horizontal; in this case if we drop 
the perpendiculars CF, CG from C upon 
the strings supporting P and Q respectively, 
we have by sinular triangles ^ ^ 

CF : CA :: CG : CF; 

,\ PxCF^QxCG, 

- • ■ > . « 

or the moments of P and Q about C are still equal. 

4. ' In this experimental investigation, we have hitherto 
jonly spoken of the two weights suspended from A and E ; 
the third force acting on the rod is the forcQ exerted by 
the string CD ; and what wiU be the magnitude of this 
force ? It will evidently be measured by the Wjeight which 
it supports, t. e. the two weights P and Q and the weight of 
the rod ; if we omit the weight of the rod, then the force 
exerted by the string CX>, or its tension (as it is usually 
called), will be upwards and will be equal to P + Q, 

5. In considering the problem theoretically it is con- 
venient to conceive of the rod AB as having no weight, in 
order that we may confine our minds to the two downward 
forces P and Q, and the upward tension of the string P + Q, 
but practically of course AB has weight, though it may 
be very small ; it was in order to avoid the effect of this 
weight that we directed the rod to be suspended by its 
middle point d for if this be done it is clear that the ex-^ 
tremity A will have no more tendency to descend than the 
extremity 5, and therefore the weights JP and Q twist the 
rod precisely as they i[irould if it had actuaU.^ no "^^x^X.^ ^^ 
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6. The weights P and Q which we have been con- 
sidering, exert forces upon the rod AB in the directions of 
the strings by which they are suspended ; now it is easy to 
prove by observation that these strings are parallel, at least 
that they are sensibly parallel ; also the string by which AB 
is supported exerts a force in its own direction, which is 
parallel to that of the other two strings ; hence the pre- 
ceding experimental investigation teaches us the conditions, 
imder which three parallel forces can be in equilibrium 
when acting upon a straight rod. Let P, jt 

Q, R be the forces acting upon the rod \ 

AB, as in the figure, at the points A, B, 
and C respectively ; then we must have 



P+Q^R, (1); 

«nd PxAC^Qx BC. (2). 



i 



7. The latter of these two conditions may be put 
under another form ; for if we write R -- Q instead of P in 
(2), we have, 

{R-QjAC^Qx BC; 

or RxACmQ {AC + BC) ^QxAB; 
i. e. the moments of R and Q about A are equal. 

8. In like manner it may shewn, that the moments 
of P and R about B are equal. 



9. And stiU more generally if we pro- 
duce AB to any point D, we have ? 



I B D 



PxAD-{^QxBD A — 

-^Px{AC+CD) ^f I 

+ Q X {CD -BC) pa 

'-{P + Q)CD + PxAC''QxBC 
- J2 X C72> by (1) and (2), (Art. 6). 

». e, the moment of R about D is equal to the sum of the 
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inoments of P and Q about the same point. Now it is 
evident from inspection, that if we conceive AD to be a 
rod capable of twisting about one extremity 2>, and acted 
upon by three forces P, Q, and R^ as in the figure, then 
P and Q tend to twist it one way and R tends to twist 
it in the other ; hence we may say, that there will he equi- 
librium, if the moment of the force which tends to twist the 
rod in one direction be equal to the moment of those tending 
to twist it in the other* 

10. Or we may express this condition still more con- 
veniently, by introducing the use of the signs plt^ and 
mintis to indicate the tendency of forces to twist the rod 
in opposite directions. 

For if we call the moments of those forces which tend 
to twist the rod in one direction positive, and those which 
tend to twist it in the opposite direction negative, then it 
will be seen that the preceding conditions may be ex- 
pressed by saying, that th^ algebraical sum of the moments 
of the three forces about any point in the direction of the rod 
is zero. 

11. And it may be remarked that in like manner the 
condition (1), (Art 6), may be expressed by saying, that 
the algebraical sum of the three forces is zero. 

Hence the complete statement of the conditions of 
equilibrium of three parallel forces acting upon a rod, will 
be as follows, 

the algebraical sum of the forces « 0, (1) 

the algebraical sum of the moments 

of the forces about any point ■> 0, (2). 

12. We shall defer the further generalization of these 
conditions, that is, their extension to any number of forces 
and to forces acting in any direction, to the Chapter in 
which we investigate the properties of moments of forces 
theoretiisally ; the remainder of the present we will devote 
to the consideratioh of the problem of three forces acting 
upon a rod, exhibited under a somewhat different form. 
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13. Dbf, a rod capable of turning about a fixed 
point in its length is called a lever ; and the fixed point ia 
called the fulcrum. 

14. Def. If the lever be horizontal and a weight W 
be suspended firom any point in its length, the lever may 
be sustained in a horizontal position by a certain force P 
acting at some other point, and tending vertically upwards 
or downwards according to circumstances. The force P 
which is required to maintain the equilibrium is called the 
jnnver. 

15. We may distinguish three classes of lever. 

First. Suppose the fulcrum to lie be- f 3K — l- 

tween the power and the weight. This is p ^ 

called a lever of the first kind. p 

A 
Secondly. Suppose the weight to act be- 
tween the fulcrum and the power. This is 
called a lever of the second kind. | 

Thirdly. Suppose the power to act be- 
tween the weight and the fulcrum. This is 

called a lever €f the third kind. i ^ 

• w 

16. Now it will be readily perceived, that although 
in aU these cases we have spoken of only two forces, th^ 
power and the weight, as acting upon the lever, yet in 
reality there must be and are three forces. What is the 
third? It is supplied by the pressure upon the fulcrum. 
In the first case this pressure will be the sum of the power 
and the weight ; in the second and third it will be their 
jdifference. Or if we call the pressure on the fulcrum R, 
we shall have 

for the lever of the first kind P ^^^ P + W, 

, second... R « fT— P, 

third ... J2«P-jr, 

But there will b^ this distinction betweea the pressure 



^ 
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on the fulcrum in the second case and the third, namely, 
that in the second (as in the first) the pressure is upwards, 
in the third it is a pressure downwards. 

17. When we regard the lever thus, we see that all 
three cases are instances of the equilibrium of three 
parallel forces, and that the conditions of equilibrium will 
be those which have been already investigated. In each 
lever therefore we must have, 

moment of the power about the fulcrum 
B moment of the weight. 

If then we suppose that we have a lever with a given 
fulcrum, and a given weight W suspended at a given point, 
we can at once determine the point at which a given power 
P must act in order to be in equilibrium with FF; or, if 
the point of application (or as it is sometimes expressed 
ths length of /**s arm) be given, we can calculate /*, 

18. And the following conclusions will at once appear 
to be true. 

(1) In* the case of the lever of the first kind, we may 
make P-as small as we please, if we increase the arm at 
which it acts in the same proportion that we diminish P. 
That is, a weight of any magnitude may be supported by 
any small force, if we give to this force a sufficient length 
of arm. Thus a weight of lOOlbs. suspended at a distance 
of 1ft. from the fulcrum, may be sustained by a weight of 
lib, suspended at the other extremity of the lever, pro^ 
vided that that extremity be 100ft. from the fulcrum. And 
this points out to us the great advantage which may be 
grained in practice, by applying a force through the me- 
dium of a lever of this kind. Suppose for instance A to 
be a fragment of rock, a block of 
wood, or any other great weight 
which it is required to raise; let BD 
be a strong bar of iron or wood, and 
let one extremity B be inserted just 
under' the weight J, and let the bar 
.be made to reat against a support fit C, not far from 
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the extremity B ; then a comparatively small force applied 
at D will enable us to move A. This is the most ordinary 
application of the lever to common purposes, and probably 
every one is familiar with examples ; in fact we make use 
of a lever of this kind every time that we rest the poker 
upon a bar to stir the fire ; in this case the bar forms the 
fulcrum, the coals are the weight, the pressure of the 
hand on the poker is the power. 

When by means of a lever we are enabled to make a 
certain force do an amount of work, which it could not do 
without the intervention of the lever, we are said to gain a 
mechanical advantage* It wiU be seen that mechanical ad- 
vantage is not necessarily gained ; thus, if in the preceding 
example the distance between the fulcrum and the point of 
contact between the lever and the mass A be greater than 
that between the fulcrum and the point of application of 
the force JD, mechanical advantage will be lost ; in other 
words, it would be easier to move the mass A by the direct 
application of the force than through the intervention of 
such a lever, 

(2) In the case of the lever of the second kind, mecha* 
nical advantage is always gained. For the weight being 
between the power and the fulcrum, the arm of the power 
is necessarily greater than that of the weight, and therefore 
the power less than the weight. 

We have an example of such a lever in the common 
nutcrackers ; the pressure of the hand on the extremities 
of the long handles of the nutcrackers supplies the power, 
and the resistance of the nut the force which corresponds 
to the weight. Another example is that of the oar of a 
boat ; the water forms a fulcrum, though an imperfect one, 
for the extremity of the oar, the hand at the other ex- 
tremity supplies the power, and the result is a force greater 
than the power at the rowlock which is effective in moving 
the boat. 

(3) In the case of the lever of the third kind, mechanical 
udmntage ia never gained. For the axm at y^bich the power 
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acts is shorter than that at which the weight acts, and there- 
fore the power must be greater than the weight. Hence it 
might be imagined that this species of lever could never be 
advantageously applied in practice, and of course if the 
gaining of power be the end to be attained it never can ; 
there is however a most interesting case of the application 
of this kind of lever, in which the loss of mechanical ad- 
vantage is far more than compensated by the gain of 
advantages of another kind. The case alluded to is that 
of the limbs of animals, or more particularly that of the 
human arm. 

The figure represents the skeleton of the human arm ; 
suppose the elbow A to be 
kept at rest, and the hand 
to exert a force either in lift- 
ing a weight, or in pulling, or 
pushing ; then the tendency 
of thehand is to revolve about 

A^ and A will be the fulcrum, while the force exerted by the 
liand will correspond to the weight. Where and how will 
the power be applied ? The power is applied near the elbow 
by means of certain tendons or sinews, which are acted 
upon by the contraction of muscles situated in the higher 
part of the arm. Thus the point of application of the 
power is between the fulcrum and the weight, and the 
power acts at a mechanical disadvantage ; but it will be 
easily seen from the nature of the case, that no other kind 
of lever could have been conveniently adopted, because 
the hand must of necessity be placed at the extremity of 
the limb ; moreover, neatness of construction and agility 
of motion are incomparably more important in animal 
mechanism than the multiplication of strength, especially 
in the case of man whose natural strength must at best be 
smaU, and whose intellectual resources supply him with the 
means of increasing his power to an almost unlimited 
extent; the science of comparative anatoiny, however, 
brings before us some curious instances of the power of the 
inferior animals being increased by ad\aa\A^^o\>& xck^^Sc^as^- 
o$l arrangements. 
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19. We will now briefly recapitulate the results which 
we have arrived at in the case of the three levers respec- 
tively. 

LevtT of the first kind. Mechanical advantage may be 
either lost or gained. 

Lever of the second kind. Mechanical advantage is 
always gained. 

Lever of the third kind. Mechanical advantage is never 
gained. 

And in all cases the principles of equilibrium is this, 
that the moment of the power about the fulcrum must be 
equal to the moment of the weight. 

20. There are many other questions connected with 
the lever, or more generally with the theory of the moments 
of forces^ which might be introduced in this place; we 
prefer, however, to reserve these until after we have treate4 
of the Centre of Gravity, and have shewn how the principles 
already established by mere experiment may be placed 
lipon a demonstrative basis. 



CONVEESATION UPON THE PRECEDING CHAPTER. 

P. I find the mxyment of a force to be here defined as 
the product of a force by a certain distance ; I confess that 
I cannot form to myself any distinct conception of the pro^ 
duct of force and distance. Can you help me to any clear 
thoughts upon this matter ? 

T. I am glad that you have called attention to the 
point, as it certainly requires explanation. Let us resume 
the proposition which gave rise to the introduction of th^ 
term nwment ; it was this, (page 32) 

P I Q v. q : p. 

Now in this proportion P and Q are forces, p and q are 
Unea: J^and Q are measured by the number of lbs. weight 
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wliicb they wUl support, p and q are measured by the num- 
ber of feet, inches, &c. which they contain ; therefore the 
proportion may be written thus, 

number of lbs. in P : number of lbs. in Q 
:; number of ft. in j : number of ft. in p. 

Thus the proportion becomes a relation between num- 
bers, and we may transform it into this equation. 

number of lbs. in P x number of ft. in p 
B number of lbs. in Q x number of ft. in g, 

and when this condition is satisfied P and Q are in equi-< 
librium. The effect of a force then does not depend solely 
on its intensity, nor solely upon the arm at which it acts, 
but depends upon something which varies jointly as the two. 
Suppose I call this effect of a force acting at a certain arm 
its moment ; then the question arises, how am I to measure 
this moment ? Now in order to measure any quantity I must 
first fix upon some quantity which I can call unity or 1, and 
this I call the unit of measure. For example, if I wish to 
measure a distance, I call a foot unity, and then any length 
is measured by the number oifeet it contains ; and if I wish 
to measure a force, I call the force which will support I lb. 
unity, and then any force is measured by the number of 
pounds it wiU support. Precisely on this principle I must 
measure moment ; and if I take for the unit of moment the 
moment of a force of lib. acting at an arm of 1 ft., then the 
moment of any other force at any other arm will be measured 
by multiplying together the number of lbs, which measure 
the force, and the number of feet which measure the arm« 
In this way it is that the moment of a force is said to be th^ 
product of a force and a line ; more strictly speaking, it is 
a quantity, whose numerical measure is the product of the 
numerical measure of the force and the numerical measure 
of the line. Does this explanation make the point clear? 

P. I think so ; and I conclude that when any quan-^ 
tities are said to .be multiplied together it la t\ie\3( uxxxc^^'^^-sAl 
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measures which are multiplied ; so that when it is stated 
that the product of two lines makes an area, the thing 
intended is that the number of square feet in the area is 
the product of the numbers of linear feet in the two lines. 

T. That is a correct view, and it is one of the 
utmost importance to be kept constantly before you in 
studying mechanics. Multiplication is a purely numerical 
operation, and applies to abstract numbers only, and not to 
the concrete units which those numbers may happen in any 
given instance to represent. Thus 3x2^6; but 3 shil- 
lings X 2 pence « nonsense; and hence you may see the 
absurdity of a problem which seems to have been invented 
for the express purpose of confusing the minds of young 
people upon an important fundamental principle; I mean 
the problem, ''Multiply £19. 19^. 11 1 by £19. 19^. 11 1." 
This problem has simply no meaning. And this gives me 
the occasion of making another remark, namely, that quan- 
tities which represent forces and quantities which repre- 
sent moments are of altogether different kinds and cannot 
be compared one with the other; you cannot say that a 
moment is twice as great as a force, or three times as 
great, any more than you can say that a mile is twice as 
long as an hour. And hence, if F represent a force and 
M represent a moment, an equation such as 

would be absurd. 

P. I believe I now understand this point. I am not 
sure whether I understand what is stated in Art 5, namely, 
that if the rod there spoken of be suspended by its middle 
point, the effect of the weights P and Q suspended from it 
will be the same as if the rod had no weight. 

T. Suppose we take a bar of wood, carefully cut into 

the form of a rectangular board a, e 

ABDC; draw FF bisecting JO and 



BD, and at G any point in FF insert b f n 

a small horizontal pivot; let the bar be suspended upon 
the pivots and let AC be made horizontid. 
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Then in whatever manner the weight of the portion 
ABFE tends to make that side of the bar descend by 
twisting about G, in the self-same manner must the portion 
EFDC tend to make the other side of the bar descend 
by twisting in the opposite direction about G. In fact^ 
the two halves of the bar ABFE, EFDC, tend to descend 
equally^ and therefore neither of them can descend, and 
the bar will remain in the horizontid position in which it 
was originally placed. 

P. This need not be regarded then as matter of 
experiment ? 

jT. Not necessarily ; if it be admitted that the two 
halves of the bar tend equally to descend, it necessarily 
follows that neither of them can descend, or that the bar 
must remain horizontal, and if the bar has itself no ten- 
dency to turn about Gy then it is evident that two forces 
which act upon it without twisting it must satisfy the same 
conditions as if they acted upon a bar of the same size and 
shape but having no weight. 

P. Is not the experimental method of proof appli- 
cable to cases in which the forces acting are not perpen- 
dicular to the lever ? 

T. Yes ; we might easily adapt the method as follows. 
Let AB be a rod moveable about 
a horizontal pivot through its 
middle point C; E,F two small 
brass wheels turning freely about 
their centres; and let two silk 
cords attached to the rod at two £ 
points A and D, pass over E and 
F and support two weights P 
and Q. Suppose the magnitudes ^ 
of P and Q so adjusted that AB shall be horizontal; 
then if we suppose the directions of the cords EA, FD 
produced, and Cp, Cq drawn from C perpendicular to 
them, it will be found that 

Py^Cpw^Qx Cq. 
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Now the two cords exert at A and D respectively 
forces which are measured by the weights P and Q ; hence 
the preceding equation shews that in this case, as in that 
of forces acting perpendicularly to the leyer, the condition 
of equilibrium is, that the moments of the forces about 
the fulcrum must be equal. 

But this experimental demonstration is not worthy of 
much attention, partly because the simpler case will answer 
our purpose at present, so that we can defer the more 
general until we come to the demonstrative treatment of 
the subject, and partly because the truth of the more 
general case may be seen to follow without much difficulty 
from that of the more simple. 

P. Will you explain this to me ? 

T. Let AO, BO, CO &c. be any number of equal 
spokes of a wheel, then it is evident that the p-<— ^' 
effect of a force in turning the wheel will be 
precisely the same to whichever of the spokes c- 
it is applied. For instance, the force P applied 
at A perpendicular to OA will have the same 
effect as if it were applied at D perpendicular to OD. 

Now take a lever AB, of which the fulcrum is O, ancl 
which is kept in equilibrium by two 
forces P and Q acting at A and B in 
the direction perpendicular to the 
lever. Through O draw OA' equal to 
OA, and OB^ equal to OB, each 
making any angle with the lever ; then from what has just 
now been said, it follows that P and Q acting at A' and 
ff perpendicularly to OA' and Off will keep th^ bent lever 
.4'Ofl' at rest, 

AgAin, let\4'P intersect OA produced in A", and B'Q, 
intersect OB produced in B" ; then if we conceive of the 
figure A"AOffff' as one rigid board, capable of turning 
about O, and suppose the forces P and Q to act by mean^ 
o£ stnngs, the directions of which coincide with A' A" and 
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^S'jff" respectively, it is evident that the effect willlbe'^the 
same at whatever point of A* A' and SB*' we suppose a 
tack to be driven through the strings so as to attach them 
to the board. Now if we suppose the string A'A"P to be 
attached at the point A' we have the force P Acting at the 
extremity of 0A\ and if we suppose it attached at A" w^ 
have the force P acting obliquely at the extremity of OA" ; 
hence the effect of P acting at A" obliquely as in the 
figure is the same as that of P acting at A' perpendicularly 
to OA'. And hence we conclude that P and Q acting 
obliquely as in the figure at the extremities of a lever will 
|)roduce equilibrium provided their moments about the ful- 
crum are equal. 

Thus you will perceive that we can deduce the case of 
forces acting obliquely upon a lever from that of forces 
acting perpendicularly, and therefore if we wish to put the 
doctrine of the lever upon an experimental basis it is 
sufficient to make our experiment with weights suspended 
from a lever in a horizontal position. 



TEXAMINATION UPON CHAPTER XL. 

1. Define the moment of a force about a given point. A weight 
of 6 lbs. is suspended from one extremity of a horizontal rod ; find the 
weight, which suspended from the middle point would produce th^ 
^me moment about the other extremity. 

2. Define a leioer; and distinguish the different kinds of lever^ 
^ving examples of each. 

3. Enunciate the condition of equilibrium of a straight horizontal 
lever, when a weight is suspended from each extremity ; and explain 
how ihe condition may be investigated experimentally. 

4. Enunciate in its most general form the principle of momenti^ 
as applied to the straight lever under the action of forces perpendicular 
to its length. 

5. Shew how the case of forces acting obliquely upon a lever 
may be deduced from that of forces acting at right angles to the 
lever. 
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6. In what sense can a moment be properly spoken of as ite 
product of a force and a line ? 

7- Two wdgHts of 3 lbs. and 7lbs. respectively, hang from the 
extremities of a lever 1 yard long ; find the fdlcmm. 

8. A straight rod, 6 feet long, capable of moving in a vertical 
plane about one extremity has a weight of 10 lbs. suspended from 
its free extremity; find at what point an upward force of 35 lbs. 
must be applied so as to hold the rod in a horizontal position. 

9. In the preceding example, what will be the pressure upon 
tiie fixed extremity ? 

10. What is meant by mechanical advantage hein^ htt or gained 
by the intervention of a lever? Explain under what circumstances 
either the one result or the other takes place in the case of each 
kind of lever. 

11. The longer arm of a lever of the first kind is 3 feet, and the 
shorter 7 inches; what force will be necessary to raise a weight of 
a ton. 

12. How much would the force in the preceding example be 
increased by removing the fulcrum through 1 inch towards the 
weight ? 

13. Two weights, TFand W\ are suspended by strings from the 
extremities of a lever of length a; find the fulcrum. 

14. If in the preceding example a weight to be added to TF, what 
weight must be added to W to maintain equilibrium? 

15. A straight rod moveable in a vertical plane about a hinge at 
one extremity, is supported in a horizontal position by a vertical thread 
which is attached to it at a distance of 10 inches from the hinge ; and 
the length of the rod is 27 inches. Supposing that the thread will 
support a weight of 4 oz. without breaking, find what weight may h% 
suspended from the free extremity of the rod. 

16. Two known weights, of P and Qlbs. respectively, balance 
npon a straight lever of the firet kind ; if /» lbs. be added to P, the ful- 
cnim must be shifted through a space a towards the extremity from 
which P hangs, in order to preserve equilibrium ; and if q lbs. be added 
to Q, the fiflcrum must be shifted through a space h towards thd 
opposite extremity; find the length of the lever. 



CHAPTER III. 



ON THE CENTRE OF GRAVITY. 



1. In every material body, or system of particles 
rigidly eomiected, there is a point which has this remark- 
able property, that if it be supported or fixed the body 
will remain at rest, whatever be the position of the body 
subject to the condition of that point being fixed. This 
point is called the centre of gravity of the body. 

We shall be engaged in this chapter in proving the 
existence of the centre of gravity, in discussing some of 
its properties, and in determining its position in certain 
cases* 

2. Let us take the simplest case, namely, that of two 
equal particles rigidly connected by a rod supposed to have 
no weight. Then it is evident that the middle point of the 
rod will be the centre of gravity ; for the perpendiculars 
from this point upon two vertical lines drawn through the 
two particles will be equal, whatever be the position of the 
rod ; therefore the moments of the weights of the particles 
will be equal, or the particles will be at rest. 

3* Even if there be no rod joining the two particles, 
the middle point of the straight line joining them would 
be called their centre of gravity ; for if this point were 
connected with the two particles, and the point were 
supported, the two particles would remain at rest in any 
position. 

And generally, we may observe, that the centre of 
gravity of a body need not be a point within the body ; but 
it may be, and frequently is, a point such that if v)e con- 
ceive the body to be rigidly connected ivith it the defi« 
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nition of the centre of gravity uH>uld be satisfied. For 
example, the centre of gravity of a hollow sphere is the 
centre of the sphere; for although that point has no 
physical connexion with the material sphere, yet if the 
centre be conceived of as rigidly connected with the sphere 
(by a rod without weight, for instance, coinciding with a 
diameter) it is evident that when the centre is supported 
the sphere will remain at rest in whatever position we place 
it ; for the sphere being symmetrical, that is, of precisely 
similar size and shape, around the centre, when it is placed 
in one position there is no reason why it should change that 
position for another. Hence the centre of the sphere is 
called its centre of gravity, although there is no physical 
connexion between that point and the sphere itself. And 
30 in other instances. 

4. We may also observe, that a system of partided 
not rigidly connected are frequently spoken of as having a 
centre of gravity, as in the case of the two particles already 
discussed in Art. 3. By the centre of. gravity in these 
cases we mean a point, which if it were rigidly connected 
with each of the particles would satisfy the definition giveii 
in Art. 1. In this sense we might speak of the centre of 
gravity of a heap of cannon-balls, of a quantity of water, 
of a piece of string. 

5. Let us now consider what will be the position of the 
centre of gravity of two unequal particles. 

Let P and Q be the two particles and let their weights 
be jplbs. and jibs, respectively; draw a p 
straight line from P to Q, and divide it 
in G in such manner that ^ 

PG : QG :: q : p; 

then if from G we draw Gm, Gn perpen- ^ ^ 

-dicular to the vertical lines Pp, Qq respectively, we shall 
}iave by similar triangles 

PG : QG :: Gm : Gn, 
ftnd .•• Gm : Gn •• ^ • p* . 
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Bence the moments of the two weights p and q about G 
'will be equal, and therefore the two particles P and Q 
will balance about G; i. e. G will be the centre of gravity 
of P and Q. 

6. We are now in a condition to prove the following 
general Theorem. . 

Prop. Every system of particles and every material body 
has a centre of gravity, 

"Let Wy, W2, W^, TFi, ... be a system of particles, the 

weights of which are TF|, W2, TF3, TF^,... w, g> ^ 

respectively: suppose TF,, TT2 joined by ^^ * 

fi rigid rod without weight, and divide y 

this rod in Gi, so that ^ ^ ^^ 

W,Gi : fT^Gi :: »Fj : fTj ; 

then, from what has gone before, Gi wiU be the centre of 
gravity of TFi TTa ; that is, if Gi be supported, Wi and TTa 
will balance in all positions about it, and the pressure upon 
the point of support will be Tfi + Wo. 

Again, suppose Gi, TF3 joined by a rigid rod without 
weight, and divide it in G29 so that 

G,<?2 : TF3G2 :: W^ : W,+ W^i 

then, if we suppose the rod W^iFFg to rest upon the rod 
GiWzf and G^ to be supported, the pressure Wi + TFi at Gi 
and Tfs at W^ will balance about Gg. Hence the three 
bodies Wi^W^^W^, supposed rigidly connected, will balancd 
in all positions about G^* 

Similarly, we may find a point G^ in the line joining 
Gf, and W^, about which W^W^W^W^ will balance in all 
positions, and sc of any number of particles. Hence every 
system of particles has a centre of gravity. 

And this proposition includes the case of all material, 
bodies, since a body may always be conceived to be made 
up of an indefinite number of component particles. 

Hence, every system, &c. q.e.d. 

3 
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7. If the centre of gravity of a system be supported, 
it is evident that the pressure upon the support will be 
precbely the same as if the whole system were compressed 
into a single particle having for its weight the siun of the 
weights of the particles of the system. This is sometimes 
expressed by saying, that the statical effect of a system of 
particles is the same as if the system were collected at ttt 
4ientre of gravity* 

8. Prop, £very material system has only om centre of 
gravity. 

For, suppose there are two, and let the system be ao 
turned that the two centres of gravity lie in the satne 
horizontal plane. Then the weights of the different par* 
tides of the system form a system of vertical forces, which 
must have a vertical resultant passing through each of 
the centres of gravity; otherwise the system could not 
balance about each of those points; hence the vertical 
resultant must pass through two points in the same hori- 
zontal plane, which is absurd. Hence every material sys* 
tem, &c. Q*E#i>. 

9. We shall now proceed to find the position of the 
centre of gravity in a few actual case?, llie general de- 
termination of the position of the centre of gravity of a 
body of given form and magnitude we shall not be able to 
solve, but there are a few instances in which the problem 
does not present any dilBOiculty. 

10. To fold the centre of gravity of a physical rij^ line, 
wof a un^Qfm thin rod. 

The middle point will be the centre of gravity ; for wci 
may suppose the line or rod to be divided into pairs of 
equal weights equidistant from the middle point, and the 
middle point will be the centre of gravity of each pair, and 
therefore of the whole system, that is, of the line or rod 
itself. 
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11. ' To find the centre (^gravity^ of a plane tSricmgle.' 

Let ABC be tke triangle ; bisect BC in D, and join 
AD; draw any straight line bdc pa* 
rallel to BC, and meeting AD in d ; 
then by similar triangles, we hare 

hd : BD :: Ad : AD 




:: cd : C2>, 

or bd ; cd :: fiZ) : CD; 

but jSC 18 bisected in D, therefore &c is bisected in d. 
Hence the line be wiU balance about the point c2 in all 
poeitions ; similarly, aU lines in the triangle parallel to BC 
will balance about points in AD, and therefore the centre 
of gravity of the whole triangle must lie in AD. 

In like manner, if we bisect AC in JE» and join BJS, tbQ 
centre of gravity must be in BE ; hence G, the intersection 
of AD and BE^ is the centre of gravity of the triangl^^^^BC. 

Join DE, which will be parallel to AB. (£ucui>| vi, 2)« 
Thea the triangles ABG, DEG are similar ; 

AG : GD :: AB : DE 



• • 



:: BC : DC 



:: 2 



1, 



or AG = 2GD, 
and ••. AD = 3 GD. 

Hence, if we join an angle of a triangle with the bisection 
of the opposite side^ the point which is two-thirds of the 
distance down this line from the angular pcnnt is the centre 
of gi»vity of the triangle* 

12. To find the centre of grcmty of three equal bodies 
fheed eo oa to form a triangle. 

Let J, 5, C be the three bodies ; join AB, BC, CA. 
Bisect AB in D, then D will be the 
centre of gravity of A and J?, and we may 
suppose A and B to be collected at D. 
(Art. 7.) Join CA and take DE equal 
to one-third of C2); then CE^2DE, 

8 — % 
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and tlierefbre if we consider CD blb a lever with fnlcrnta E, 
ate two bodies J and B suspended from D will balance 
the body C suspended from C, and therefore E is ihe centre 
of gravity of the three bodies. 

Cor. From this it appears that the centre of gravity 
of a plane triangle is the same as that of tiire^ equal 
bodies placed at its angular points. 

13. We shall now shew how to find the centre of 
gravity of any number of particles in the same plane ; but 
before doing so, we must shortly explain how the position 
of any number of particles may be most conveniently re- 
presented mathematically. 

Jjct P be any point the position of which we wish t6 
describe : take any point J, and through y 
it draw two straight lines, A op, Ay, at right 
angles to each other; from P draw PN 
{yerpendicular to one of these lines, asJof: 
then it will be easily seen, that if the 
length of JN be given, and also the length of PN, the 
position of P will be entirely described. In like manner 
the position of any other point Q may be determined ; and 
we may remark that this mode of assigning the positions 
of points is very general in modem mathematics, and it 
is usual to call JN, PN the co-ordinates of the point P,, 
and to call Aw and Ay the axes of co-ordinates. 

This being premised, let it be required 

14. To find the centre of gravity of any number of par- 
tides vMch lie in the same plane. 

Let Wi Wfi fTg ,,. be the weights of the particles; inil 
the plane in which they lie take any 
two straight lines Aa^jAyeA right angles 
to each other, as axes of co-ordinates. 
Draw W^Oi, W^a^,... perpendicular to 
^<v; and let^ax^J^i, W^iai—yi, Aa^^ W2f 
Wrga,=y2, &c., also let a^, y ber the co- 
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ordinates of the eentre of gravity of the system ; then 
it is evident that if we find w and y, we shall have solved 
the problem. 

Join Wi W2, and let Gi be the eentre of gravity of 
^if T^il from Gi draw Gibi perpendicular to Aw, and GjC 
perpendicular to WiOi, also from W2 draw W^d perpen- 
dicular to Gibi ; then, by the fundamental property of the 
centre of gravity, we have 

but since the triangles WiGiC, GiW^d are similar, we have 

W,Gi : W2G1 :: G,c : W^d, 

:: Oibi ; as&i, 
:: Jbi - a?i : ^2 - ^bii 



or -i&i 



FFi+fTa 



If we consider another particle FTg, we may, in search- 
ing for the centre of gravity of the three Wi, FF^, FTg, 
suppose the two former to be collected at their centre of 
gravity G, ; hence if G2 be the centre of gravity of the 
three particles, and we draw Gibi perpendicular to Jof, we 
have 

and if we put for Abi its value already found, we have 

and so on for any niunber of particles. Hence, we shall 
have 

TTjO?! + TTgars + TTsayg + ... 



X 



Wi+Wf,+ Ws+... 
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And in exactly the same manner we should find that 



y« 



»Fi + fFi + fr, + ... 



It will be seen that these formulaB express this truth, that 
the centre of gravity of a system of particles is such, that 
the moment about any point A of the sum of their weights 
collected at the centre of gravity is equal to the sum of 
the moments of the weights. 

15. If we have two bodies the centre of gravity of 
each of which is known, we can find the centre of gravity 
of the two, by considering each to be condensed into its 
centre of gravity, and then constructing for the centre of 
gravity of the two as we did for that of TFi and TFi in 
Art. 14. And the same remark applies to any number of 
bodies. 

16. Also, when the centre of gravity of a heavy body 
is given, and also that of any portion of it, we can find the 
centre of gravity of the remainder. 

For let G be the centre of gravity of the body, W its 
weight: Gi the centre of gravity of the 
given portion, W^ its weight. Join G,6r, and 
in that line produced, take Gs, such that 

G,G : G,G :: W, : W ^ W,. 
Then Gi wiH be the centre of graiaty required. 

17. The foHowing general proposition concertiing the 
centre of gravity, contains the property which is most im- 
portant in a practical point of view. 

Prop. When a body is placed upon a horizontal pUme^ 
it will stand or fall according as the vertical line through 
the centre of gravity falls within or without the base. 

Suppose tlie vertical line GC through the centre of 





Tig, I, Fig:. IL 
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gravity G to fall within the base, 

as in fig. I: then we may suppose 

the whole weight of the body to 

be a vertical pressure W acting 

in the line GC; this will be met by an equal and opposite 

pressure W from the plane on which the body is placed, 

and so equilibrium will be produced and the body will 

stand. 

But suppose, as in fig. II, that the line GC falls without 
the base; then there is no pressure equal and opposite 
to ^ at Cy and therefore W will produce a moment about 
£, (the nearest point in the base to C,) which will make the 
body twist about that point and fall. 

18. Hence, we see that it is not necessary that the 
walls of a lofty building should be accurately vertical ; this 
is in fact a condition which is very often not satisfied ; and 
there are some very remarkable deviations from verticality, 
the leaning tower of Pisa for example. 

19. We have used the term base in the preceding 
proposition to express the portion of the body which is in 
contact with the horizontal plane ; if the body stand upon 
three or more points, then by joining these points, we shall 
form a triangle or polygon as the case may be, and this 
will be the space within which the vertical from the centre 
of gravity must £dL 

20. It would seem from what has just been proved, 
as though a body would rest on a horizontal plane, when 
supported by a single point, provided that it be so placed 
that the centre of gravity is in the vertical line passing 
through that point, which in this case forms the base. And 
in fact a body so situated would be, mathematically speak- 
ing, in a position of equilibrium, though practically the 
equilibrium would not subsist; this kind of equilil3rium 
and that which is practically possible are distinguished by 
the names of unstable and sUMe. Thus an egg will rest 
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upon its side in a position of stable equilibrium, but the 
position of equilibrium corresponding to the vertical posi* 
tion of its axis is unstable. So likewise there is a mathe* 
matical position of equilibrium for a needle resting on its 
point, or a pyramid or cone upon its apex, though such posi^ 
tions are obviously unstable. 

The distinction between stable and unstable equilibrium 
may be enunciated generally thus : Suppose a body or a 
system of particles to be in equilibrium under the action 
of any forces ; let the system be arbitrarily displaced veiy 
slightly from the position of equilibrium, then if tiie forced 
be such that they tend to bring the system back to its 
position of equilibrium, the position is stable^ but if they 
tend to move the system still further from the position of 
Equilibrium it is unstable. 

21. We shall conclude this Chapter with a property 
of the centre of gravity nearly analogous to that of 
Art. 17. 

Prop. When a heavy body is suspended from a point 
ahout which it can turn freely ^ it will rest with its centre of 
gravity in the vertical line passing through the point of sus- 
pension. 

For let O be the point of suspension, G the centre of 
gravity, and suppose that G is not in the ver- 
tical line through O ; draw OP perpendicular to 
the vertical through G, that is, to the direction 
in which the weight of the body W acts. Then 
the force W will produce a moment W, OP about 
O as a fulcrum, and there being nothing to 
counteract the effi^t of this moment, equilibrium 
cannot subsist. 

Hence O must be in the vertical line through O, in 
which case the weight W produces only a pressure on the 
point O, which is supposed immoveable. 
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CONVERSATION UPON THE PRECEDING CHAPTER. 

T. I think that this will be a convenient opportunity 
for me to say something to you concerning gravity or 
weight. On a former occasion (p. 6.) when you spoke of 
a body^s weight being the cause of its fall if unsupported, 
I said that I might ask you the meaning of weight; but 
I thought it better to defer a discussion which might have 
puzzled you, imtil you had become more familiar with the 
conception of force. Let me now therefore ask that 
question, — ^what do you mean by weight ? 

P. I have no very distinct thoughts on the subject \ 
I find that bodies require, some more, some less, exertioA 
to lift them from the ground, and I call the resistance 
they make to being lifted their weight. But I know that 
this is a very insufficient account of the matter, and shaU 
be glad to be enlightened. 

T. "When we speak of explaining natural phenomena, 
the fall of a stone for instance, all that we can pretend to 
do is this, to link together phenomena which to an un- 
educated mind appear quite unconnected, and to trace 
them to one common law. So that Science does not at al^ 
take away the necessity of belief in One who governs all 
things, it only reveals to us some of the laws according to 
which He works. Now one of the most general and 
most wonderful, though most simple, of the laws to which 
modem science has conducted us is this, that every particle 
of matter attracts every other particle ofTnatter towards itself. 
Thus let A and B be any two particles ; 
^en by their very nature A tends to 
idraw B towards itself, and B in like manner tends to drav^ 
A towards itself. No better illustration of this can b6 
given than the phenomenon which we are now discussing, 
namely the fall of bodies ; for if ^ be the earth and B a 
body raised from its surface, this becomes the case of % 

3—5 
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falling body. But there is an instance wbicli being less 
familiar, will strike you more. Captain Basil Hall mentions, 
and it has been noticed by others, that when a fleet of 
Bhips are lying becalmed, the mutual attraction of bodies 
manifests itself in a very serious manner, for in conse- 
quence of their mutual attraction, there is a continual ten- 
dency in the ships to approximate to each other ; and if 
two ships should be brought into contact, a slight but 
constant attrition is produced, imperceptible perhaps to 
the eye, but, in consequence of the enormous mass of the 
vessels, quite sufficient to perform a work of great damage. 
Captain Hall mentions that during the becalming of a fleet, 
it is necessary each morning to tow the heads of the vessels 
round, and so neutralize the effect which has been produced 
during the night. 

P. Is this attraction of the same kind as that of the 
magnet ? 

T. They are alike in some respects ; but there is this 
important, distinction, that whereas the magnet attracts 
only certain substances, the attraction of matter^ or as we 
call it, iSae extraction of Gravitation exidts between any two 
bodies ; the magnet will attract iron and will not attract 
wood ; there is no such distinction between different sub- 
stances in the case of gravitation. 

In consequence of this law of gravitation every particle 
of the Earth's mass a;ttracts every particle of a body at its 
surface*; and if we suppose (which is very nearly but not 
quite true) that the Earth is a sphere, then the resultant of 
the attractions of the particles of which it is composed 
Upon a particle at the outside of it will be a force tending 

'* One of the most startling features of the attraction of graritation is 
perhaps this, that the attraction of one particle upon another is in no way 
affected by the interposition between them of any mass of matter how* 
ever large ; thus the matter lying upon the other side of the earth, at our 
Antipodes, acts as powerfully upon a body on the side of the earth upon 
wluch we ourselres stand, as if tiie whole interrening mass of the earth 
#rerd remo?^. 
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towards the centre of the sphere. Let, for 
iimtance, O be the centre of the Earth, P a 
particle anywhere outside the Earth; then every 
particle of the Earth's mass tends to draw P 
towards itself, and since these particles are all 
symmetrically arranged round the line OP, it is 
evident that the resultant of all their attractions must be 
a force in the direction PO. And this resultant force is 
^uxt which constitutes the weight of the particle P. 

P. When I speak of a body naturally falling down- 
wards^ therefore, I am expressing that it falls towards the 
JEariK^s oentre. 

T. Undoubtedly ; except with reference to the Earth 
and its centre, upwards and downwards have no meaning ; 
what we call downwards is, in fact, the same direction as 
that which the people of New Zealand call upwards ; and 
if you were placed out of the reach of the Earth's sensible 
attraction, you would not be able to speak of up and down 
at all. 

Now if in the last figure P were a stone which was let 
iSaill, it would of course fall in the direction of PO, or the 
direction of gravity, and this direction we will call the 
vertical direction ; and the plane perpendicular to POy at 
the point N, where the stone strikes the Earth's surface, 
we vriU call the horizontal plane at that point. It is clear 
that the vertical directions at two different points of the 
Earth's surface cannot be the same, that is, they cannot be 
parallel because they meet in O; but O is at a great dis- 
tance from the surface, nearly 4000 miles, and, therefore, 
if we take two points on the Earth's surface at no great dis- 
tance from each other, the vertical directions at those two 
points will be nearly parallel. For example, take two 
places a quarter of a mile apart ; the circular measure of 
the angle between the vertical directions at those points will 
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This is a very small angle, amounting to bnly a few 
seconds ; hence you will see, that even at the distance of a 
quarter of a mile from each other the directions of gravity 
at two places may be taken to be paralleL In all problems, 
therefore, concerning heavy bodies, we treat of gravity as 
^ force which acts in parallel lines. 

P. You said that the supposition of the Earth being 
a sphere was very nearly, but not quite, true ; what differ- 
ence will the error in that supposition make in the result at 
which you have arrived ? 

T. None with which we need concern ourselves: I 
will, however, state to you what is the accurate truth. 

The Earth instead of being spherical, as we have sup- 
posed, is what is called a spheroid ; that is, it is slightly 
flattened at the poles, and if we were to take a section of 
it by a plane passing through its centre and its poles, it 
would be an ellipse of which the axes would be nearly 
equal*. The earth being of this form we canndt conclude 
that the force of gravity must at each point tend towards 
its centre t; we can, however, describe very simply the 
exact direction of gravity at any place upon the earth's 
surface; it is foiind that the direction of gravity is the 
straight line perpendicular to the surface of still water at the 
given place; this is a result which may be verified by 
experiment with an extreme degree of precision, and which 
also agrees with the results of mathematical investigation. 
Instead, therefore^ of the definitions of vertical and h4>ri-' 
zontat, which I gave you just now, we ought, more pro- 
perly, to speak of the vertical at any place as the straight 
line perpendicular to the surface of still water; and the 
plane perpendicular to it, that is, the surface of the water 

* The polar diameter is 7899 miles, the eqwxtoriotX 7925. 
- t There is another slight cause of deviation not considered her^, 
namely, the rotation of the earth ahout its axis. The discussion of this 
belongs to Dynamics, but the effect is extremely ^mall, and may be neg- 
lected. 
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itself as the Jiorizantal plane. For all commoki purposes, 
however, we may regard bodies as tending to fall towards 
the earth's centre ; and even if we take the more accurate 
definition of the direction of gravity, our former conclusion 
will be true, namely, that gravity may be considered as a 
force which acts in parallel lines. 

As we are now speaking of parallel forces, I should wish 
you to notice, that in the investigation of Art. 14, the only 
assumption throughout is, that the forces corresponding to 
the directions of the weights fFi fFs ... are all parallel, and 
the result will therefore be true not only of weights but of 
any system of parallel forces. In fact, suppose we have 
this problem : 

A system of parallel forces Pi, Pa, Ps, ... act at points 
whose co-ordinates (Art. 13) are Xiyi, (Xky^t os^ys ... ; required 
to find the co-ordinates of the point at which the resultant 
may be supposed to act. Then the investigation of Art. 14 
will give us, mutatis mutandis, for the co-ordinates of the 
point required, 

dp IB ■■ 

X J + Xg + X 8 + ... 

Now there is a remark to be made concerning this point 
which is important : you will observe, that the direction of 
the forces P, , Po, Pg, ... does not occur in the result, which 
would therefore have been the same, whatever had been 
the directions of the forces, provided only that they were 
parallel among themselves. Hence, if we conceive of a 
■ number of different parallel systems, in which the forces 
have the same m^nitude and the same points of applicatiofi, 
but the directions different, then the resultants will have 
one common point, viz. that determined by the preceding 
formula, and this point is therefore called the centre of 
parallel forces. 



... 
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To make my meaning dear, let Ay B, C he three 
points at which the parallel forces p 

PiPiPi act, and let O be the point in p; >^ 

the direction of the resultant deter- w M 



1 
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mined by the preceding formulse ; then \ 
if we suppose the directions of the > 

forces changed so as to become APi, 
BPg, CP^y the direction of the result- 
ant will be changed in like manner, 
but the point O wiU still be a point in ^ 

its direction. Now suppose that we have a system of pa- 
rallel forces acting at different points of a rigid body, and 
suppose the centre of the parallel forces is fixed, what con- 
clusion do you draw ? 

P. That the body will be at rest. 

T. Yes ; and not only so, but that it would remain at 
rest however the directions of the forces vrere changed, 
provided that they remained parallel among themselves. 
Now you may regard the centre of gravity as a particular 
case of the centre of parallel forces ; the weights of the par- 
ticles of the body constitute a system of parallel forces ; 
and you will see, from what has just been said, why it is, 
that when the centre of gravity is fixed the body will remain 
at rest in any position. 

P. I believe I understand what you have been saying, 
but it seems to me to require some consideration. 

T. It is, perhaps, rather hard for you to understand ; 
but you win, I think, find advantage from considering the 
centre of gravity in the manner in which I have been 
representing it to you, namely, as a particular case of the 
centre of parallel forces. Have you any further question 
to ask? 

P. When the centre of gravity of a triangle was 
investigated in Art. 11, no account was taken of the thtck-^ 
ness of the triangle ; and if it has no thickness, how can it 
have any gjravity ? 
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T. For simplicity's sake nothing was said concerning 
the thickness; but instead of speaking of finding the 
centre of gravity of a plane triangle, it would be more cor- 
rect to speak of the centre of gravity of a body bounded 
by two plane triangles the surfaces of which are parallel ; 
the centre of gravity of such a body as this manifestly lies 
in the plane which is parallel to the two bounding triangles 
and equidistant from them, and the place of the centre of 
gravity in that plane tricmgle will be found by the rule of 
Art- 11. 

P. I suppose that it is upon a similar principle that 
the thin rod in Art. 10, is called a physical right line. 

T. Yes: a right line as defined by Euclid has no 
breadth or thickness, and therefore can of course have no 
weight ; therefore we cannot properly speak of finding the 
centre of gravity of a right line, that is, of a geometrical 
right line; but if you conceive of a rod of matter the 
transverse section, or thickness, of which is extremely small, 
BS a fine wire, a thread, or the like, you may treat it as 
Ifhough it were actually a straight linie, and if its thickness 
were indefinitely small, it would be called a physical line. 
Geametrieal and physical are two terms which you will often 
find in this manner opposed to each other. 

P. I should think it would not be difficult to illustrate 
ihe proposition in which the cenlre of gravity of a triangle 
is found, experimentally. 

T. Nothing is more easy. Take a piece of card- 
board in the form of a triangle ; bisect two of the sides 
as accuratdy as you can, . and join the points of inter- 
section with the opposite angular points, then you will find 
that the card will balance upon the point of a pin slightly 
inserted at the centre of gravity so determined. 

I would take this opportunity of remarking, that thfe 
position of the centre of gravity of any heavy body bounded 
by two parallel planes may be easily determined prac- 
tically. 
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For this purpose let the body be suspended from ti peg 
At any point O, in such a manner that it can easily turn 
about O; then by Art. 21 the centre of 
g^vity will be somewhere in the vertical 
line through O : if, therefore, from O we 
suspend a plumbline, that is, a fine thread 
carrying at its extremity the weight TT, 
and draw a fine line upon the bounding 
surface to mark the line of contact of the 
surface and the plumbline, the centre of 
gravity will be somewhere in this line. Again, let the 
body be suspended from a peg inserted at any other 
point 0\ and let a second line be traced by means of the 
plumbline, as before described. Then the point of inter- 
section (Cr) of the two lines which we have traced will 
be the centre of gravity of the body. You would find 
some advantage, perhaps, from applying this experimental 
process to several cases, making use of pieces of cardboard 
of various irregular shapes. 

P. Of course the conditions of equilibrium investi- 
•gated in Art. 17 are those which apply to ourselves, are 
the conditions (I mean) of a man being able to stand upon 
the ground without falling. 

T. Certainly : let AB, CD be the soles of a per** 
son'^s shoes ; join Ad BD, then the vertical line 
through the person's centre of gravity must 
fall somewhere within the space ABDC. This 
space may be increased by separating the feet, 
and the man'^s stability is correspondingly in- 
creased. If a person raise one foot from the ground, 
then his hose is reduced to the sole of the other foot and 
cannot be increased : his stability is therefore much dinu- 
aished, and if he should lose his balance, he must either 
put the other foot down, or change his position by a hop, so 
as to bring the sole of his foot again below his centre of 
gravity. . : 
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Hen, and indeed all animaLs, iEicquire the habit of 
instinctively shifting their position so as to satisfy the con- 
dition of equilibrium ; thus, if a man walking upon a narr 
row plank feels himself in danger of falling upon one side» 
he throws out the opposite arm ; a woman carrying a child 
leans backward; a man carrying a burden on his back 
leans forwards ; in walking up a hill we lean forwards, in 
walking down we lean backwards ; you will see at once the 
reason of these and the like actions. 

In like manner you will perceire, that a person rising 
Irom a chair, must either press the body forward to bring 
the centre of gravity over the feet, or else put the feet 
backwards under the chair to produce the same effect. 
And in walking, the body requires to be thrown slightly 
forward, and the foot is advanced so as to support the 
i^entre of gravity. 

P. This I think I understand : has not the pole which 
tight-rope dancers carry in their hands something to do 
with the present subject ? 

T. Yes: and it is a very good illustration. When 
we speak of the centre of gravity of a man carrying a 
burden, we intend of course to speak of the centre of 
gravity of the two, considered as forming one body ; and 
so the centre of gravity of the rope-dancer carrying a 
heavy pole, is the centre of gravity of the dancer and pole 
together. Now in consequence of this the rope-dancer 
may be said in a certain sense to carry his centre of gravity 
in his own hands, and he can shift its position, so as to 
keep it constantly within the narrow limits required, with 
much greater ease than he could if unassisted by the pole. 

There is one other point concerning the centre of 
gravity which I think I can make intelligible to you, and 
which is worthy of your attention. 

We have seen from the nature of the centre of gravity, 
that it is a point at which we may regard the whole weight 
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of a body as collected ; now the tendency of weight is of 
course id ways to make a body descend not ascend ; hence 
the tendency of the centre of gravity is always to descend, 
and if in any given case we can satisfy ourselves that the 
centre of gravity of a body is in the lowest position pos- 
sible, we may be assured that it will not rise from that 
position, that is, the body will be in a position of equili« 
briunu This is sometimes expressed by saying that the 
centre of gravity seeks the lowest position. It cannot 
however be asserted that a body is in a position of equi- 
librium onhf when its centre of gravity is in the l&west 
position possible, for it will be found that (mathematically 
speaking) it is in a position of equilibrium when the centre 
of g^vity is in the highest position pos« 
sible. This I can easily illustrate* Let 
ABC be a heavy cone standing upon its 
base, G its centre of gravity : then if we 
make the cone to revolve about any point 
B in its base, the centre of gravity will 
trace out the circular arc Ga ; if we make ^ ^ 

it revolve about C, it will trace out the circular arc Gh\ 
and so on. In all cases G will rise, hence G is in its lowest 
position, amd the cone will be at rest. 

But suppose we place the cone upon its apex as in the 
figure ; then if the axis is accurately vertical, 
the centre of gravity is vertically over the 
base as explained in Art. 20, and theoreti- 
cally there will be equilibrium. Now if in 
this position we make the cone revolve about 
A, G will trace out a circular arc a'Gh\ of 
which G is manifestly the highest point: 
hence in this case the centre of gravity is in 
the highest position possible, and therefore what was just 
now stated is true, namely, that for such a position of the 
centre of gravity there may be equilibrium. But, as 
explained in Art. 20, the equilibrium in the first case is 
stable, in the second vnstable. 
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P. That there should be equilibrium when the centre 
of gravity is in the lowest position possible seems almost 
obviouSy but the other ease does not seem so plain. 

T. I think you will gain some light by considering 
the matter thi^. In the first case the equilibrium may be 
compared to that of a particle which is placed upon a 
curve of this shape. 

If we place a particle P upon ^ * 

such a curve what will be the 
result ? 

P. It win run down 
to G. 

T. Yes; and it will remiun there permanently, if placed 
there in the first instance. Now 
the second case is that of a par- 
ticle P placed upon a curve 
guoh^is a'^b'i what will be iStte ^' ^' 

result ? 

P. It wiD run off the curve. 

T. Certainly ; except in one particular case, namely, 
when it is placed at the hiffheat point G. In this case it 
will have no tendency to run towards a rather than towards 
b\ und will therefore remain at rest ; but the least disturb* 
ance will make it run down the curve, fience its equi« 
librium is unstable, or only theoretically possible ; and a 
body may be in equilibrium when its centre of gravity is 
in the highest position possible, upon the same principle 
that the particle P can rest at the highest point of the 
ciure aGb\ 
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EXAMINATION UPON CHAPTER HI. 

1. Define the centre of gravity of a body, or of a system of 
material particles. 

2. Find the centre of gravity of two unequal particles. 

3. Prove that every system of particles has one centre of gravity^ 
and only one. 

4. Explain and illustrate the statement that the itaHeaX effect of 
a syitem of particles is the same as if the system were collected at iti 
centre of gravity. 

5. Find the centre of gravity of a physical right line. 

6. A straight wire 3 feet long is composed of two pieces of 2 feet 
and 1 foot respectively. The former is composed of matter whicb 
weighs 1 oz. per foot^ and the second of matter which we^hs 2^ oz. 
per yard ; find the centre of gravity of the whole wire. 

7. Find the centre of gravity of a triangle. 

8. Find the centre of gravity of three equal bodies phoed so as tor 
form a triangle. 

9. Find the centre of gravity of any iiumber (^ particles which 
lie in the same plane. 

10. The centre of gravity of a body being given> and also that of 
a given portion of it, shew how to find that of the remainder. 

11. An equilateral triangle is divided into two parts by a straight 
)ine which bisects two of the sides ; find the centre of gravity of th6 
quadrilateral portion. 

12. When a body is placed upon a borizontal plane, it will ^nd 
or fall according as the vertical line through the centre of gravity falls 
within or without the base. * 

13. Distinguish between stable and unstable equilibrium. 

14. When a heavy body is suspended from a point about which 
it can turn freely, it will rest with its centre of gravity in the vertical 
line passing through the point of suspension. 

lo. Explain what is meant by the centre of parallel forces. 
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16. Shew how to find the centre of gravity of a quadrilateral 
figure. 

17* A body cannpt be in stable equilibrium upon a horizontal 
plane if it rests on less than three supports, the supports being supposed 
to terminate in points. 

18. Two unequal physioal lines cross each other, and are attached 
at the point of their intersection : find their centre of gravity. 

19. Find the locus of the centres of gravity of all right-angled 
triangles which can be described upon a given base. 

20. If the sides of a triangle ABC be bisected in the points D^E^ F; 
then the centre of the circle inscribed in the triangle DEF will be the 
centre of gravity of the perimeter of ABC. 

21. A given number of weights (n), which are in geometrical 
progression, are placed at equal distances along a straight line: find 
their centre of gravity* 

22. How may the centre of gravity of a plane figure be found 
ezpkimentaUy? 

23. Of all triangles upon the same base and having the same 
vertical angle, the isosceles is that of which the centre of gravity is 
nearest to the base. 

• 

24. Two rods of the same thickness, one of which is twice as long 
as the other^ are attached by two of their extremities so as to be at right 
angles to each other. Find at what angle either of them will be inclined 
to the vertical^ when they are suspended by a string or tack at the 
yight angle. 



CHAPTER IV. 

DEMONSTRATIVE MECHANICS. PARALLEL06BAM OF 
FOBCE& EQUnJBaiUM OF A FA&TICI& 



1. In a preceding chapter we exjdained folly the 
meaning of the proposition caHed the ** Parallelogram of 
Forces," and we deduced its truth by means of experiment: 
we are now about to shew how the truth of the same 
proposition may be demonstrated, without recourse to 
experiment, by means of an axiom concerning force. We 
have pursued this course, not because it is necessary, but 
because it appears fitted to help the student over those 
difficulties which bdong to the first study of the Science 
of Mechanics. The student has (we presume) made him- 
self acquainted with Algebra, Geometry, and Trigono- 
metry, before he enters upon Mechanics ; but those sub- 
jects are entirely confined to the properties of space and 
number, and he is Vkdj therefore to fed considerable 
difficulty if he is thrown at once upon the demonstration 
of propositions concerning that which is so new to him in 
its character and properties as force. Now it is hoped 
that by the study of the preceding chapters this difficulty 
will be obviated, and that being now thoroughly familiar 
with the propositions which he has to prove, he will not 
find any very great obstacle in the way of comprehending 
ihe proof 

2. The principle upon which we shall found the 
proof of the Parallelogram of Forces is this : a farce acting 
upon a particle may he supposed to act at any point in the 
line of its direction^ that point being conceived to be rigidly 
connected vnth the particle. 
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Thus let J he a particle, acted upon by a fbrce 
P in the direction AP ; take B any point in JP^ 
then we may suppose P to act at B instead of A, \b 
provided A and B be conceived to be rigidly con- 
nected together. This is a principle the truth of 
which will be easily seen; it does not require any ^ 
experiment to prove it, but may be regarded as an axiom, 
the truth of which the student cannot fail to see if he has 
really understood what is meant by foree. The jNrinciple 
may however be illustrated thus : Suppose TT to be a j^ ^ 
weight hanging from a fixed point Ahy a, fine string, 
the weight of which may be neglected, then there 
will be a certain pressure at A which will be equal 
to W: again let us put a tack through the string at l 
any point B, so that the weight wifl hang from B 4 
instead of A^ then the pressure on B will be equal ^ 
to W, and therefore the same as it was at ^ in the former 
ease: hence if we regard TT as a force producing a 
pressure in the line ABW, we may say that W may be 
siqqMMsed to act either at A or at B. 

This being premised, we shall proceed to give a de^^ 
Snonstration of the parallelogram of forces, which has been 
already enunciated in p. 17 ; we shall find it convenient to 
divide the proposition into two, in the first of which we 
diall consider the directiari of the resultant of two forces* 
$xid in the second its magnitude^ 

3* Prop. J[f two forcea, acting on a partick €U A, be 
rtfresmUed in direction cmd magnitvde by the lines- AB, AC^ 
then the resultant will be represented in direction by the 
diagonal AD of the parallelogram described upon AB, A4J. 

(1) When the forces are egpial, it is manifest that the 
direction of the resultant will bisect the angle between the 
directions of the forces : or, if we represent the forces in 
direction and magnitude by two straight lines drawn from 
the point at which they act, the diagonal of the parallel- 
ogram described upon these lines will be the direction of 
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the resultant. Hence the proposition Jb true for ^quial 
forces. 

(2) Next, suppose that the proposition, just proved 
for equal forces, is true for two unequal forces JP and Q, 
and also for P and R : we shall shew that it will be true 
for P and Q + R. 

Let J be the point of application of the forces ; take 
AB to represent P in direction ^ _a+Rc 
and magnitude, and AC to re- 
present Q; complete the pand- 
Idogram JBDd then by hypo- 
thesis AD is the directum of the b » ^ — ^+r 

resultant of P and Q ; and since 
a force may be supposed to act at 
any point of its direction, we may consider D as the point 
of application of the resultant of P and Q ; therefore^ 
since the resultant is in all respects equivalent to its 
components, we may suppose the forces P and Q them- 
selves to act at 2>, P parallel to AB, and Q parallel to ACi 
or still further we may suppose P to act at C, in the 
direction CD. 

Again ; the force R which acts at A may be supposed 
ta act at C\ take CE to represent it in direction and 
magnitude, and complete the parallelogram CDFJE; then 
by hypothesis^ CF is the direction of the resultant of P and 
R acting at C : hence the resultant of P and R may be 
supposed to act at F^ or P and R may be supposed them- 
selves to act at that point parallel to their original directions^ 

Lastly ; the force Q which at present is supposed to be 
acting at D in the direction DF^ may be supposed to act at F4 

Hence we have reduced the forces P and Q + jR, 
flcling at A, to P and Q + jR, acting at F ; consequently 
2^ is a point in the line of action of the resultant, and 
therefore AF is the direction of the resultant : that is, if 
the proposition be true for P and Q, and also for P and 
B, it is true for P and Q-¥ R. 
' But the |3roposition is true for P and P, and also for> 
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P ahd P, therefore it is true for P and P + P or 2P; 
therefore for P and P + 2P or 3P; and so on ; therefore 
generally for P and mP^ where m is any whole number. 

In like manner the proposition may be extended to 
mP and nP^ m and n being any whole numbers. We 
may therefore consider the proposition to be true for all 
forces*. 

.•. If two forces, &c. q.e.d. 

* Rather for all eommensurahle forces ; that is, for all forces the ratio 
of whose magnitudes can he expressed hy the ratio of two whole num- 
hers. But this is not the case with all forces ; for instance, we might 
have two forces, one measured hy ^ Ihs. and the other hy 2 Ihs. ; now 

the ratio of Js : 2, cannot he expressed hy the ratio of two whole 
nnmhers exactly^ though it can he so expressed as nearly as ever we 

please. To make this more clear, ohserre that — =.8660254 very 

nearly ; hence Js : 2 :: 8660264 : 10000000, very nearly, and hy taking 
more decimal places we could make the approximation still more close. 
Now as the proposition proved in the text is true for two forces whose 
ratio is 8660254 : 10000000, we should seem to he safe in concluding that 

it is abo true for the incommensurable forces whose ratio is ^3 : 2. 
And hy considering the matter thus we might conclude that the propo- 
sition proved in the text for comm>enstirdble forces is true also fot 
incommensurable. To take away however all kind of douht we suhjoin 
the following reductio ad absurdum. 

Let AB, AC represent any two incommensurahle forces; complete 
the parallelogram ABDC, and if AD he not 
the direction of the resultant, let it he AE, 
Suppose AC to he divided into a numher of 
equal parts, each part heing less than ED, and 
suppose distances of the same magnitude to he ^i 
ftet off along CD, heginning at C, then one of ^ ^ 

the divisions must fall hetween E and D; let jP he the point which 
marks the division, and complete the parallelogram AOFC, then AF is 
the direction of the resultant of the commensurable forces AO, AC: but 
AF makes a larger angle with AC than AE, that is, the resultant of AG 
and AC lies further away from AC than the resultant of AB and AC, 
although AO IB less than AB, which is absurd : hence AE is not the 
direction of the resultant ; and it may he shewn in like manner that no 
line is in that direction except AD, Hence the proposition proved in 
the text for commensurable forces^ is ti:uo also for incommenMurabU* 
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4. Prop. If two forces, acting on a particle at A, he 
represented in direction and magnitude by the straight lines 
AB, AC, then the resultant will be represented, not only in 
direction, but also in magnitude, by the diagonal AD of the 
parallelogram described upon AB, AC, 

Produce the diagonal DA to 2/, making AI^ equal to 
the resultant of AB, AC in magnitude ; 
complete the parallelogram ABCiy^ 
and join AC 

Then since AD* is equal to the re- c'< 
sultant of AB, AC, and drawn in the 
direction opposite to that of the re- 
sultant, the three forces AB, AC, AD\ B b 
balance each other, and therefore any one of them is in 
the direction of the resultant of the other two ; hence AC 
is in the direction of the resultant of AB, AD*', but AC 
is also in that direction, therefore AC, AC are in the 
same straight line. Hence ADBC is a parallelogram ; 
therefore ADr^BC: but BC^ ADf, therefore AD = AD\ 
And by construction AD' represents the resultant of AB 
and AC va magnitude ; therefore AD also represents the 
resultant. 

If two forces, &c. q.e.d. 




• • 



6. "We have thus established the proposition known 
as the Parallelogram of Forces, without appeal to experi- 
ment as in Chap. i. ; and the proposition may now be sup- 
posed to rest upon the same kind of evidence as the 
theorems of Euclid, 

6. The proposition is sometimes stated in a form, in 
which it is called the Triangle of Forces. We will enun- 
ciate it as follows. 

Prop. If three forces, acting in the same plane, be in 

equilibrium upon a particlcy and if in that plane we draw 

any three straight lines parallel to the directions of the forces, 

then the three sides of the triangle so form£d will be in the 

same jproportion as the forces. 
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Let O be the particle, P, Q, R the forces; upon the 
directions OP, OQ set ofif Op, Oq propor- 
tional to P and Q: complete the paral- 
lelogram Oprq, and join Or, then Or is in 
the same straight line with OB, by the 
parallelogram of forces ; and the three lines 
Op (or rq,) Oq, Or are proportional to P, 
Q, R, respectively. 

Now draw three straight lines JB, BC, AC, parallel to 
the directions of P, Q, R respectively, that is, parallel to 
rg, Oq, Or ; then the triangle JBC so formed is similar to 
the triangle rqO; 

.\ JB : BC : AC :: rq i Oq i Or, 

:: P : q I R. 

/. If three forces, &c. q. b. d. 

Cor. Hence, if two sides of a triangle, taken in order 
from an angular point, represent in magnitude and direc- 
tion two forces which act at that point, then the third 
side, not taken in the same order as the other two will re- 
present the resultant. Thus if AB, BC represent two 
forces acting on a particle at A, then AC (not CA) will 
represent the resultant. 

7. We may generalize this proposition still further 
and deduce what may be called the Polygon of Forces. 

Prop. If the sides of a polygon AB, BC, CD, DE, ... 
NP, PA, represent in magnitude and direction forces acting 
upon a particle, these forces will produce equilibrium ; and 
any one of the sides, as AP, taken in the opposite direction 
to that above supposed, will represent the resultant of all the 
rest. 

Join ACt then AC represents the resultant o{ AB> BC« 
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Join AD, then AD represents the 
resultant of AC, CD, i. e. of AB, BC, 
CD. 

And so on: hence AN represents ^\ 
the resultant of AB, BC, CD, DE 

But the forces represented by AN, b" 
NP, PA, are in equilibrium ; hence the 
forces represented by AB, BC, CD, D£,... NP, PA are 
in equilibrium. 

Hence the first part of the proposition is true ; and 
the second immediately follows. 

••• If the sides of a polygon, &c, q.e.d. 

Obs. It may be remarked that the straight lines, AB, 
BC, &c., need not be all in the same plane. 

8. The student is already acquainted with the appli- 
cation of the parallelogram of forces to the resolution pf a 
force into two components in any directions (Art. 12. p. 19), 
and he will remember that we especially called attention 
to that case of resolution in which the components are at 
right angles to each other (Art. 14. p. 21). We shall now 
proceed to apply the principle of resolution and composition 
of forces to the following very general proposition. 

Prop. Any number of forces act at the same point, their 
directions all lying in the same plane ; to find the direction and 
magnitude of the resultant. 

Let P be any one of the forces acting at the point A. 
Let the plane of the paper be that in which 
the forces act ; in that plane choose any two 
lines at right angles to each other, AX and 
A Y, and let be the angle which the direc- 
tion of P makes with AX. Then P is 
equivalent to 

P cos 9 acting in the direction AX, 
together with Psmd ....... .\ ... AT. 
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In like manner, a force P^, the direction of which 
makes an angle & with AX^ is equivalent to 

P' cos Q' acting in the direction AX^ 

together with P' sin d' , AY. 

And so on for any number oiF forces. Hence, adding 
together the forces which act in the same direction, we 
shall have a system of forces P^ P^^ . . -. .. acting at angles 
0, d', • • • . with the line AX, equivalent to 

P cos 9 + P^ cos ff + acting in the direction AX, 
together with P sin + P' sin ^ + AY. 

For shortness sake, let 

P cos e + P' cos e' + = -y, 

and P sin e + P' sin 0' + = F ; 

and let R be the required resultant, the angle which its 
direction makes with the line AX\ then 

R cos (f> ^ X, 
i? sin ^ «= Y; 

,-. tan (A ^ ^, i?^ = ^ + YK 

X 

9. We subjoin some examples of the process of com- 
position described in the preceding Article. 

Ex. 1. A weight of 10 lbs. is supported by two '^ 
strings, each of which is 3 feet long, the ends being 
attached to two points in a horizontal line 3 feet 
apart ; to find the tension of each string. 

Let ^, ^ be the two points of support; AO, ^ 

BC the strings ; C the weight, T the tension pf either of the stringSjr 
that is the force which it exerts upon the weight in the direction of 
its length. Draw CD perpendicular io AB; then ABC is an equi- 
lateral triangle^ and J C?2> = BCD = 30^ 
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Then resolvbg the two tensions vertically, we have for the resolved 

Js 

part of each TcoBS(fi=^T^^ ; and the two vertical resolved parts 
together support the weight of 10 lbs. ; 



or. 



r=lSib8. 



7s 




Ex. 2. A particle placed in the centre of a square is acted upon by 

forces of 1, 2, 8, and 4 lbs. respectively, tending to the angular points ; 

to find the magnitude and direction of the resultant force. 

Y 

Let A be the particle, and draw two lines 
AXy AY perpendicular to the sides of the 
square, as in the figure. Then it will be seen 
that the application of the formulas of the pre- 
ceding article gives us the following ; 

jB cos = 1 X cos 45® + 2 X cos 135® + S x cos 225® + 4 cos 315®, 
= cos 45® - 2 cos 45® - 3 cos 45* + 4 cos 45® = ; 

i?sin0 = 1 X sin 45® + 2 x sin 135® + 3 x sm225® + 4sin315®, 
= sm45® + 2 sin 45®- 3 sin 45®- 4sin45® = - 48in 45®, 

.•. = 90®, and jB=-2^; i.e. the resultant is a force of 
2 J^ lbs. acting in the direction opposite to A Y. 

£z. 3. If four equal forces act by strings upon a particle, the 
angles between the directions being 30®, 45®, and 15®, to find the direc- 
tion in which the particle will begin to move. 

Let A be the particle ; then the first and last strings are at right 
angles to each other; therefore we may conveni- 
ently take them as corresponding to the lines of 
reference which we have called AX and AY. ^^ 
Let AB^ AC be the other two strings, and P the 
force exercised by each. Then we shall have, 

i? cos = P + P cos 30® + P cos 75®, 
-ffsiii0 = Psin8O®+P»m75®+Pi 
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1 ^/3 + l 
., tan ^ = L±«1_S0 jjin 75" . '^gj^ ^Jl 
^ 1 + COS 30 + cos 75^ /3 Ji-\ 

^ 3^2 + 73 + 1 
2^2 + ^6 + ^3-1* 

This formula may be reduced to numbers, and determined by 
means of trigonometrical tables. 

10. We have already enunciated in the form of the 
polygon of forces the most general conditions of the equi- 
librium of a system of forces acting on a particle ; this may 
be called the geometrical form of the conditions of equi- 
librium. We shall now investigate the conditions alge- 
braically. 

Prop. To find the conditions of equilibrium of any 
system of forces^ acting in one plane at the same point. 

Suppose the forces to be all reduced to one (fl), as in 
Art. 8 ; then in order that there may be equilibrium, we 
must have 

J? « 0, 

or X^+Y^^ 0. 
And this equation cannot be true, unless we have 

X^O and F=0; 
or P cos + P' cos 0' + . . . « 0, 
P sin e + 2^ sin e' + . . . = 0. 

These are the conditions of equilibrium; and they 
may be expressed in words by saying, that the sum of the 
forces resolved in any two directions perpendicular to each 
other must vanish. 

11. We shall now illustrate these principles of equi- 
librium by appl/ingr them to several examig!V^^« 
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Ex. 1. If three forces P, Q, i2, be in equilibrium upon a point ; 

then 

P : Q: R :: sin QOB : sin ROP : sin POQ. 

This immediately follows from the triangle of/areet. For referring 
to the figure of Art. 6, we have 

P : Q : R :: AB : BC : AC, 

:: sin ACB : sin BAC : sin ABC, by Trigonometry 
:: sin QOR : sin ROP : sin POQ, 

It wiU, however, be worth while to deduce the result from the prin- 
ciple of the precedbg Article. 

Draw any two straight lines OJTy OF at 
right angles to each other, and let JTOP = 0, 
XOQ = 0, XOR = ylf, these angles being all 
measured the same way round from OJC. ^' 

Then^ in order that P, Q, R may be in 
equilibrium^ we must have 

P cos ^ + Q cos + 72 cos >//^ = 0, 
Psin^ + Qsin + 72 sin x//* = 0. 

Multiply these equations by sin ^ and cos yj/^ respectively, and 
subtract ; then we have, 

P (sin yj^coaO -sinO cos ^Z') + Q (rin yj^ cob <f> - sia tp cos yj/) = 0, 
or, Psin (>//- ^) + Qsin (\//'-^) = ; 

but yl^ - e =z 360^ - ROP, and yj^ -^ <f> = QOR, 

/. - P sin 720P + § sin §0/2 = 0, 

P Q 

' sin QOR sin jROP ' 

Hence we may conclude that 

P Q R 




sin QOR sin ROP sin POQ 



, as before. 



Ex. 2. A small ring B is attached to A 
the extremity of a thread ^^, which is faaU 
ened at A. CBW is another thread passing 
through the ring B and supporting a weight fV. 
To find the position of B; A and C b^g in 
tAe same borizosktal line» 
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We are to regard tbe ring J3 as a particle, kept at test by three 
forces acting in the directions of the three portions of thread which meet 
in it. Concerning the force exerted hy AB^ in other words the tension 
of the thread, we know nothings we will therefore denote it* by a 
symbol T; the length of AB is given, call it /. With regard to the 
other thready we observe that the force exerted by the upper portion of 
it, CB^ must be equal to that exerted by the lower portion B W, in 
other words, the tension is the same throughout the same thread; 
therefore we shall have a force W in the direction BC, and another 
force W in the direction B W. The distance AC must be given, call it 
a. And let BAC = e, ACB = <t>. 

Then, resolving the forces horizontally and vertically, we have the 
two following equations ; 

Tcosa- Trcos0 = O, (1) 

TmO+ Wsin^- W=0, (2) 

But these equations involve three unknown quantities, ST, ^, and (p, 

therefore we must have one other relation between them; this, is 

supplied by the trigonometrical conditions of the triangle ABC; for 

we have 

[_ sin0 . 

a"sin(^ + ^) ••••••••;•••; w 

' Now multipljdng (1) by sin 0^ and (2) by cos 0^ and subtracting, 

there results 

TF(sin ^ cos + cos sin 0) - Wcos ^ = 0, 

or, ^ (^ + 0) = cos 6y 

/. £l + ^ = 90<>-^, 

or, <p^90^-2e (4) 

.% from (3), - = . a > 
^ '" a sm^ ' 

l-.2sin»^ = -sin^, 
a 

^ • />^ ^ ^ 

The + sign must be taken for the radical, since it is evident that 6 
must be less than 180^. The value of B thus found eutitelY d^^rccKosA 
ihe position of A 



sin* ^ + r- sin d +^r^-, =T^-V + i, 
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Ex. 3. A rod BC is moveable in a yertical plane P 

about a hinge at J?; a thread, attached to a point A f 

in the same horizontal line as B^ passes over the 
extremity of the rod and supports a weight W. 
Omitting the weight of the rod^ it is required to 
find the position of equilibrium. 

In this problem we must regard the extremity G of the rod as a 
particle, which is kept in equilibrium by the two forces exerted by 
the thread in the directions CA and CW respectively, and by that 
which the rod itself exerts in the direction of its length. The first 
two forces will be each equal to TF; the last we will denote by P. 

Then if AB = a, 5C = 5, BAC^B^ ACB^ 0, we have, by resolv- 
ing the forces horizontally and vertically, the following equations, 

Wcosa-Pcos(a + 0) = O, (1) 

Trsin^-Psin(a + 0)+ TT^O; (2) 

and we have ako the Trigonometrical condition, 

U'^ (3) 

6 sin a ^ ^ 

Having obtained these three equations, ^, 0, and P may all be 
found, and the problem may be completed in the same manner as 
the preceding one. 



CONVERSATION UPON CHAPTER IV. 

P. Is the proof which you have given in this chapter 
of the Parallelogram of Forces the only one which has 
been devised ? 

T. Far from it, there are a great variety*; and many 

* ** We hare to ask whether this proposition, the Parallelogram of 
Forces, be a necessary truth; and if so, on what grounds its necessity 
ultimately rests. We shall find that this, like the other fundamental 
doctrines of Statics, justly claims a demonstratire certainty. Daniel 
Bernoulli, in 1725, gave the first proof of this important proposition on 
pure Statical principles; and thus, as he saysi ^proved Jiat statical 
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of them are of a kind which your present knowledge of 
Mathematics will not enable you to comprehend. That 
which I have given you seems upon the whole to be the 
most easy of comprehension ; it is called from its inventor 
Duchayla's proof. The frequent transfer of the forces 
from one point to another which it involves is rather per- 
plexing at first, but after having written it upon paper 
several times, and represented by a figure the transfer of 
the forces, you will find little difl&culty in imderstanding 
and remembering it. 

P. What do you mean by representing by a figure 
the transfer of the forces ? 

r. Suppose P and Q to be two forces acting at A ; 

theorems are not less necessarily true than geometrical are.' If we 
examine this proof of Bernoulli, in order to discover what are the prm- 
ciples on which it rests, we shall find that the reasoning employs in its 
progress such axioms as this : — That if from forces which are in equili- 
brium at a point be taken away other forces which are in equilibrium at 
the same point, the remainder will be in equilibrium; and generally, — 
That if forces can be resolved into other equivalent forces, these may be 
separated, grouped, and recombined, in any new manner, and the result 
will still be identical with what it was at first. . . . The apprehension of 
force as having magnitude, as made up of parts, as capable of composi- 
tion, leads to axioms in Statics, in the same manner as the like appre- 
hension of space leads to the axioms of Geometry. And thus the truths 
of Statics, resting upon such foundations, are independent of experience 
in the same manner in which geometrical truths are so. 

The proof of the parallelogram of forces thus given by Daniel Ber- 
noulli, as it was the first, is also one of the most simple proofs of that 
proposition which have been devised up to the present day. Many 
other demonstrations, however, have been given of the same proposition. 
Jacobi, a German mathematician, has collected and examined eighteen of 
these. They all depend either upon such principles as have just been 
stated : That forces may in every way be replaced by those which are 
equivalent to them ; or else upon those previously stated, the doctrine of 
the lever, and the transfer of a force from one point to another of its 
direction. In either case, they are necessary results of our statical con- 
ceptions, independent of any observed laws of motion, and indeed of the 
conception of actual motion altogether.*' — Whewell's Philosophy of the 
Inductive SdenceSf Bk. m. chap, vi. 
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then if we complete the parallelo- 
gram ABDCi we have seen that P 
and Q may be supposed to act at 
D parallel to their original direc- 
tions. Now to denote this I should 
draw arrows from D to represent 
P and Q, and then draw my pen 
through the symbols of the forces at A ; and my figure will 
thus represent to the eye the exact state of the transfer of 
the forces. When I transfer P from 2> to C, I should draw 
an arrow at C, and put my pen through the P at 2> ; and 
so on. 

P. That seems a useful hint. I suppose I need not 
trouble myself with any of those other proofs of the 
parallelogram of forces to which you have alluded. 

T. That of Duchayla is suflScient for all purposes; 
nevertheless it will tend to assist your understanding of the 
subject^ if I point out to you occasionally other methods 
by means of which the principles of Statics may be 
established. I will, for instance, shew you now a method 
of establishing the rule for the resolution of forces, which 
is highly ingenious ; it is similar to the method adopted by 
Stevinus, the famous mathematician of Bruges, which I 
shall at a future time bring under your notice. 

Let ABC be a groove, cut in the vertical side of a 
block of any hard substance ; let its 
form be that of a right-angled triangle, 
AC being vertical, and BC horizontal. 
The groove must be conceived to be 
of perfectly uniform section throughout, 
and perfectly smooth. 

Now suppose that we have an end- 
less filament or thread which exactly fits 
the groove ABC. Then if it were fitted into ABC it 
would remain at rest exactly in the position in which we 
placed it ; and this entirely independent of all friction or 
an^ such impediments to motion. For suppose it moved 
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into a new position; then in this new position all the cir- 
cumstances of the thread would be precisely the same a0 
they were when we first placed it in the groove ; therefore 
as it moved before it will move now, and so it will con- 
tinue to move, or the motion will be perpetual, which is 
evidently impossible. Hence the thread will remain at 
rest ; the same would be the case whatever were the shape 
of the groove, but I have taken the form of a right-angled 
triangle for reasons which will appear immediately. 

Let us consider the equilibrium of the thread: the 
portion Bd resting as it does upon the horizontal surface 
of the groove, can have no effect in pulling the string 
downwards either at B or C. Hence we may if we please 
suppose the portion BC of the thread removed, and we 
have then the portion .4 (7 which is altogether unsupported 
by the groove (for it hangs vertically) in equilibrium with 
the longer portion AB which is partly supported by rest- 
ing upon the side AB of the groove. 

Since the thread is uniform the weights of the portion^ 
AB, AC are proportional to the lines AB, AC respectively. 
Also the weight oi AC measures the resolved part of the 
weight of AB in the direction of the groove AB, because 
it is that which supports AB ; 

.•. resolved part of weight of AB 

: weight of AB :: AC : AB, 

or, resolved part of weight oi AB 

« weight of AB x -—- , 

AB 

= weight of AB x cos BAC. 

The result would be precisely the same, if instead of 
having the thread AB resting upon the groove we had a 
weight W at any point ; and we should therefore have 

resolved part of W along AB « W cos BAC. 

This is the law of resolution which we have already 
obtained ; and we might therefore, if we pleased, take this 
demonstration as the basis pf the science of Statics. 
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P. Could the process which you have described be 
verified experimentally ? 

T. Assuredly not : for none of the conditions could 
be accurately satisfied: the groove could not be made 
quite smooth, and quite uniform, nor the thread perfectly 
flexible and perfectly to fit the groove. But all these 
conditions may be conceived to be satisfied, and the con- 
clusion rests upon the axiom of the impossibility of the 
thread, when placed in the groove at rest, beginning to 
move of itself and continuing to revolve perpetually. If 
you grant this axiom, then the conclusions are perfectly 
sure, although the construction described may be (as it is) 
quite beyond human art. 

P. "Would not the principle which you explained to 
me when speaking of the centre of gravity, I mean the 
principle of the centre of gravity always tending to fall as 
low as possible serve to shew that the thread must rest in 
a certain position ? 

T. You may regard it in that light ; the tendency 
of the weight of the string, that is, of the earth's attraction, 
is to depress the centre of gravity, and as the centre of 
gravity cannot be depressed on account of the string being 
held in a certain shape, therefore the string will not 
move. 

P. Could not the parallelogram of forces be demon- 
strated by reference to the manner in which a particle 
would move if acted upon by two forces ? 

T. There are proofs depending upon this principle, 
but they do not properly belong to the subject which we 
are at present studying: we are engaged, you will re- 
member, with Statics, or the science of forces which pro- 
duce equilibrium, and therefore any considerations of force 
producing m>otion belongs to another branch of the science. 
At the same time one or two remarks arising from the 
question you have asked may be instructive. You will 
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see in the chapter which you have just been reading, that 
if it can be shewn that the parallelogram of forces is true 
so far as direction is concerned, it can be immediately 
proved to be true as regards magnitude (page 74). Hence 
we need not concern ourselves with anything except the 
direction of the resultant of two forces, or the direction in 
which a particle acted upon by those two forces would 
begin to move. 

Suppose now that we have a particle at A, and sup- 
pose that a certain force acting upon it would 
in a given short space of time, as one second, 
carry it to B; suppose also that when it has 
been carried to B another force acts upon it, 
which carries it in one second to C. Now if 
we may regard the action of two forces upon a particle 
during one second as equivalent to the action of one force 
for one second by itself, and the action of the other force 
for a second by itself, then the two forces combined would 
in one second carry the particle from A to C, that is, AC 
would be the direction of the particle's motion or the 
direction of the resultant of the two forces. In this man- 
ner we should be able to prove the parallelogram of forces 
so far as regards direction, and then, as I have already 
mentioned, the proposition may be easily proved as regards 
magnitude. But this method involves a law of force to 
assume which would be to anticipate the laws of motion, 
and the method of proof involving as it does considerations 
of motion is not suitable for a statical treatise. Newton 
(it is true) in the commencement of the Princtpia treats 
of the resolution and composition of forces in this way, 
but then it is in connexion with laws of motion which he 
has previously enunciated, and as introductory to a work 
which is concerned with Dynamics. On the whole I 
should recommend you to adopt Duchayla's proof as the 
most simple ; but you will find that the study of any other 
which may fall in your way will help to clear your view of 
the subject in general, and I shall take occasion myself to 
call your attention to a method which in many respects 
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is extremely simple and which depends upon the Principle 
of the Lever, which is according to that system made the 
fundamental proposition of the science. This however I 
can do with more propriety when you have studied the 
next chapter. 

P. I now wish to ask for some explanation concerning 
the problem given in p. 81. I do not clearly understand 
how equations (1) and (2) are obtained. 

T. Conceive a horizontal line drawn through B to the 
right hand; then, measuring the angles the same way 
round from this line, the angle which it makes with BC 
will be 0, with BA 180^ - 9, with BJV 2W; hence the two 
equations of Art. 10 will become 

JFcos + Tcos (180^ - 0) + TTcos 270* = 0, 

TTsin^ + rsin(180® - 0) + Wsin 270« « 0; 

which are equivalent to 

TTcos 0- TcosdaO, 
HTsin + rsine- W^O; 

as given in the place to which you refer. And in all caseg^ 
the mechanical equations of a problem may be obtained in 
the same way ; you may, however, in general obtain them 
more simply by resolving each of the forces into two, taking 
for the angle of resolution the acute angle which the 
direction of the force makes with the assigned direction, 
and then consider whether any two resolved parts, hori-^ 
zontal parts for instance, tend to move the particle in the 
^ame or in opposite directions ; those which tend in one 
direction must be first written down, and then those which 
tend in the opposite direction must be affected with the 
negative sign. 

For example, in our present problem, the thread AB 

produces a horizontal force T cos 0, and a vertical force 

T sin 0. The thread BC produces a horizontal force 

W cos <j}, and a vertical force W sin <j}. Now it is easy to 

3ee that these horizontal portions tend to draw the ring in 
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Opposite directions, and they are the only horizontal forces, 
therefore we must have 

r cos e = W cos <j>, 

or T cos - Wcos = 0. 

And the two vertical portions both act upwards, and toge-. 
ther support the weight W ; therefore 

T&m0+ JVsin<p^ W, 

or rsine+ JFsin^- Tr = 0, 

and thus we obtain the equations required, 

P. I think that by help of what you have said I shall 
be able to overcome my difficulty : why did you call the 
equations of which we have been speaking mechanical 
equations ? 

T. The equations with which you will have to deal in 
this subject will be of two kinds ; those which arise from 
the two mechanical principles, namely, the Parallelogram 
of Forces, and the Principle of the Lever, and those which 
arise from the necessary geometrical connexion of the? 
different parts of the system. In considering the equili- 
brium of a particle^ acted upon by forcfes whose directions 
lie all in one plane, the equations which result from the 
Parallelogram of Forces are two and only two ; and these 
we call the mechanical equations of the problem. If thes^ 
equations involve only two unknown quantities, they con- 
tain the complete solution of the problem ; but if, as i^ 
frequently the case, they contain more than two, then 
other relations between the unknown quantities must be 
sought from geometrical considerations ; the equations so 
found, which of course contain no forces, but only lines and 
angles, are called geometrical equations. And let me here 
remark, that in the solution of problems it is always 
necessary to obtain as many equations as there are un-» 
known quantities involved ; so that if there be n unknown 
quantities, you must, before you can solve the problem^ 
obtain n *- 2 geometrical relations among them* 
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P. I observe that Ex. 1, on p. 80, is solved in two 
different ways, one of which seems much shorter than the 
other ; is there more than one way of solving Ex. 2 ? 

T. The greater number of statical problems may be 
solved in more than one way. The advantage of the 
general method given in p. 79 is, that it includes all kinds 
of problems, that it is simple in its principle and easily 
applicable in almost all cases. At the same time it must 
be allowed, that many problems may be solved more con- 
cisely by choosing methods peculiarly suitable to them. 
In the present instance, the equation (4) of p. 81, which 
together with the geometrical equation (3) contains the 
solution of the problem may be obtained readily thus : 

The tension T is in the direction of the resultant of 
the two tensions which act in the directions SC, BW. 
But these two latter tensions are equal; therefore AB 
must bisect the angle between BC and BW. 

Now WBC = 90** + ; 

WBC 

and by our principle, = BAC + BCA (Euc. i. 32). 

.•. 90^ + = 20 + 20, 
or « 90° - 20, 
which is the equation required. 

The same method will simplify the solution of Ex. 8, 
p. 82. And you will probaMy meet with other cases in 
which a little ingenuity will save you much trouble ; but I 
recommend you on no account to neglect the application 
of the uniform general method of p. 79, which, though not 
always the shortest, is certainly the surest. Sometimes a 
geometrical construction will be able to take the place of 
elimination between several equations, and when you 
become familiar with the subject, you may adopt in each 
problem the method which seems to you best; but you 
must remember that we are studying Mechanics and not 
Geometry, ^nd therefore those methods are the most 
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important and the best, which exhibit from the clearest 
point of yiew the mechanical conditions of the problem. 
There will be more scope for problems, and you will be 
able to see the bearing of different methods better, when 
we have studied the conditions of equilibrium of a rigid 
body. 



EXAMINATION UPON CHAPTER IV. 

1. Prove the parallelogram of forces, so far as the direction of the 
resultant is concerned, for commensurable forces. 

2. Extend the proof to the case of incommensurctble forces. 

3. Assuming the parallelogram of forces so far as the direction 
of the resultant is concerned, prove it as to ma^nittide* 

4. Enunciate the Triangle of Forces. 

5. Enunciate the Polygon of Forces.. 

6. Determine algebraically the direction and magnitude of the re-^ 
sultant of any number of forces acting in given directions at the same 
point, the directions being supposed to lie all in one plane. 

7. Investigate algebraically the conditions of equilibrium of a 
particle under the action of any forces whose directions all lie in 
one plane. 

8. The resultant of two forces which act at right angles to each 
other is equal to n times the geometrical mean between them; find 
the ratio of the two forces^ and the smallest value of n for which 
the problem is possible. 

9._ Given the sum of two forces, and their resultant when they act 
at an angle of 60^ with each other ; find the fdrces. 

10. A and B can each carry a weight of P lbs. What weight 
can they carry between them, when walking a feet apart, by means 
of two cords, each b feet long, attached to the weight ? 

11. Two equal weights (TT) are attached to the extremities of a 
thread, which is suspended from three tacks in a wall, forming an 
equilateral triangle ; find the pressure on each tack. 
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12. In the preceding problem find the vertical stnun upon each 
tack^ supposing the base of the triangle to make an angle 6 with 
the horizon. 

13. A particle at the centre of a regnhir hexagon is urged towards 
the six angular points hy forces equivalent to 1, 2, S, 4, 5, 6 lbs. 
respectively ; determine the direction and magnitude of the resultant. 

14. Ay By and C pull at the ends of three ropes which are knotted 
together in 0. B and C are of equal strength, and ^ is as strong 
as B and C together ; what help will B and C require to maintain 
in equilibrium against A when BOC= 60^ ? 

15. A fine thread has a small ring at one extremity ; the other 
extremity is passed through the ring and attached to a weight; the 
whole is suspended by means of the loop thus formed from two 
smooth tacks in the same horizontal line; determine the position of 
equilibrium. 

16. In the preceding problem find the direction and magnitude 
of the pressure upon the tacks. 

17. A given force R is divided into two others P and Q 
(P + Q = 22) ; prove that the resultant of P and Q, supposed to act 
on a point at right angles to each other, will be least when P == Q. 

18. Six men pull by means of a rope 100 feet long attached to 
the top of a tree 60 feet high towards the South ; and five men by 
means of a rope 12 feet long towards the East ; find in what direc-^ 
tion the tree will fall. 



CHAPTER V. 

DEMONSTRATIVE MECHANICS. PRINCIPLE OP THE LEVER. 
THEORY OF COUPLES. CONDITIONS OF EQUILIBRIUM 
OF A RIGID BODY, THE DIRECTIONS OF THE FORCES 
BEING ALL IN ONE PLANE. 



1. In the preceding Chapter we have been concerned 
entirely with the equilibrium of forces acting on a particle, 
or the conditions under which a particle acted upon by 
any system of forces whose directions are in one plane 
can be at rest. In the present we shall be occupied with 
the conditions of equilibrium of a rigid body; we have 
already, in Chap, ii., considered the particular case of two 
weights suspended upon a lever, and we shewed, experi- 
mentally, that the condition of equilibrium was the equality 
of the moments of the two weights about the fulcrum : 
we shaU now shew how this and some more general results 
may be deduced from the Parallelogram of Forces, which 
in the preceding Chapter we have demonstrated. 

We shaU commence with the Principle of the Lever. 

2. Prop. If two forces acting at the extremities of a 
lever, and tending to twist it opposite ways, produce equi- 
librium, the moments of the forces about the fulcrum are 
equal. 

I. Let the directions of the forces be not parallel. 

Let P and Q be the forces, acting 
at the extremities A^ B, of the lever 
AB. Produce the directions of P and 
Q until they mfeet in C; then P and Q 
may both be supposed to act at C. 
Take Cm, Cn^ proportional to P and Q, 
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and complete the parallelogram Cmpn; join Cp and pro- 
duce it to cut JB in O, then the resultant of P and Q 
acts in the direction CO, and therefore O must be the 
fulcrum, otherwise there could not be equilibrium. Draw 
OD, OjE perpendicular to AC, BC ; then 

P Cm Cm sin Cpm sinnCp 
Q Cn mp siamCp sinmCp 

OC sin OCE OE 
" OC sin OCi> " 05 ' 

.•. P.OD^ Q.OE, 
or the moments of P and Q about O are equal. 

II. Let the directions of the forces be parallel. 

In this case the directions of the forces when pro- 
duced, will not meet in a point, as supposed in the pre- 
ceding investigation; and we must therefore slightly 
modify the method. 

At A and B apply any two equal and opposite forces 
S in the direction of the lever; 
this will manifestly not affect the 
equilibrium; then the resultant of 




^ ^ ^^ ^ ;>-g 

P and 8 will be a force in the "^ - ^^ 

direction CA, suppose, and that of 
Q and S a force in the direction 
CB. Suppose them both to act at C, and there to be 
resolved into their constituent parts P and S, Q and S\ 
the portions S, S will destroy each other, leaving a re- 
sultant P+ Q in the direction CO parallel to the directions 
of the forces. 

Then the sides of the triangle AOC are parallel to the 
directions of the forces P, S and their resultant; there- 
fore by the triangle of forces (Art. 6. p. 74), 

P^ CO 
S^AO' 
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In like manner 



• • 



Q CO 
P.AO^ Q.BO. 



If the forces P and Q be perpendicular to the lever, 
this formula proves the proposition ; if not, from O draw 
OD, OE perpendicular to the directions of P and Q ; then 
the triangles AOD, BOE being similar, we have 

AO BO 
OD^^ OE' 
and .-. P.OD mx Q.OE. 

Hence If two forces, &c. q.e,d. 

3. We have in the preceding demonstration supposed 
that the two forces act at the extremities of a straight 
rigid rod; but it is not difficult to see, that the propo- 
sition is true of two forces acting in the same plane upon 
any rigid body one point of which is fixed. 

For let P and Q be two forces acting at the points A 
and £ of a rigid body, in which 
the point O is fixed. Through O 
draw any straight line A!OB\ 
meeting the directions of P and 
Q in A! and B! respectively ; then 
P may be supposed to act at A, and Q at S, and thus 
the problem is reduced to that of two forces acting at 
the extremities of the straight lever A'OB^. 

4c. We shall now proceed to the general problem of 
the equilibrium of any number of forces, acting in the 
same plane upon a rigid body. The most elegant method 
of treating the problem, and the simplest, is that which 
depends upon the properties of couples, which we must 
therefore in the first place explain. 

5. Def. Two equal and opposite forces acting at 
right angles to a rigid rod are called a covple. 




u 
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Let the two forces P, P act in op- p 

posite directions upon the extremities of 
ABy and perpendicularly to its lengthy c 
ihen AB is called the arm of the couple, 
and P. AB is called its moment. 

6. Now the peculiarity of a couple is this, that it is 
the only case of two forces acting upon a lever , in which it is 
impossible to find a third force which will with the other two 
produce equilibrium. If possible let C be a point in the 
direction of AB produced, at which a force may be ap- 
plied which shall be in equilibrium with the two forces of 
the couple. Then by what has been already proved (Art. 2.) 
we must have 

P.AC^P.BC, 

or AC^BCi 

which is impossible. 

The same truth may be seen from the following simple 
consideration. Suppose a force applied 
at C to be capable of keeping the sys- a A 

tem in equilibrium ; then producing AB ^ ^ 
and making BD = AC, a, force applied I ^ d 

at D, in the direction opposite to that | v 
which we supposed applied at C, will be ^ 

situated exactly in the same manner with reference to the 
couple as that at C: so that if a force at C can keep the 
system in equilibrium, an opposite force applied at Z> can 
do the same, which is absurd. 

Hence we may conclude, that the effect of a couple 
upon a rigid rod will be to tend to make the rod twist 
about its middle point. 

7. The application of the method of couples to the 
investigation of the conditions of equilibrium of a rigid 
body depends upon the three following propositions. 

8. Prop. The effect of a couple is not altered by tumn 
ing its arm about one extremity through any angle in the plane 
of the forces. 
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Let P, P be the forces, AB the arm of the couple : 
through A draw ABf equal to AB^ 
and making any angle with it: at 
A apply two opposite forces, in the ■p» p 
direction perpendicular to Aff^ and 
each equal to P ; we shall call them 
P' and P" for distinction's sake, but 
it will be borne in mind that they 
are each of the same magnitude as 
P. At ^, in like manner, apply 
the equal and opposite forces P', P^', as represented in 
the figure. Produce the directions of P at B, and P' at 5', 
to meet in C ; then P, P^ may be supposed to act at C ; 
join AC. 

Now in the triangles BA C, B'A C, we have AB ta Aff, 
and AC common, and the right angle ABC = the right 
angle AB^C\ /. BC^ P'C, and the triangles are equal in 
all respects. 

Hence AC bisects the angle between the two equal 
forces P, P' ; and therefore P, P' acting at C will have a 
resultant, {R suppose), in the direction CA. 

Again, since PA is parallel to PC and AC meets them, 
the angle PAC = PC A : in like manner the angle P^AC 
fe» P^CA ; hence the forces P, P' acting at A will have a 
resultant jB, in the direction AC. 

The two forces iJ, R, acting at A and C, in opposite 
directions, will neutralize each other ; and thus the only 
forces left are P" at id, and P" at B\ That is, the couple 
with the arm AB has been transformed into a couple with 
the equal arm AB^^ and equal forces. 

.*. The effect of a couple^ ic. q.e.d. 

9. Prop. The effect of two couples, the arms of which 
have a common extremity, and which tend to twist in the same 
direction, is the same provided their moments are equal. 

Let AB be the arm of a couple; P, P the forces. 

5 
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At A apply a force greater than P, P+ Q 

suppose; and at C, a point between A and >^ a 

B, apply the force P + Q in the opposite 

direction. -^ 1 ja 

Then the two opposite forces P + Q 
and P, acting at J, will be equivalent to ^ ^^q^ 

a force Q acting in the direction of the 
former ; and by what has been proved in Art. 2, the force 
Q at il, and the force P at P will be in equilibrium with 
the opposite force P + Q at C, provided 

Q.JC^P.BC, 

or {P'i'Q)JC^P{AC+BC)'^P.JB. 

Hence the original couple will be entirely counteracted 
by the new couple which we have applied, which has the 
same moment and tends to twist in the opposite direction. 

•*• The effect of two couples, j-c. q.e.d. 

10. Taking this proposition in conjunction with the 
last, we see that if one extremity of the arm be given the 
effect of a couple depends entirely upon its moment ; hence it 
is not unusual to denote a couple by its moment ; thus if 
we have a couple of which the forces are P, P, and the 
arm a, we should call it the couple P. a. 

11. A couple which is equivalent to any number of 
couples is called the resultant of those couples ; and those 
couples are called with reference to that resultant com- 
ponent couples. 

12. The algebraical sign -, which we have found useful, 
as designating the direction of a force, may also be applied 
with advantage to couples : thus, if we have two couples, 
one of which tends to twist a body in one direction and 
the other in the opposite, we may distinguish them by the 
signs + and — attached to their moments. In the pre- 
ceding proposition, for example, we obtained the result, 

{P + Q)AC^P.AB, 

or (P+Q)JC-P.^P«0. 
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If we agree to call one of these moments positive and the 
other negative, we shall have this result, 

the algebraical sum of the moments «= 0. 

This result we shall generalize and further elucidate 
by the following proposition. 

13, Prop. The resultant of any number of couples^ the 
arms of which have a common extremity, is that couple which 
has for its moment the algebraical sum of the moments of the 
component couples. 

Let Pa, P'a, F^' d\ be the couples; and let us 

reduce all the couples to the arm a\ thus the couple 
Pa will be equivalent to a couple having an arm a, and 

a a 

force P'. - , since Pa^P^-.a, (Art. 9) ; and P'a' will 
a a 

be equivalent to a couple having an arm a, and force 

P — ; and so on. 
a 

Now suppose R to be the resultant of the forces acting 
at either end of the arm a, when the couples have been all 
reduced to that arm ; 

/. iif-P + P'.- + P". — + 

a a 

And by the process adopted, the couples are all reduced 
to one, having an arm a and force R ; 

.*. the moment of the resultant couple » R.a, 

^Pa+P'a' + P''a''+ 

If the couples should not all tend td twist in the same 
direction, the moments of those which tend in the direction 
opposite to Pa will be negative. 
.*. The resultant, SfC. q.e.d. 

14. The three propositions which have been proved 
in Arts. 8, 9, 13, contain (as was annoimced) all the neces- 

6—2 
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fiary properties of couples, ^hen we consider the action of 
forces in one plane only. We shall now apply the theory 
of couples to ihe investigation of the conditions of equili- 
brium of a rigid body, the direction of the forces lying all 
in one plane. 

15. Prop. Any system offorceSi {the directions of which 
lie in one plane,) acting upon a rigid body, may be reduced 
to a single force, and a single couple. 

Let P be any one of the forces, acting 
in the direction BP. Take any point J in 
the plane of the forces ; and at A apply two 
equal and opposite forces P, parallel to BP; 
this will not affect the condition of the body. 
Draw AB perpendicular to BP. Then in- p 
stead of the force P acting in direction BP we have now 
the force P acting at A parallel to BP, and the couple 
P.AB. 

In like manner, each of the forces may be reduced to 
a force at A parallel to its direction, and a couple the arm 
of which has A for one extremity. 

Now all the forces at A are equivalent to one resultant 
force (Art. 8, p. 76) ; and all the couples the arms of which 
terminate in A are equivalent to one resultant couple 
(Art. 13). 

.*. Any system, S^c. q.e.d. 

16. It is easy to see, that the resultant force spoken 
of in the preceding proposition will be the same wherever 
the point A is taken ; for if P be any one of the forces, 
the angle which its direction makes with any given straight 
line through A, P may be resolved into P cos parallel to 
that line, and P sin 6 perpendicular to it (Art. 8, p. 76) ; 
and other forces P', P"...may be resolved in like manner : 
hence if iZ be the resultant force, and the angle which 
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its direction makes with the line from which 9 is measured^ 
we have 

Rco&<p ^ P cos9 + P^ cos ff + ... 

J? sin = P sin + P' sin0' + .... 

which results are altogether independent of the position of 
A. But in calculating the moment of the resultant couple 
we must find the algebraical sum of the moments of the 
forces with respect to A : thus if AB « a, and the perpendi- 
cular distance from A upon the direction of P" be a', and 
so on^ we have 

moment of resultant couple « Pa + F^a + ; 

and this quantity manifestly depends for its value upon 
those of a, a\.. that is, upon the position of A. 

17. From the preceding proposition we can at once 
deduce the Conditions of equilibrium for a rigid body. For 
we have already shewn that a force and a couple cannot 
counteract each other (Art. 6) ; hence, if a system of 
forces be reduced to one resultant force, and one resultant 
couple, the two must separately vanish, that is, we must 
have 

resultant force = 0, 

moment of resultant couple « 0. 

The former of these conditions divides itself into two ; for, 
(as in Art. 10, p. 79,) if a force = 0, each of its components 
must s 0. Hence according to the notation adopted in 
the preceding Article, we shall have for the conditions of 
equilibrium of a rigid body 

Pcos0 + P'cosd'+ =0, (1) 

Psin0 + P'sind' + = 0, (2) 

Pa + P'a+ = 0, .(3). 

The equations (1) and (2) may be called the equations 
of equilibrium as regards translation, and are identical 
with those which hold for a single particle ; equation (3) 
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may be called the equation of equilibrium as regards 
twisting or rotation, and is peculiar to the case of a rigid 
body. 

18. It is worthy of remark, that if a rigid body be 
capable of motion only about a certain fixed axis, the 
three equations of the preceding article are reduced to one ; 
for in this case any tendency to translation will be coun- 
teracted by a pressure on the axis, and the sole condition 
of equilibrium will be that the resultant moment of the 
forces about the axis shall be zero. Nevertheless we may 
in this case apply the three equations, if we desire, not 
only to determine the position of equilibriimi for the body, 
but also to determine the pressure upon the axis : for let 
J? be the pressure upon the axis, (f> the angle which the 
direction of R makes with the line from which 0, d'...are 
measured; then the equations (1), (2) of the preceding 
article will become 

J2 cos + P cos + P' cos fl' + ... =0, 

i? sin + P sin + P' sin d' + ... = 0, 

and these will determine both R and 0. 

19. We shall defer the full application of the equations 
of equilibrium until we have discussed, as we propose to 
do in the next chapter, what are called the Mechanical 
Powers, or the simplest cases of Machines; these might 
be considered merely as examples of the principles of this 
and the preceding chapter, but it will be convenient to 
group together (as is usual) in one chapter those problems 
which have a practical bearing, and then to collect in 
another such examples as may be considered chiefly 
theoretical and only useful as illustrations of Mechanical 
Principles. We shall however illustrate the meaning of 
the equations of this chapter by a few simple applications. 
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Ex. 1. AB is a vertical post moveable 
about a hinge at B; two men at C and D 
pull at the post by means of cords attached 
at A ; given the height of the post and the 
lengths of the cords, compare the strengths of ^ 
the men when AB remains vertical. 

Let AB=p; CA=:l; BA = V ; P, P' the forces exerted hj the 
two men. Draw BE^ BF perpendicular to ACy AD respectively; 
then for equilibrium we must have 

moment of P about B = moment of P' about B, 
or P.BE^P'.BF; 
but by similar triangles ABCy BEC^ 

AB BE 



AC BC 



BE^ 



AB.BG 
AC 



simUarly, BF=-^, Jl^^^y 

p_l /r^' 

This formula gives us the ratio required. 

Ex. 2. We see from the preceding investigation that the effect 
which a man can produce, by means of a rope attached in the manner 
described, is measured by the moment of the force which he exerts, not 
by the force itself. Let us illustrate this by inquiring under what cir- 
cumstances a man can with the greatest advantage pull 
at a tree ABy by means of a rope of given length CD, 
attached to a point D in the tree. 

Let F be the whole force which the man can exert ; 
CD=l; DCB = d ; draw BE perpendicukr to CD ; then 
the moment of F about B 

:=FxBE^FxBCBm0, 

= jPx/costf sin^- -TT singft 

X 
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Now sin 2^ has its greatest valae when 2^ = 90^ or = 45^ In 
this case BC^BD; or the man will pull to the greatest advantage, 
when the height of the point of attachment of the rope is equal to the 
man's distance from the tree : and the moment produced will be equal 
to that which would support the greatest weight the man can lift, sus- 
pended from the extremity of a rigid rod half as long as the rope. 

Ex. 3. Let us inquire in Example 1, what will be the pressure 
sustained at the point B» 

Let R be the pressure, and ^ the angle which its direction makes 
with BD ; also let ACB^O, ADB = 0' ; then we must have, 

i^cos ^ -P cos ^ + P'cos^' = 0, (1) 

22sin^-Psina-P'sin0' = O, (2) 

these equation^ correspond to (1) and (2) of Art. 17* The third 
equation of that Article, or the equation of moments, we have already 
used in Ex. 1 ; we will however repeat it, making use of our present 
•notation; it will be as follows, 

P/?cos6-P';?cos^ = 0, (since ^^=/? cos ^, BF^pcoaB^, 

or Pcosa-2^cos6' = 0, (3) 

equation (3) reduces (1) to the following 

i2 cos = ; 

.-. « = 90«, 
and then 22 = P sin d + P' sin ^', from (2). 

Hence therefore the pressure at B will be a vertical pressure, and 
equal to the sum of the vertical resolved parts of P and P'. This is a 
conclusion which might have been anticipated; but it is desirable to 
see how the result arises from the general equations of equilibrium. 

Ex. 4. AB is a heavy beam, moveable in 
a vertical plane about A, and inclined to the 
horizon at an angle of 45^; required the force 
which must be exerted by a man standing at C, 
where AC^AB^ to prevent the beam from c^ a "^ 

falling. 

Let the weight of the beam be W; this we may regard as a single 
vertical force acting at the centre of gravity G of the beam, and G will 
be the middle point of AB if we regard the beam.as uniform. Let P 
be the force required ; and AB = a. 
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Then for equilibrinm the moments of P and W about A mtist be 
equal; 

.-. P X a sin ABC= TF x § cos 45^ 

W 
or PsinSa** 30'= -^8in45'= TF sin 22« SO' cos 22* SO'; 

2 

.-. P= TFcos22'SO', 

which is the force required. 

Ex. 5. In the preceding example^ as in Ex. S, the two equations 
of equilibrium which we have not used will give us the pressure sus« 
tained by the ground at the point A, Instead of calling this pressure 
^ as in the former instance, and denoting by <p the angle which its line 
of action makes with the horizon, we will take JT and Y to represent 
its horizontal and its vertical resolved part respectively. We shall then 
have, if we resolve horizontally and vertically, 

X-Pcos 5(7^ = 0, 

F-^-Psin 504 = 0; 

but BCA = 22* SO', and P = TFcos 22'* SO'; 

/. -r= P cos 22* SO' = W COS* 22* 30' = -^ (1 + cos 45«) 

2 V^J^)' 
and y = TF+ P sin 22'* 30'= W{1 + sin 22® SO' cos 22® SOO 



-<-^"'-(-5^> 



These two expressions for the resolved parts X and Y entirely 
determine the magnitude and direction of the pressure; for if i? and <p 
have the meanings above assigned to them, we have 

i2» = JT* + F*, and tan^ =-^. 

Ex. 6. The general principles of equilibrium require^ that the forces 
resolved in any two directions at right angles to each other should 
vanish, and that the moment of the forces about any point should also 
vanish. We vrill illustrate this by resolving the forces in ^e preceding 



106 DEMONSTRATIVE MECHANICS, 

example in the diiection of AB and perpendicnlar to it> and by taking 
the moments about B. In considering the problem thus we must 
regard the beam ^^ as under the action of the four forces P, TF, JT 
and Y; and we will slightly vary the problem by supposing AB to 
make with the horizon a given angle 6 ; then we shall have 

TFsin d + P cos -.- JT cos d - F sin 6 = 0, (l) 



2 

2 




TF cos a - P sm 5 + X sin 6 - Fcos 6 = 0, (2) 



Xa sin + TF|cos 6 - Facosd = 0. (S) 

Multiply (1) by cos 6 and (2) by sin 0, and by subtraction there 
results^ 

COS 6 COS - + sin 6 sin 



(0 0\ 

cos 6 COS - + sin 6 sin - j -X= 0, 



or Jr=Pcos-. 

2 

Again, multiply (1) by sin 0, and (2) by cos 0, and by addition 

we have^ 

f G\ 

TF+P(sin6coSr—co86sin-)- F=0, 
\ 2 2/ ' 



therefore from (3) 

TFcos0 



2 



or r=TF+Psin|; 

2 



= Fcos^-JTsina, 



(0 (K 

sin - cos ^ - sin ^ cos - i • 
2 27 





= TF cos 6 — P sin - ; 

2' 



2sm- 
2 



X=TF^«^ 



0' 
2tan- 
2 



2 
If d = 45^, these results agree with those already obtained. 
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CONVERSATION UPON THE PRECEDING CHAPTER. 

P. I observe that in this chapter the principle of the 
lever is deduced from the parallelogram of forces ; is it not 
capable of independent demonstration ? 

T. It is ; and if the principle be so demonstrated, the 
parallelogram of forces may be deduced from it, and so a 
complete system of Statics may be built up, depending 
upon the principle of the lever as its foundation. It will 
be interesting to you to see how this can be done, the 
more so because the doctrine of the lever was the first 
mechanical doctrine which was placed upon a demon- 
strative basis, having been proved by Archimedes two 
centuries before the Christian sera. 

The demonstration depends upon the following axiom. 
Two equal weights W, W, supposed to be connected by a rigid 
rod without weight will balance upon the middle ^ a. ^ 
pmnt of the rod and will produce there a pres- w w 

sure equal to 2W. This axiom you will find no diflSculty 
in admitting, because, the weights being equal, there is no 
reason why one of them should descend rather than the 
other ; and moreover, if the middle point of the rod be 
supported, the supporting point sustains the two weights, 
and therefore the pressure upon the point must be mea- 
siured by the sum of the weights. 

Hence it follows, that a uniform rod or cylinder will 
balance about its middle point, and will produce there a 
pressure equal to its weight; this is sometime expressed 
by saying that the statical effect of the rod or cylinder is 
the same as it would be if collected at its middle point. 
The truth of this immediately follows from the axiom just 
now enunciated, because we may consider the rod as cut 
up into any number of equal weights, and as each pair 
equidistant from the centre may be collected at the centre, 
the whole may be so collected. 
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Now let us take a uniform heavy rod JB, the weight 
of which is P + Q. This rod will a e c p f b 
balance about its middle point C I 

Divide AB in D, bo that p a 

JD : DB :: P : Q, 

then the weight of the portion AD is P, and that of DB 
is Q. Let E be the middle point of AD, and F of DB ; 
then the statical effect of the rod AD is the same as that 
of a weight P suspended from JS, and that of DB as that of 
a weight Q suspended from F. Hence the weights P and Q 
suspended from E and F respectively, will balance about 
C ; and we have now only to determine by geometry what 
is the relation of the two arms CE and CF. 

We have CE^AC-^AE^ BC -^ED^-DB-- CE, 

.-. DB^2CE; 
similarly, AD « 2 CF ; 
but P : Q :: AD : DB, by construction, 
.\ P : Q :: CF : CJS; 
or P . CE^Q .CF. 

That is, the moments of P and Q about O must be 
equal ; which is the principle of the lever. 

The proposition thus proved for two weights is true 
for any two parallel forces, and we can easily deduce the 
case in which the forces are not parallel. 

P. 1 think you have already shewn me the method of 
doing this. 

T. 1 have, in our conversation on the principle of the 
lever, treated experimentally. The method by which I 
then deduced (p. 44) the case of oblique forces acting 
upon a lever from that of two weights, will serve to deduce 
the same from Archimedes' proof of the proposition for 
parallel forces. We may therefore consider the proof of 
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Archimedes as a demonstration of the principle of the 
lever in its most general form ; and starting from such a 
demonstration, I will now shew you how we can deduce 
the parallelogram of forces, and thus construct a complete 
system of mechanics. 

Let Am.Jn represent in magnitude and du-ection two 
forces P and Q acting at the point A : com- 
plete the parallelogram JmBn, and draw AB. 
Also draw BC, BD, perpendicular to Am, An 
produced. Now suppose AB to be a rigid 
rod or lever, moveable about B, and acted 
upon by the forces P and Q at A. Then 

P Am ^nmBA sin nJB BD 
Q An sinmAB sin mAB " BC ' 

or P . BC ^ Q . BD; 

therefore the forces P and Q would keep the lever at 
rest. 

And since the resultant of P and Q would produce 
the same effect as P and Q together, it also acting at A 
would keep the lever at rest. But no single force acting 
at A can keep the lever at rest unless it act in the direc* 
tion ABf in which case it will only produce a pressure 
upon B which we suppose to be fixed ; hence AB is the 
direction of the resultant of P and Q. 

Having thus proved the parallelogram of forces as 
regards direction, it may be extended to the magnitude 
precisely as in Art. 4, p. 74. 

P. In this manner then all other propositions are 
reduced to that of two parallel forces upon a straight 
lever. Might we not in this way complete our system 
without reference to the theory of couples ? 

T. Doubtless : but the theory of couples puts the 
whole conception of the action of forces upon a rigid 
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body in the simplest and best point of view. The theory 
is due to the French mathematician Poinsot, the chief 
characteristic of whose mind seems to have been a remark- 
able power of presenting known truths in such new lights 
as to give them a simplicity of which we should scarcely 
have supposed them susceptible. The excellence of the 
theory of couples seems to be this, that it separates the 
effect of forces upon a rigid body into these two which are 
perfectly distinct, namely, the effect of translation and the 
effect of twisting. By the theory of couples we reduce all 
forces acting upon a rigid body to a force and a couple ; 
if the former of these exist without the latter the body will 
not twist, and if the latter exist without the former it 
will twist only : if the body is to be at perfect rest both 
the one and the other must have zero for its value. It is 
perhaps not easy for you to realize the beauty of the Theory 
of Couples, so long as you are engaged only with the case 
of forces whose lines of action all lie in one plane ; never- 
theless it is desirable, that even in this early stage of your 
reading you should become familiar with a conception which 
occupies so conspicuous a place in modem Mechanics. 

P. I suppose that there are other independent proofs 
of the principle of the lever besides that of Archimedes ? 

T. There are; but perhaps none which possess the 
same degree of simplicity. I will, however, take this 
opportunity of giving you another demonstration, which 
though not so complete, appears worthy of notice, because 
it exhibits the truth of the proposition in one case in a very 
easy and clear manner. The axiom upon which it rests is 
the same as before, namely, that two equal weights sus- 
pended from the extremities of a rod without weight will 
be in equilibrium, and produce at the middle point a 
pressure equal to their sum, but the application of the 
axiom is different. Let FT, W be two equal weights 
balancing: at the extremities of a 

C "B D 

horizontal rod AB about a fixed ^ i i :^ 

axis or fulcrum at its middle point C7. ^ w -y 
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W W 
Let the weight TF at J? be replaced by two weights — , — 

at the extremities of a rod CD^ where BD « BC, the 

middle point of CD resting upon B\ then the pressure at 

£ is TT as before, and the equilibrium is not disturbed. 

W 
But the weight — resting on <7, which is fixed, cannot tend 

W 
to turn the lever about C, hence the weiarht — at D 

2 

balances W at A^ that is, if we double the arm we must 

bisect the weight, and this is the principle of the lever. 

P. But only a particular case of it. 

T. You are right ; and it will not be worth while to 
attempt to complete the proof, that is, to shew that in 
whatever proportion we increase the arm we must diminish 
the weight ; but the demonstration in the preceding case, 
which is extremely simple, exhibits the truth in that case 
so very clearly that it may be useful to you in assisting 
you to grasp the general truth. You wiU always find 
great advantage in viewing the same proposition in a 
variety of lights ; of course if our only aim were to ascer- 
tain the truth for practical purposes, an experimental 
proof would answer our end as weU as any other, but 
taking a higher view of the objects of science we ought 
not to allow ourselves to be satisfied with such a method, 
but should rather endeavour to ascertain, as far as may be, 
why propositions are true ; and to this end varied methods 
of demonstration will assist us, and sometimes propositions 
which at first seemed difficult to prove will by continued 
attention at length appear so simple that they will hardly 
seem to need demonstration at all. 

P. I believe I have now a tolerably clear perception 
of the principle of the lever, and of its application to the 
conditions of equilibrium of rigid bodies ; but how am I to 
apply the principles of statics to bodies which are not 
rigid? 
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T. By a rigid body we mean, strictly speaking, a body 
which is incapable of bending or in any way changing its 
form, whatever may be the intensity of the forces which 
act upon it. To this definition however nothing in nature 
exactiy corresponds: substances which in common lan- 
guage we should call very hard, as glass, steel, oak, are 
nevertheless by no means rigid in the mathematical sense 
of the word. But if a substance have such a degree of 
hardness, that its form is not sensibly changed by the 
action of the forces with which we are concerned, then 
we may apply without practical error the principles which 
have been proved for rigid bodies. For example, a steel 
bar of one inch in diameter and one foot long would not 
bend sensibly if an ounce weight were suspended from 
each end, therefore it might, imder such circumstances, be 
treated as a rigid body. Of course there are many im- 
portant cases of equilibrium to which our three statical 
equations will not apply ; but without entering upon this 
more difficult ground we shall find abundance of problems 
of which those equations will afford the solution. 

P. I perceive that we have in this chapter the alge- 
braical sign — again introduced, as applied to couples. 
I am much struck with the application of this symbol to 
lines, angles, forces, and now to couples. 

T. The employment of the two symbols + and — , as 
indicating contrary properties or qualities, is of admirable 
utility, and I think that the conception of it does not pre- 
sent any great difficulty; you wiU find rather different 
views given in different books of the principle upon which 
the use is founded, but I am not anxious to lead you into 
difficult speculations upon such points ; when you become 
familiar with the application of the method, you will be in 
a better condition to form an opinion concerning the real 
ground upon which it is based. 

P. I se6 no difficulty in the method, which can pre- 
vent me from using it with perfect confidence, and I believe 
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that I quite understand the principle, that for equilibrium 
the algebraical sum of the moments of the forces about 
any point must be zero, for this is equivalent to saying 
that there must be no tendency to twist about any point ; 
but I am not sure that I understand how to determine 
the proper algebraical signs of the moments which occur 
in problems. 

r. With a little practice you will be able to write 
them down without a mistake ; the best instructions which 
I can give you are these. First, determine the point about 
which you will estimate the moments ; in theory it is quite 
indifferent what point you take, but in practice one point 
may be more convenient than another; for instance, in 
Ex. 1 (p. 103), the post AB is kept in equilibrium by the 
three forces P, P', and R\ but no question being asked 
about jR, moments were taken about P, the point at which 
R acts, the consequence of which was that the moments 
of P and P' were the only moments which there was need 
to consider. 

P. Why so? 

T. Because no force can produce any moment, any 
tendency to twist, about the point at which it acts ; taking 
oiu* mathematical definition of moment we should say, that 
the perpendicular from the point of application of a force 
upon the direction of that force is zero, and therefore the 
xnoment also zero. On this account if there be any fixed 
point in the body, we should always take moments with 
reference to that point ; if no point be fixed, it may fre- 
quently be a matter of indifference what point is chosen, 
but if there be one through which the directions of two 
or more forces pass, we should probably choose that as 
being most likely to give us the equation under the simplest 
form. 

Having chosen the point about which moments are to 
be estimated, write down the moibent of any one force ; if 
the figure for the problem be properly constructed, the 
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forces being all represented in it with arrows denoting 
their directions, the eye will at once determine whether 
any particular force tends to twist the body in the same 
direction as that the moment of which has been written 
down, or in the opposite; if the former, write down its 
moment with the sign + ; if the latter, with the sign — ; 
and equate the whole to zero. 

P. In Ex. 3. p. 104, it is stated that the result concern- 
ing the direction and magnitude of the pressure R might 
have been anticipated : will you explain this ? 

T. In deducing the parallelogram of forces from the 
principle of the Lever (p. 109), you will remember that it 
was taken for granted, that two forces P and Q, acting at 
the extremity ^ of a rod AB moveable about By could not 
keep it at rest unless their resultant was in the direction 
AB ; now this is precisely the case under consideration : 
P, P' produce a resulting force which must be in the 
direction AB ; this must be met by an equal and opposite 
force Ry arising from the pressure on the ground; but AB 
is vertical, therefore the direction of R must be vertical. 
R can have of course no tendency to counteract any 
horizontal force, therefore the horizontal parts of P and P' 
must be equal and opposite, and the two vertical portions 
must be counteracted by R, These are the results of the 
equations given in Ex. 3, which might therefore, as we see, 
have been anticipated. 

The same conclusions will at once arise from the prin- 
ciple, that in considering the equilibrium of a rigid body 
moments may be taken about any point. For let us take 
moments about the point A^ and let oo be the length of the 
perpendicular from A upon the direction of R\ then 
neither P nor P produces any moment about A, therefore 
our equation of moments is 

i?a?» 0; 

.*. 0? « 0, 

or the direction of R passes through A. And it is a 
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general principle, which is frequently useful in the solution 
of problems, that when a rigid body is acted upon by three 
forces, the directions of these forces must pass through the 
same point: for let the directions of two of the forces 
meet as they must in a certain point N, then by what has 
been said the direction of the third force must also pass 
through N. You will find hereafter in the Chapter of 
Problems how this principle may be conveniently applied. 



EXAMINATION UPON CHAPTER V. 

1. From the parallelogram of forces deduce the principle of the 
lever, the forces not being parallel. 

2. Deduce the truth of the principle when the forces are parallel. 

3. Shew that the principle of the lever if proved for a rigid rod 
may be extended to the case of any rigid body. 

4. Define a couple, the arm of a couple, the moment of a couple. 

5. The efifect of a couple cannot be counteracted by the action of 
any single force. 

6. The effect of a couple is not altered by turning its arm about 
one extremity through any angle in the plane of the forces. 

7. The eflfect of two couples, the arms of which have a common 
extremity^ and which tend to twist in the same direction^ is the same, 
provided the moments be equal. 

8. Shew how to find the resultant of any number of couples having 
the same plane. 

9. Any system of forces^ the directions of which lie in one plane^ 
acting upon a rigid hody, may be reduced to a single force and a single 
couple. 

10. Investigate the conditions of equilibrium of a rigid body^ the 
directions of the forces which act upon it lying all in one plane. 
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11. Prove, without assuming the paraUelogram of foxbes^ that two 
weights will balance upon a straight lever if their moments about the 
fulcrum be equaL 

12. Assuming the principle of the lever deduce the parallelogram 
of forces so fiur as the direction of the resultant is concerned. 

13. If a man who can just lift 3 cwt, pull at a post as in Ex. 2, 
p. 103, by means of a rope twice as long as the post is high, find what 
horizontal force must be applied at its middle point to prevent it from 
falling. 

14. Three weights are suspended from the angular points of an 
equilateral triangle which is fixed in a vertical plane with one of its 
sides making an angle of 45^ with the horizon; find the moment of 
the weights with respect to the centre of the triangle. 

15. Two uniform beams of equal transverse section are fixed to- 
gether by the extremities, so as to make ynth each other a right angle, 
and suspended from their point of junction ; if one beam be twice as 
long as the other, find the position of equilibrium. 



CHAPTER VL 



ON MACHINES. 



1. Any contrivance by means of which force is trans- 
mitted from one point to another, or by means of which 
force is modified with respect to direction or intensity, is 
called a machine. We have already had a simple instance 
of a machine in the case of the lever ; the oar of a boat for 
example is a machine, for here the force applied at one 
end of the oar is converted into a force of propulsion at 
the rowloqk ; and in the same sense a poker, a crowbar, a 
pair of scissors, the human arm, may all be considered as 
machines. In this chapter we shall consider some other 
instances, and our object will be in each case to determine 
the conditions under which a certain force P, acting at one 
given point of a machine, will be in equilibrium with another 
force Wy acting at another given point : P we shall usually 
call the power, and W the weight. Many machines are 
chiefly of practical use when they are in motion ; thus in 
the case of the steam-engine the expansive force of steam 
is applied to put machinery in motion ; but all calculations 
connected with machines in motion belong to the ^Science 
of Dynamics, not that of Statics, and we shall concern 
ourselves here only with examples of machines in equi- 
librium. 

We shall begin by explaining two or three methods by 
which the property of the Lever is rendered available for 
the purpose of weighing. 

2. The Common Balance. 

Let AB be a rigid rod, CD a small rigid piece attached 
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to its middle point and perpendicular to b 

it, and let D be supported by a string or ' 

otherwise. E, F are two scales or pans 

of equal weight suspended by strings 

from A and B. Then it is evident that 

if A and B be equally loaded, the beam 

AB will be horizontal, if not, that the more heavily loaded 

scale will cause the extremity to which it is attached to 

preponderate. And thus by placing any given weight, as 

lib. for instance in the scale E^ and putting such a quantity 

of any given substance into the scale F as shall allow of 

the beam AB being horizontal, we can weigh out a pound 

of that substance. 

3. The preceding explanation represents the balance 
in its simplest form, and exhibits its principles : in practice 
many modifications and additional contrivances must be in- 
troduced ; much skill has been expended upon theoonstruc* 
tion of balances, and great delicacy has been obtained. It 
would be beyond the scope of this book to describe all the 
features in the construction of firstrate balances, by means 
of which a degree of acciu*acy has been arrived at, which is 
truly wonderful : there are however *wo or three points 
to which it will be desirable to call attention. 

The beam should be suspended by means of a knife* 
edge, that is, a projecting metallic edge transverse to its 
length, which rests upon a plate of agate or other hard 
substance. The chains which support the scales should be 
suspended from the extremities of the beam in the same 
manner. 

The point of support of the beam should be at equal dis- 
tances from the points of suspension of the scales; and when 
the balance is not loaded the beam should be horizontal. 

To test the accuracy of a balance, first ascertain that 
the beam is horizontal when the balance is not loaded; 
then place two weights in the scales such that the beams 
shall be horizontal ; lastly, change these weights into oppo- 
site scales, if the beam still remain horizontal the balance 
is a true one. 
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The chief requisite of a good balance is what is termed 
sensibility; that is to say, if two weights which are very 
nearly equal be placed in the scales, the beam should vary 
sensibly from its horizontal position. In order to produce 
this result two conditions should be satisfied ; (1) the point 
of support of the beam and the points of suspension of the 
scales should be in the same straight line ; the consequence 
of this will be that two equal weights in the scales will pro- 
duce a resultant through the point of support, they will 
therefore have no eflFect whatever in twisting the beam, 
and the deviation from horizontality will be the same for a 
given difference of weights however great the weights them- 
selves may be ; (2) the point of support should be very near 
the centre of gravity of the beam, and a little above it ; the 
nearer these two points are to each other the greater will 
be the sensibility, for the weight of the beam acting at its 
centre of gravity must be in equiUbrium with the small dif- 
ference of the weights acting at one end of the beam, and 
this dijSerence of the weights will act at a greater mechani- 
cal advantage the nearer the centre of gravity of the beam 
is to the fulcrum. 

If the sensibility of a balance be very great the addition 
of a small weight to either scale will cause the beam to 
oscillate, and some time will elapse before it attains its 
position of equilibrium; on this account the beam is 
sometimes furnished with a pointer and a graduated arc 
of a circle ; if the pointer oscillates through equal arcs on 
opposite sides of the point which corresponds to horizon- 
tality, we may be satisfied that the scales are equally loaded, 
without waiting to ascertain whether the beam will ulti- 
mately rest in a horizontal position. 

4. The common balance requires a series of weights in 
order to render it practically useful, but there is another 
kind of weighing machine in which one and the same weight 
is made use of in all cases. This is the instrument known 
as the Eoman or Common Steelyard. 
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The Common Steelyard. 

Let AF be a rigid bar moveable about a horizontal 
pivot at C; and from A let the weight W which we desire 
to measm*e be suspended. [ . «c . I I I I I I I I I I TTir 



P is a given moveable T S d e " 

weight, which can be sus- A 
pended from any point E ^ P 

of the bar between C and yf 

F; and it is evident, from the principle of the lever, that 
the larger is W, the further must the point of suspension E 
be from O in order that the steelyard may be horizontal. 
Suppose then a certain weight suspended at A, the point 
of suspension of P must be shifted until the steelyard is 
horizontal, and the bar is so graduated that by looking at 
the number which is nearest to E we can at once ascer- 
tain the weight of W. 

5. The process of graduating the steelyard deserves 
attention. 

To graduate the common steelyard. 

Bemove the weights P and W, and suppose that under 
these circumstances the arm CF of the steelyard pre- 
ponderates ; find, by trial, the point B, such that if P be 
suspended from B the steelyard will be horizontal; take 
CD ■ CBf then the moment of the weight of the steelyard 
about O is the same as that of P suspended from 2>. Now 
let FT hang from A, and P from any point E, then for equi- 
librium we must have 

WxAC^P>^ CD + P>^ CE^ PxBE; 

W 
.-. BE = — . AC. 

Suppose that P = lib.; and make W successively = 
lib., 21bs., 31bs., &c., then the values of BE will be AO^ 
2AC^ SAC, ..., and these distances must be set ofi^, mea- 
suring from B, and the points so determined marked lib., 
2 lbs., 3 lbs., &c. 
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6. Another form of this balance is that which is called 
the Danish Steelyard, in which the weight is fixed to the 
beam and the fulcrum is moveable. This is, for the greater 
number of purposes, not so convenient a construction as 
the preceding ; it is however not inconvenient for weighing 
small weights, when no great accuracy is required ; letter- 
balances are sometimes made upon this principle. 

To graduate the Danish Steelyard. 

Let B be the point on which the instrument would 
balance, if no weight were suspended at A ; and when the 

weight W is SUS- . , MMMM^M.MM 




pended at A let C "| c ^ 

be the place of the 

fulcrum; also let 

P be the entire ^ 

weight of the instrument, which may be supposed to be 

collected at B, or which, in other words, will produce a 

downward pressiu*e at B equal to P. Then for equilibrium 

we must have 

W X AG ^ F X BC ^ P{AB -AC) ; 

... JO = — — . AB. 
W+ P 

Hence, making Tr= lib., 2 lbs., 3 lbs. ... successively, we 
shall be able to mark upon the steelyard the corresponding 
positions of the fulcrum; and when the beam is thus 
graduated we shall be able to ascertain the weight of any 
given body suspended from A, by observing the mark of 
graduation which is nearest to the fulcrum. 

7. It will be seen that the distances between the suc- 
cessive marks of graduation on the common steelyard are 
«qual, but on the Danish unequal. In fact, the distances 
of the successive marks of graduation from A, the exr 
tremity of the beam which supports W, in the common 
;3teelyard form an arithmetical progression, in the Danish 
they form an harmanical. 

6 
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8. The principle of the lever may be conveniently ap- 
plied for the purpose of lifting or sustaining great weights ; 
this is done by means of a urindlass or capstan. 

The windlass is used for such purposes as that of 
raising an anchor. It may 
be described as a strong 
cylindrical beam, move- 
able about a horizontal 
axis, the extremities being 
inserted into two strong 
upright pieces in which 
they are capable of turn- 
ing freely. One end of 
a rope is coiled partially 
round the windlass, and to the other end is attached the 
anchor or the weight to be raised ; a number of apertures 
are made in the windlass perpendicular to its axis, and in 
these are inserted short bars called handspikes ; by means 
of these it is evident that the windlass may be made to 
revolve, and when by its revolution a handspike is brought 
inconveniently low it is taken out and reinserted in a more 
convenient place. The windlass in the figure is represented 
with fixed bars, instead of handspikes, which in some appli- 
cations of the machine is a more convenient arrangement. 

9. Some inconvenience arises from the necessity of 
changing the position of the handspikes ; this 
is avoided in the capstan^ the principle of which 
is the same as that of the windlass, but the 
axis is vertical, and a person may therefore 
by moving his own position cause the capstan 
to revolve without changing the point of insertion of 
the handspike. 

10. In both the preceding cases the mechanical 
advantage gained depends of course upon the length of 
iihe handspike, which however is limited by considerations 
of practical convenience. -The actual relation between the 
power and weight upon machines of this kind will be seen 
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in the investigati 
known as 



The Wheel and Axle. 




This machine consists, in its simplest form, of two cylin- 
ders haying their axes coincident; 
the two cylinders forming one rigid 
piece ; the larger is called the wheel, 
the smaller the aale. The cord by 
which -the weight is suspended is 
fastened to the axle and coiled 
round it; the power may be sup- 
posed to act in like manner by 
means of a cord coiled round the 
wheel, as in the figure; or the power may act by means of a 
handle, as in the case of the common well and bucket. 

11, To find the ratio of 7 to W, when there is equi" 
lihrium upon the Wheel and Axle. 

Let ABf CD represent sections of the wheel and axle 
respectively, and O their common cen- 
tre; P and W the power and weight, 
acting by means of strings at the cir- 
cumference of the wheel and axle re- 
spectively. 

For simplicity's sake P, W, and the 
arms at which they act, are in the figure 
represented in the same plane. 

From the common centre O draw OA, OD to the 
points at which the cords supporting P and W touch the 
circumferences of the wheel and a^de respectively ; these 
lines will be perpendicular to the directions in which P 
and W act; hence, by the principle of the lever, or in 
other words taking moments about O, 

Py^AO^Wy^ OD, 

P OD radius of axle 
W AG radius of wheel' 




\f 
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It is evident that the larger the radius of the wheel, 
the greater will be the mechanical advantage, that is, the 
smaller will be the power P necessary to support or to 
raise any given weight W. 

12. The Pully. 

The PuUy, in its simplest form, consists of a wheel, 
capable of turning about its axis, which may be either 
fixed or moveable. A cord passes over a portion of the 
circumference ; if the axis of the puUy be fixed, the only 
effect of the puUy is to change the direction of the force 
exerted by the cord, and in this case no mechanical 
advantage is gained so far as the intensity of the force is 
concerned. Nevertheless the contri- 
vance may be very convenient; for 
example, if we wish to raise a heavy 
weight, we can frequently do so most 
conveniently by attaching to it a cord 
which passes over a fixed puUy, as in 
the figure; the effort which must be 
exerted in this case to raise the weight 
is the same as that which would be 
exerted to raise it without the intervention of the pully. 

But suppose we modify the preceding contrivance as 
follows. 

Let J be a fixed puUy as before, round which a cord 
passes, and let this cord, instead 
of being made fast to the weight 
W, pass round a moveable puUy 
B from which the weight de- 
pends, and then be made fast 
to a fixed point C. In this case, 
not only is the direction of the 
force changed, so that a person 
pulling downwards raises the 
weight, but also the force which 
he will have to exert will be equi- 
valent to only half the weight 
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raised; foi" instance, a weight of lib. suspended at the 
power end of the cord will raise a weight of 2 lbs. ; and we 
shall find that by various combinations of pullies still 
greater advantage can be gained; in fact, by a suffici- 
ently complicated system of pullies we can make a given 
force support any weight however large. We shall in- 
vestigate the relation of P to W in the case of the single 
moveable pully, and also in the case of several complicated 
systems ; these systems may be multiplied to any extent^ 
but the method of finding the relation of P to FF" will 
apply mutatis mutandis to all. 

In practice the pullies are made of wood or metal, and 
are therefore heavy bodies, whose weight ought in strict- 
ness to be taken into account ; but for simplicity's sake we 
shall neglect the weight of the pullies, as for like reasons 
we shall that of the cord which passes round them. We 
shall also suppose the portions of cord to be parallel and 
vertical. 



13. To find the ratio of the Power to the Weight in ths 
single moveable PuUy.' 

Let O be the centre of the pully, which is supported 
by a cord passing under it and attached to a 
fixed point C at one end, and stretched by p 
the force P at the other. Suppose the weight ^ 
to be suspended from the centre O. 

Then the pully with its depending weight 
W is supported by two strings AP and BC ; 
the tension of the former is P, because by 
hypothesis the force P acts at the end of it; 
that is to say, the string AP exercises a sup- 
porting force upon the pully equal to P. Now 
the string BC which acts upon the other side of 
the pully is similarly circumstanced to AP, and must there- 
fore exert an equal supporting force upon the puUy. Hence, 
on the whole the pully is acted upon by two equal forces. 
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each equal to P, upwards, and by tiie freight W dowtiTrards, 
and therefore ire must have 



"" W 2 

14. To find the ratio of the Power to the Weight in a 
gyitem of PuUiea, tn which each puUy hangs by a $eparate 
Hring. 

This system is represented in the figure, and is usually 
spoken of as the First System of PuUies. 

By the property of the single puUy ^ 
the tension of the string which supporte 

W 
the lowest pully will be — . The ten- 
sion of the string which supports the 



XiCt there be n pullies, n being any num- 
ber; then the tension of the string which 



supports the n 



but 




ibis must be equal to P, since the tension of the string 

which 8upp(Hts the n"" puUy, is produced by the force P ; 

„ TT Pi 

It will be seen, that in this system the mechanical 
advantage gained increases very rapidly with the number 
of pullies ; thus if 

« - 3, a weight of lib. will support ilbs., 

n^3, 8lbs., 

« = 4, ]6lbs.. 

and so on. 

15. To find the ratio of the Power to the Weight, in a 
system of PuUies in vfhich the s<ane string passes n»md all the 
PuUiee. 
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This system will be understood from the figrure, and is 
known as the S^<mA System of Pulliea. „ 

There are two blocks, the lower one moveable, 
the upper one fixed, and each containing a number 
of pidUea. The same string goes round all the 
pullies, and therefore the tension throughout 
will be the same, and equal to the power P. 
Let n be the number of strings at the lower 
block, then the sum of their tensions will be nP, 
and we shall have 



The mechanical advantage does not, in this 
system, increase so rapidly with the increase of 
the number of puUies aa in the previous system ; 
but on many accounts it is practically more 
convenient. ^ 



16. To find the ratio of the Power to the Weight in a 
system, of Pulliea in which all the strings are attached to the 
iveighu 

This system is represented in the figure, and is known 
as the Third System of PuUies. 

The tension of the string which sup- 
ports P is P; that of the next string la 
2P, by the property of the single puUy; 
that of the next is 2^P; and so on. Let 
there be n strings, then the tension of the 
last is 2'~'P; and the smn of all the 
tensions is 

(1 + 2 + 2' + ... + 2"-')P. or (2" - \)P. 
But the sum of all the tensions must be 
equal to W, since the strings support W; 

r. S 
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For instance, 

if n " 2, a weight of lib. will support sibs. 

n=S, 7lb3. 

n = 4, I5lbs. 

It will be seen, that the gain of mecbaoical advantage in 
this system is nearly the same as in the first system of 
puUies. 

17. The principles upon which the relation of P io W 
has been determined in the preceding articles are (as has 
been already remarked) applicable to all systems of puIUea, 
however complicated. A rule may be given, as follows, 
but its meaning will be best seen by applying it to ex- 
amples. Begin at the Poiver-end of the system, then the 
tension of the string which supports P will be equal to P 
throughout ; against «ach of the parallel portions of this 
string write P; now proceed to the next string, find what 
its tension -is by observing how many strings, each having 
the tension P, produce it; write the expression for its 
tension against each parallel portion of it; and so with 
the next string. "When the tension of each string of the 
system has been written down, it is easy to see how many 
of them support W, and by adding their tensions together 
we have the relation between P and W required. 

18. We wiU illustrate this by a rather complicated 
intern, represented in the figure. The ' 
P string occurs three times, and produces 
a tension 3P in the next string; this 
again occurs three times, and therefore 
produces a tension 3*i* or 9P in the 
nest ; and so on. If we have three pul- 
lies, as in the figure, the result will be 



If more generally we take n pullies, 
we have 
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19. TJie Inclined Plane, 

By an inclined plane is meant a plane inclined to the 
plane of the horizon, and the angle which it naakes with 
the plane of the horizon is called the inclination of the 
plane. 

If a weight be placed upon a horiscmtal plane it will 
rest in the position in which we place it, because the eflfect 
of a body's weight is in this case only to make it press 
against the plane, which returns the pressure ; but if we 
place a weight upon a smooth inclined plane, unless it be 
supported, it will slide down, for, in this case, the tendency 
which the body has to descend is not entirely checked by 
the plane. In practice, a body will remain at rest upon 
the surface of a plane of considerable inclination, but this 
arises from the fact that in practice all bodies are more or 
less roughi and the roughness of the inclined plane will be 
suflScient to prevent a weight from sliding down it, if the 
inclination be not very great ; we shall say something more 
upon this subject when we come to the general considera- 
tion of friction ; at present we shall suppose that the 
inclined plane is perfectly smooth, that is, that it is in- 
capable of oflfering any resistance to the sliding of a body 
along its surface. 

The problem in the case of the inclined plane is this, 
to determine what force P, acting in a given direction, will 
support a given weight TF, resting upon a plane of given 
inclination. It may perhaps be asked, how this problem 
properly comes under the head of machines ; but it will be 
seen by reference to om* definition of a machine in Art. 1. 
(p. 117) that the inclined plane is rightly so regarded, for it 
supplies us with the means of modifying the eflfects of a given 
force. Moreover, an example will shew that the inclined 
plane may be used as a means of assisting human strength, 
in the same manner as the lever or the pully : for let it be 
required to raise a cask of wine from a cellar, then we may 
either roll the cask to the side of the cellar, and extract 
it by means of a crane and pully, or we may lay down 

^ — lb 
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some planks at a moderate inclination and drag up the 
cask upon them. 

20. Before we proceed to find the relation of P to JV 
upon the inclined plane, we must make an important remark 
respecting the pressure exerted by a plane upon a body 
which rests upon it. If a particle rests upon a horizontal 
plane the forces which keep it at rest are two; viz. the 
weight of the particle downwards, and a certain pressure 
caused by the plane upwards, and these must be equal, 
otherwise the particle could not be at rest ; hence in con- 
sidering the equilibrium of such a particle we may dismiss 
all thought of the plane, and say that the particle is kept at 
rest by its own weight W acting vertically downwards, and 
a pressure W acting vertically upwards. Now let us con- 
sider what will be the mechanical effect of a smooth plane, 
which is not horizontal, upon a particle made to rest 
upon it. Its effect will be to produce a pressure upon the 
particle; and there will be two questions, what will be the 
direction of this pressure, and what will be its magnitude ? 

(1) For the direction, we can at once conclude that 
the pressure must be perpendicular to the plane ; because 
the plane is by hypothesis smooth, and by the term smooth 
we mean that it is incapable of offering any resistance to 
the motion of a particle along its surface. b 

To make this more clear, suppose the '^ 

pressure exerted by the plane to be in 

any direction whatever: then since a ^ > ^' 

force may always be resolved into two at right angles to 
each other, let this pressure be resolved into two, one per- 
pendicular to the plane, which call B, and one parallel 
to the plane, which call R' : now the force I^ will mani- 
festiy tend to make the particle move along the surface 
6f the plane ; but this is contrary to the definition of a 
smooth plane, therefore £' = ; and hence the only force 
tacerted by the plane is a force R in the direction perpen- 
dicular to it. But 

(2) What will be the magnitude of il ? This we have 
not Bufficient data to determine ; it will vary in different 
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caseSy and we cannot determine it until we have all the cir- 
cumstances given. 

Hence in any given problem we may consider the 
effect of a smooth plane to be this, to produce a Jbrce or 
pressure upon a particle in contact with it, in the direction 
perpendicular to it, but of unknown magnitude, and which we 
must therefore denote by a symbol for an unknown quantity 
such as R. 

This being premised, we proceed, 

21. To find the ratio of the Power to the Weight, when 
there is equilibrium on the Inclined Plane* 

Let a be the inclination of the inclined plane to the 
horizon ; R the pressure of the plane on p 

the weight W, which pressure will be per- 
pendicular to the plane ; and, to take the 
most general case, let the direction of the 
power P make an angle € with the plane. 

Then resolving the forces parallel and perpendicular to 
the plane, we have 

Pcos 6- FTsina^O (1), 

21 + P sin 6- »rcosa = (2). 

Hence, --- = , from (1). 

W cos€ 

Equation (2) gives us the pressure upon the plane; 
thus 

R = TTcos a - Psin e, 

«rSina 

- Wcos a-' W . sm e, 

cose 

W 

(cos a cos 6 - sin a sin c). 




cos 6 
^^ COs(a + 6) ^ 

cos € ' 

There are two particular cases, which are worthy of 
notice. 
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(1) Suppose the power acts parallel to the plane, then 
the equations become 

P-FTsina-O, R 

iJ- »rcosa«0; 

P . . R 

.*. -— « sm a, ana -r— = cos a. 

(2) Suppose the power acts horizontally; then the 
equations will be, 

P cos a - TFsin a « 0, 

J? - jp sin a - TFcosa «0; 
P 

■■ « «r ,^8in*a .^ cos* a + sin* a W 
and iZ « TFcos a + TT « TT 




cos a cos a cos a 

It may be remarked that these results may be deduced 
from those of the general case by making 

e ■» and e « — a. 

22. For the sake of illustration we will solve the 
problem of the inclined plane in another way. 

Let a, e, R represent the same quantities as before. 
Let A be the point of the plane at which 
the weight rests ; draw A C vertical, and 
from C draw CB in a direction perpen- 
dicular to the inclined plane, to meet 
the line of Ps action in B. Then the 
sides of the triangle ABC, being parallel 
to the directions of the forces P, J?, W, may be taken to 
represent these forces (Art. 6, p. 74). Hence 

P W R 

sin C sin B sin ^ ' 
But ^ = 90«-a-6, ^ = 90«+6, C^a\ 

P W R 

* * sin a cos e cos (a + e) * 
^ese are the same results as those obtained in Art. 21r 
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23. The last machine which we shall consider is the 
Screw. This machine in comhination with the lever b of 
great practical utility, as, for instance, in the case of a book- 
binder's press, in which a considerable pressure is required, 
and may be by this means produced 
with great facility ; and there are num- 
berless other examples. 

The Screw may be described as an 
inclined plane wrapped round a cylinder, 
or as a cylinder having on its surface a 
projecting thread in all parts at the 
same given angle to the horizon : take 
any solid body of a cylindrical form, 
as, for instance, a ruler, a pencil ; take a piece of paper 
ABC in the form of a right-an- 
gled triangle, having the right- 
angle at C; place BC upon tiie 
cylinder, so as to be parallel to its 
axis, and wrap the paper closely 
upon the cylinder, then the hypo- 
thenuse AB will mark out the 
thread of a screw. The form of 
the thread is diEFerent in different 
cases ; it may be such as in fig, I., 

but this is a matter into which we shall not enter, and 
we shall consider the thread only as the surface of an in- 
clined plane wrapped round a cylinder as before described. 

The screw is applied as follows : the cylinder bearing 
the thread fits into a block pierced with an equal cylindri- 
cal aperture, upon the inner surface of which is cut a 
groove, the exact counterpart of the thread of the screw ; 
hence the screw can only be made to move in the block 
by revolving about its axis. Suppose the axis of the 
screw to be vertical, and a weight W to he placed upon 
it, then the screw would descend, imless prevented from 
doing so by another force ; this force we will suppose to 
be suppUed by the power P ac^g in a horizontal dii'ec- 




■ such as in fig. IL; 
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tion, at tlie extremity of an arm of given length. In 
practice there must necessarily be considerable friction 
between the thread and the groove, but this we shall not 
consider, because it would complicate the problem. 

24, To find the ratio of the Power to the Weight in the 
Screw. 

Let the power P act at an arm a, and let r be the 
radius of the cylinder, a the in- 
clination of the thread to the hori- 
zon. 

Consider the equilibrium of any 
point A of the thread ; suppose the 
portion of the thread on each side 
of A to be unwrapped, so as to 
assume the position of a straight line 
BCt inclined at an angle a to the 
horizon ; then we may consider the 
point A as supported upon a plane 
of inclination a, and acted upon by the pressure of the 
plane, which call iZi, a certain horizontal force caused 
by P, which call Pi, and a portion of the weight TT, which 
call Wi ; hence we shall have by resolving the forces in 
the direction PC, 

TFj sin a = Pj cos a. 

In like manner, if we considered the equilibrium of any 
other point of the thread, we should have 

TTa sin a « Pg COS a ; 
and so on. 

Hence, taking account of all the points of the thread, 
and adding all the equations together, we shall have 

(TTx + TTfl + TTs + ...) sina « (Pi + P^ + P3 + „.) cos a. 

But TFi + TFi + TTs + ... « the whole weight supported «* W* 
Also, Pi + P2 + Ps + ... e the whole horizontal force sup- 
posed to act at the circumference of the cylinder, that is. 



ON MACHINES. 136 

at an arm r. But the horizontal pressure is caused by P 
acting at an arm a ; hence, by the principle of the lever, 

. Pa 

/. W sm a = — cos a, 

r 

P T^ 

or -- « - tan a, 
W a 

We may put this result in a naore convenient form 
thus; 

P 27rrtana 

?r" 27ra ' 

the vertical distance between two threads 

circumference of circle described by P 

25. This investigation may be presented under a 
rather different form as follows : 

The weight W may be conceived of as a body acted 
upon by these three forces, its own weight W vertically 
downwards, a certain force in a direction perpendicular to 
the thread of the screw, which will be the resultant of the 
pressures at the different points of the thread, and lastly, 
a horizontal force which we will call Q. 

Now draw AD vertical, AE in a direction a 
perpendicular to the thread of the screw, and 
DE horizontal ; then the sides of the triangle 
ADE^ being parallel to the three forces just 
iiow described, may be taken to represent n 
them; 

Q DE 




• • 



tana. 



W AD 

But Q is a force which at an arm r is in equilibrium 
with P at an arm a, 

.\ QxT ta P X a, or Q^ P-f 

r 

P r^ 
.% •^_ « — tan a, 
W a 

which is the result previously obtained. . 
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CONVERSATION UPON CHAPTER VI. 

P. I feel somewhat disappointed with the contents of 
this chapter; I had expected from the title Machines 
that it would have treated of steam-engines and the like^ 
and have introduced me to some of the wonders of modern 
machinery. 

T. You must remember that there are two subjects 
very similar in name but very different in nature, namely, 
Mechanics and Mechanism. The science of Mechanism 
treats of the construction of complicated machines, such 
as steam-engines, looms, clocks, mills, and the like, and it 
describes the trains of machinery by means of which the 
moving power, whether it be that of steam, horses, weights, 
springs, or wind, is made to produce the required result. 
Scarcely any subject can be more interesting than this, and 
for an Englishman especially (England being the very land 
of machinery) a competent acquaintance with it would 
seem to be almost a necessary part of a good education ; 
but you must not look for this description of machinery in 
a mathematical treatise upon Mechanics : the science of 
Mechanics is the science of Force ; the laws of force in 
the case of Statics reduce themselves to the equations of 
equilibrium, and these can be investigated without any 
reference to machines, and those machines which we have 
considered have been introduced chiefly as illustrations 
of the principles of equilibrium. I should wish you to 
consider this chapter on Machines as merely subordinate 
to the general purpose of the book, not at all as the chief 
end of it: in a practical point of view, of course, it is the 
application of the principles of equilibrium to actual cases 
which constitutes their chief value ; but regarding the study 
as a part of a liberal education, we should learn chiefly to 
estimate it becatise it is a portion of demonstrated truth ; 
or if you wish for practical applications, rather look to the 
wonderful motions of the heavenly bodies, concerning 
Y^hich you may read in popular works, but which you 
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cannot possibly understand unless you have mastered the 
principles of the science of force. 

P. But surely mechanics must form a considerable 
branch of mechanism. 

T. It does, but perhaps not its characteristic branch. 
The chief problem with which the mechanician has to con- 
cern himself is the transmission of motion from one part of 
a machine to another, and the converting of one kind of 
motion with another, the conversion of rectilinear motion 
into circular for instance, or vice versa. If, for illustration, 
you turn yoiur eye to Professor Willis's Principles of 
Mechanism, you find such heads as these in the general 
Table of Contents, " Communication of Motion by Rolling 
Contact, by Sliding Contact, by Wrapping Connectors, by 
Linkwork." You will see at once from this that a book 
which undertakes to teach you the principle of the con- 
struction of modem machinery, is chiefly occupied with 
something quite different from the science of Force. 
And this gives me an occasion to observe, that I have 
omitted from the chapter on Machines one which is 
usually included, namely, the toothed wheel ; I have done so 
because it involves no important mechanical principle, and 
is chiefly useful as a means of transmitting and modifying 
motion in machinery. 

In order to understand the construction of toothed 
wheels let BJC, B'AC be two 
wheels, lying in the same plane, 
turning about centres O, O', 
and being in contact at A. 
And suppose that the friction 
between the surfaces of these 
two wheels is so great that ^ 
they cannot slide one upon the other; then if we turn the 
wheel BAC in the direction of the arrow marked upon it, 
it is evident that the wheel B'AC must also turn, but in 
the opposite direction, that is, in the direction indicated in 
the figure by the arrow upon B'A C. Thus the motion of 
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BAC produces motion in B*AC \ and B'ACf may iii like 
manner be made to drive another wheel, and so on. 
Moreover, it is easy to see that if the magnitude of BAC 
be given, and the wheel be made to turn at a given rate, 
the wheel B^AC will turn more slowly or more rapidly 
than BAC in exact proportion as its circumference (or its 
diameter) is greater or less than that of BAC. For 
instance, suppose the diameter of BAC to be two feet, and 
that of B'AC to be one foot; then if BAC be made to 
turn 30 times in a minute, B'AC' will turn 60 times, and 
so on. Hence wheels connected as I have described may 
be made both to transmit and also to modify motion. 

But practically it is not possible to construct wheels 
the surfaces of which shall drive accurately by means of 
friction only ; hence the device of teeth, that is of alternate 
projections and hollows upon the surface of the wheels. 
The figure will shew at once, after what I have said, the 
action of the teeth. Mechani- 
cally speaking a train of wheel- 
work is only a succession of 
levers, and if the number and 
magnitude of the wheels be 
given, there is no difficulty 
whatever in determining the 
relation between the power P, which, acting at the cir- 
cumference of one extreme wheel of the train, will be 
in equilibrium with the weight W acting upon the other 
extreme wheel. 

P. I have frequently observed a difference of shape 
in different teeth ; is there any one which is better than 
another ? 

T. The subject of the proper form for the teeth of 
wheels is one of considerable complexity, and one upon 
which we cannot now enter. It is, however, of extreme 
practical importance, and I may mention that it is dis- 
cussed very fully in Professor Willis's Principles of Me- 
chanism. I ought to remark to you that if in considering 
the action of one wheel upon another we regard the 
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■wBeela as circles in contact with each other, each pair of 
wheels will exercise upon each other an equal and opposite 
action in the direction of their common tangent ; hut if 
we take account of the teeth, then the direction of the 
action between two teeth which happen at any moment to 
be in contact will be perpendicular to the common tangent 
of the surfaces of the teeth ; this you will understand 
better, when you have read the next chapter. 

P. There are many other weighing machines besides 
those described in this chapter : are there not ? 

T. Yes, there are ; sometimes the extension or 
compression of a spring, sometimes the lifting of a weight 
at the end of a lever through a space ascertained by 
means of a graduated arc, is made use of for the con- 
struction of weighing machines. These, however, are 
omitted in the chapter which you have been reading, 
because they do not introduce any new and important 
mechanical principle ; you will find descriptions of them 
in popular books, such as the treatise on Mechanics in 
Lardner's Cabinet Cyclopedia, and the like. Some of the 
weighing machines however, which are formed by a com- 
plicated system of levers, are worUiy of your attention in 
a mechanical point of view ; I will describe the construc- 
tion of one as an example of this class, and we will work 
out the relation between P and W which belongs to it. 

A platform AB, upon which the body which we wish 
to weigh is placed, is supported ftt one end by the piece 
BC which is connected (as. shewn in the figure) with D, 
BO that ABCD is one rigid piece. AB rests at E upon 
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a lever FG, (concerning whicli more presently), and at the 
other extremity it is supported by means of a rod UK 
connected with the piece D. The lever FG, which has 
F for its fulcrum, is also supported by a rod GL ; and 
both UK, and GL, are finally supported by a lever LKMN, 
which having M for its fulcrum, carries at its other ex- 
tremity a scale in which is placed the weight P which is 
to be in equilibrium with W. 

This is a general description of the machine in question; 
now let us reduce it to its simplest statical form. 

The figure represents the statical problem ; the letters 
in it correspond to those 
in the preceding descrip- 
tion ; and it will be seen 
that the machine con- 
sists essentially of three 
portions ; the platform 
ABCD, the lever FG, and a w 

the lever LKMN; the two rods GL, DK only serve to 
connect these parts. Let us now consider the forces to 
which they are severally subject. 

(1) The platform ABCD is acted upon by the down- 
ward pressure of the weight W, and by two upward pres- 
sures at the two points of support, which (as we do not 
know their values) we will denote by R and P' respectively. 

(2) The lever FG is«^cted upon by a downward force 
at F which must be equal and opposite to R, and by an 
upward force at G, which we will denote by P". There is, 
of course, besides these two forces, the pressure upon the 
fulcrum, which it will not be necessary for us to consider. 

(3) The lever LKMN is acted upon at one extremity 
by the force P, and on the other side of the fulcrum there 
are two pressures at the point of support of the rod DK, 
GL, which must be equal to P' and P" respectively. 

We can now write down the equations of equilibrium for 
the machine. 
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For the platform ABCD we must have for the equi- 
librium of the vertical forces, 

fT-U+P', (a). 

For the lever FG, taking moments about the fulcrum F, 
R.FE - F^'.FG 08). 

For the lever LKMN, taking moments about the ful- 
crum JHf , 

P.MN^P'.MK^-P^'.ML (7). 

If between (a) and (j3) we eliminate the unknown quan- 
tity R, we have 

W.FE - P\ FE + P". FG (5). 

We have now reduced the problem to the two equations 
(7) and (5), which you will observe involve two unknown 
forces P' and P"; and a little consideration will convince 
you that we have not omitted any equation essential to the 
-solution of the problem. 

P. The problem then is indeterminate. 

T. As I have described the machine it is ; but there is 
a peculiarity in the construction which I have omitted in 
my description, because you would not have then seen the 
necessity for it ; the machine is so arranged that the follow- 
ing proportion holds amongst the lengths of the arms of 
the levers, 

FE : FG :: MK : ML. 

If we introduce this condition into equations (7) and 
(5), we have 

MK * MK ^ FE ' 

P MK 
W" MN' 



• m 



This is the required relation between P and W. YoU 
will now see the advantage of the machine : suppose, for 

instance, that MN — 10 x MK^ then -^ ■■ tt » or a weight 

of lOlbs. put into the P scale will serve to weigh lOOlbs* 
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placed upon the platform. Machines upon this and similar 
constructions are frequent at railway stations, and are very 
convenient for weighing heavy goods. I should tell you 
that I have omitted some small points of adjustment which 
are necessary for accuracy, because I am anxious chiefly to 
draw yoiu* attention to the machine as a good illustration 
of statical principles. 

P. It would seem from the investigation, to be indif- 
ferent at what point or points of the platform the pressure 
fV takes place. 

T. It is so ; and the same kind of advantage belongs 
to the balance so extensively used in retail trades, and 
which is known as Koberval's balance. The construction of 
this balance is worthy of your notice ; viewing it merely in 
its mechanical principles it may be described thus. 

ABC is a firm vertical stand resting upon a fixed hori- 
zontal base; DE,FG are two 
equal bars working about 
pivots similarly situated with 
respect to their lengths, at L 
andAf; DFH, JEGK are two 
T-shaped pieces connected 
with the bars DE, FG, as 
in the figure, by pivots ; the 

consequence of which is, that b c 

if the system be made to assume different positions, DF 
EG will always be vertical. Now suppose two weights P 
and W suspended from K and H respectively^ then in 
order to investigate the relation of P to W 1 might con- 
sider, as in the case of the weighing machine last de- 
scribed, the equilibrium of the separate members of the 
balance successively ; but I think that without doing so I 
can make the result intelligible by general reasoning. 
Consider the weight Wi it is supported by the piece 
DFHy which again is supported at D and P; now the 
effect of this must be to produce two vertical pressures 
at D and F which shall togeth^ be equal to W\ it does 
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not signify to our purpose how much one point bears 
and how much the other, nor what horizontal pressure 
there may be at either, (since whatever horizontal pressure 
there may be at one of them, there must be an equal and 
opposite horizontal pressure at the other,) the pressure 
must on the whole be TF, or we may say that there is a 
pressure W in the direction of the rod DF; so that as far 
as the equilibrium of the bar DE is concerned we may 
regard W as suspended from D ; and in like manner we 
may regard P as suspended from E. Consequently the 
condition of equilibrium will be, 

P DL 

Or if the arms 2>i, EL be equal, then we must have 
jp = FT. What I wish you to notice is, that the ratio of 
P to W \% quite independent of the distance of either from 
the central axis of support; a circumstance which gives 
this balance great practical advantages, and which, though 
perhaps at first sight somewhat paradoxical, is not difficult 
of comprehension when examined carefully. 

P. Would it not be a good exercise to discuss all the 
forces which act upon the different parts of this balance ? 

T. You cannot have a better; and after what I have 
said, and the complete manner in which I have explained 
the preceding weighing machine to you, I think it will 
offer no great difficulty. First construct a figure repre- 
senting accurately the action of the forces, remembering 
that whenever two pieces act upon each other they mutu- 
ally exert forces which are equal in magnitude,, and oppo- 
site in direction; and then write down the equations of 
equilibrium for each constituent member of the machine. 
And further, I would recommend you, on the first oppor- 
tunity, to examine a weighing machine of this description, 
and satisfy yourself that the nature of its construction is 
such as I have described. 

P. The puUy appears to supply a very convenient 
xnethod of increasing our power. 
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T. It does; and the possible 
combinations of them are almost infi- 
nite, though practically I believe that 
certain combinations are much more 
frequently used than others, A com- 
bination of puUies is sometimes called 
a Spanish Barton, or simply a Barton; 
here are two Bartons upon which you 
may exercise your skill in determining 
the relation of P to W. 

P. I will endeavour to do so. Can you give me any 
explanation of the extreme slowness of the operation of 
raising heavy weights by means of pullies, or similar 
machinery ? or rather, would it not be possible to devise a 
machine, which should effect its work more rapidly than 
those in common use ? 

T. You have here touched upon a v«ry important 
principle. In considering the conditions of equilibrium 
of the different systems of pullies, we have of course 
supposed them« like all the other machines, to be at rest : 
but if yon suppose P to descend and W consequently to 
ascend, you will find in all cases that this result is true^ 
that W will rise through a space which is less than that 
through which P descends exactly in the same proportion 
that W is greater than P. Or to put this in a convenient 
mathematical form, let p be the space through which P 
descends when W rises through a space w, then you will 
find that in all cases 

P.p= W.w. 

Suppose, for instance, that we have a power of 1 lb. which 
by means of a Barton is raising a weight of 100 lbs., then 
in order to raise the weight through 1 foot, tiie power 
must descend through 100 feet. 

P. Is it diflBcult to prove the proposition which you 
have enunciated? 

71 iKTot at all : take the case of the simple moveable 
pully first. Suppose the weight to rise through 1 inch; 
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then since the pully from which the weight is suspended 
hangs by two strings^ each of these must be shortened by 
one inch ; therefore two inches of string must be given off 
from the pully, and thus P will descend through two 
inches. Now we know that in the case of the simple 
moveable pully, ^P^W, and I have shewn that in this 
case jp = 2ie/, hence P .p^W ,w. In a similar manner 
you may extend the proposition to any system of pullies. 

P. Consequently, the more powerful a system is, the 
more slowly it will raise a weight. 

T. Certainly; and this principle is commonly ex- 
pressed by saying that whca is gained in power is lost in 
time. This principle applies not only to pullies but to all 
mechanical combinations whatsoever. I shall not at pre- 
sent enter into it further than to say, that you may notice 
the application of the principle in such facts as these, that 
the larger the power-arm of a lever the smaller will be the 
space described by the end of the weight-arm, when the 
former is turned through any given angle ; when an inclined 
plane is used for the purpose of enabling us to raise a 
weight, we obtain greater mechanical advantage by taking 
a plane of small elevation, though the time required may 
be longer: thus it is easier to ascend a hill by a long 
gradual ascent than by a short and steep one ; the mecha- 
nicaradvantage of a screw is greater when the angle of its 
thread is small ; and so on. Hence you will perceive that 
a machine which shall do a . certain increased amount of 
work without a proportional loss of time is a mathematical 
absurdity. In fact, there never is nor can be, properly 
speaking, a gain of power by means of a machine ; all that 
the machine can do is to transmit and modify, and if we 
desire to make a small force effective towards the raising 
of a very great weight we must do so at the expense of 
time. 

P. This seems to me to throw light upon a remark in 
p. 39^ to the effect, that in the human arm there was a 

7 
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Bacrifice of power, but that the agility of motion guned 
was much more important. 

T. Yes, in this case we may say that what is lost in 
power is gained in time ; a small motion of the point of 
attachment of the muscle throws the hand through a much 
larger space, and thus gives a rapidity of motion which 
could not have been attained had the mere possession of 
strength been the chief point considered. 

P. Are we not now wandering beyond the regions of 
Statics ? 

T. We are and we are not. In speaking of the actual 
motion of machines we are, but in speaking of what would 
be the case if the machine were to be moved we are not^ 
In fact, the subject which- we have now been discussing 
belongs to what is called the Principle qf Virtual Velocities, 
which is a genuine statical principle ; it is not concerned 
with the actual motion of a system, but only with what 
would take place if a certain arbitrary motion were im- 
pressed upon one part. Thus, in any one of the systems 
of pullies which we have considered, if we suppose P 
greater than is required for equilibrium, and we allow it 
to descend, we shall find that it will descend more and 
more rapidly, that is, in successive seconds it will pass 
over longer and longer distances; the determination of 
the law of this motion belongs to Dynamics : but if, sup- 
posing P to be such as to be in equilibrium with fT, (in 
which case it cannot possibly produce any motion of itself,) 
we conceive P to be drawn through any given space, W 
must of necessity rise through a certain place on account of 
the connexion existing between P and W; this motion 
may be spoken of therefore as merely geometrical, and it is 
this kind of motion which is contemplated in the Principle 
of Virtual Velocities; in fact, the name Virtual excludes 
the notion of any real dynamical movement. The quan- 
tity p is technically called the virtual velocity of P, and 
w the virtual velocity of W, and the equation P.p — W.w, 
expresses the principle of Virtual Velocities : the princii^e 
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is, Iiowever, much more general than you might imagine 
from our present discussion, but the further consideration 
of it may be most conveniently deferred until you are 
further advanced in mathematical reading. 

P. And in the meanwhile I must be content with the 
knowledge, that in all machines what is gained in power is 
lost in time. 

T. Yes. I will now take the opportunity of giving 
you what I promised on a former occasion, namely, Stevi- 
nus's proof of the relation of P to fF on the inclined plane. 
It will be perhaps more interesting to you, if I give you 
the proof precisely as Stevinus gives it himself in his 
treatise on Statics. In the first book of this treatise he 
considers the theory of direct and oblique weights ; the 
fundamental proposition of the theory of the former is the 
doctrine of the lever, demonstrated after the manner of 
Archimedes ; having solved a variety of problems involv- 
ing the principle of the lever, he says, "Hitherto have 
been declared the properties of direct weights; here 
follow the properties and qualities of oblique, the general 
foundation of which is contained in the following Theo- 



rem." 



Theorem. If a triangU h(w^ its plane perpendidular^ 
and its base parallel, to the horizon ; and upon the two sides 
be placed two equal spherical weights ; as the right hand side 
of the triangle is to the left, so mil be the power of the 10 
hand weight to that of the right* 

Let ABC be a triangle having its plane perpendicular 
to the horizon, and its base AC parallel to the same : and 
upon the side AB (which is double of BC), let there be 
placed a globe 2>, and upon BC another, E, equal to the 
former in weight and magnitude. 

It is required to prove, that as AB : BC, i. «. as 2 : 1, 
so is the power of the weight JE to that of D. 



148 



.ON MACHINES. 



Let tbere be arranged round the triangle 14 globed, 
equal in weight and mag- 
nitude, and equidistant^ 
strung upon a line passing 
through their centres, in 
Buch a manner that they 
maj be able to tium about 
the said centres, and that 
there may be two globes 
upon the side BC, and 
four upon the side AB\ 
then as one line is to the 
other, so is the number of 
globes to the number of 
globes. Also at Sy T, V let there be three fixed points, 
upon which the line or thread may be able to run, and let 
the two portions above the triangle be parallel to the 
sides AB^ BC\ so that the whole may be able to turn 
freely and without catching upon the said sides AB^ BC* 




DEMONSTRATION. 

If the power of the weights 2>, R, Q, P, be not equal 
to that of the two globes jB, F^ the one side will be more 
powerful than the other ; let (if possible) the four 2>, R, Q, P 
be more powerful than the two E^ F; but the four O, N, 
M, L are equal in effect to the four G, H, I, K; wherefore 
the eight globes A R> Q> P> O, N, My i, will be more 
powerful than the six, F, F, G, H, I, K; and since the 
stronger power must prevail over the weaker, the eight 
globes will descend, and the six will rise. Let this be so, 
and let D arrive at the place which is at present occupied 
by O, and so of the rest ; thus F, F, G, H will assume the 
places occupied by P, Q, R, D, and J, K those occupied 
by JE, P ; notwithstanding the change therefore, the globes 
will have the same disposition as before, and for the same 
reason the eight globes will descend in virtue of their 
superior gravity^ and in descending will cause eight other 
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to take their places, and so tlie motion will be perpetual ;' 
which is absurd. And the like demonstration will hold for' 
the other side : the set of globes 2>, R, Q, P, O, N, M, L 
will therefore be in equilibrium with E, F, G, H, I, JT/ 
Now take away from the two sides those weights which 
are equal and similarly situated, as are the foiu* globes 
O, N, My L on the one side, and the four Gj H, J, K on 
the other ; the remaining four D, iJ, ^, P will be, and will 
continue to be, in equilibrium with the two jB, Fi where- 
fore E will have a power twice as great as that of 2> ; as 
therefore the side AB to the side BC, or as 2 : 1, so i» 
the power of E to the power of Z>. Therefore, If a 
triangle, &c. q. e. d. 

Such is Stevinus's demonstration ; from it he deduces 
the doctrine of the inclined plane in its most general 
form, that is in fact the laws of oblique forces. I shall 
not, however, trouble you with any further extracts from 
his work ; but the fundamental proposition, -which I have 
just now given you, is interesting from its ingenuity, and 
because it was the first independent proof of the laws of 
■ oblique forces. 

P. When Stevinus speaks of the power of a weight, I 
suppose he means what we should call the resolved part of 
the weight. 

r. Certainly. The weight of any one of Stevinus^s 
globes may be resolved into two parts, one perpendicular 
and the other parallel to the side of the triangle upon 
which it rests; the former produces pressure upon the 
side, the latter tends to produce motion in the string of 
globes ; the part of the weight of each globe which is thus 
eflRective in producing motion, or tending to produce it, is 
what he calls the power of the globe. 

P. It is taken for granted that the four globes G, -Hi 
/, K will be similarly situated to O, N, M^ L; is it not ? 

T. Yes, this is assumed; and I think it is a fair 
assumption; because it seems ita^o^^i^A& Vi ^siiSiJec^ ^ssji. 
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reason for the one set of globes arranging themselves in a 
manner different from the other ; what the actual arrange- 
ment will be we do not care to know. You will observe, 
that as the globes below the triangle are upon a thread 
which passes over the two fixed points 8 and V, the 
arrangement of those globes must be altogether indepen- 
dent of the unsymmetrical arrangement of the six globes 
above; in fact, so far as the arrangement of the eight 
lower globes is concerned, you may, if you please, suppose 
the thread to be fastened at the two points S and V, and 
then the question will be reduced to that of eight equal 
and equidistant globes strung upon a thread, the ex- 
tremities of which are fastened to two points in the same 
horizontal line ; there can be no doubt that these globes 
will arrange themselves symmetrically, four upon each side 
of the vertical line passing through the middle point 
between the fixed points of suspension. 

P. I feel quite disposed to grant this. There is 
another assumption in the proof, viz., that the perpetual 
revolution of the globes in the manner described is im- 
possible. 

T. There is, and the whole proof turns upon it. 
There can be no doubt, I think, that the notion of the 
strings of globes keeping each other in perpetual motion 
does at once strike us as absiu'd ; if we inquire why this is 
the case, perhaps we may be led to the conclusion from 
the observation, that all systems of bodies upon the earth^s 
surface tend to find for themselves a position of rest; if 
we arrange a number of bodies in any way, and connect 
them in any way, and then leave them to themselves, 
motion may or may not ensue, but if it does the bodies 
after falling soon arrange themselves in a position of rest 
and so remain ; in fact, gravity always tends one way, that 
is, it tends to make bodies descend and not ascend, so that 
when the mass acted upon has on the whole descended as 
much as the connexion of its parts will allow, there is no 
j^rce tending to raise it again. 
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P. But would not this reasoning shew that if a ball 
were placed in a bowl, not at the bottom^ it would run 
down to the bottom and there rest ? 

T. No; it is true that it would run down to the 
bottom and that then there would be no force tending 
to raise it again ; it will however run past this position in 
consequence of the motion which it already has, and run 
up the other side of the bowl, then descend ; and so on 
perpetually, as you will understand more clearly when you 
have studied Dynamics. But the difference between this 
case and that of Stevinus is this, that here the effect of 
gravity is actually to depress the matter of the ball, and 
this depression causes the ball to move even at the bottom 
of the bowl where gravity has no power to move it ; but in 
the case of Stevinus's balls there is no such depression of 
the matter of the system; if the balls revolve the matter is 
still arranged exactly as it was before : now this is the kind 
of effect which gravity cannot produce. 

P. I believe I understand this, and the more so 
because we discussed a similar question on a former occa- 
sion (p. 86.) 

T. Let us then now dismiss Stevinus ; and the sub* 
ject of the inclined plane reminds me that I should notice, 
that in the chapter which you have just now been reading, 
I have not introduced the Wedge which is usually included 
amongst the Mechanical powers. The wedge is in fact 
only a moveable inclined plane ; in order that the wedge 
may be useful in the construction of machines, it is neces* 
sary that it should be constrained to move in some assigned 
ma.nner, and as soon as the manner in which it is possible 
for it to move is assigned the conditions under which it 
can be in equilibrium can be investigated without dif* 
ficulty. 

For instance; let ABC be a wedge moveable upon 
the smooth horizontal plane 2>£, and let C be a right 
angle, and BAC^a. Also suppose that ^VkJwrj^^^^sS^ 
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beam FO passing through two rings, rests upon the surface 

AB of the wedge at G ; then the 

pressure upon this surface would 

cause the wedge to slide, if not 

prevented, along the plane DE\ 

let it be prevented from doing 

so by a horizontal force P, then 

it is required to find the ratio of 

P to the weight W of the beam. 

There will be a mutual action between the beam and 
the surface of the wedge, which ,will be perpendicular to. 
that surface if we suppose it to be perfectly smooth ; call 
this action jS. Then for the equilibrium of the beam, we 
have, resolving the forces vertically, 

iZ cos a« TF, (1). 

And for the equilibrium of the wedge, resolving hori- 
zontally, 

iZsin a « P; (2). 

P . 

which is the relation required. 

P. What becomes of the horizontal part of iZ in the 
equilibrium of the beam ? 

T. I have omitted it, because it will be in equilibrium 
with the horizontal pressures of the rings upon the beam ; 
in fact besides the equation (1) there are two other equa- 
tions of equilibrium for the beam, the horizontal equation, 
and the equation of moments ; these will give us the pres- 
sure on the two rings, which will be both horizontal, since 
on account of the supposed smoothness of the beam they 
must be perpendicular to its length. Let me now ask t^tm, 
what becomes of the vertical part of R in the equilibrium 
of the wedge ? 

P. I suppose it will be counteracted by some other 
force which yon. have omitted. 
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T. Yes, by the pressure of the horizontal plane DE^ 
The other two equations for the wedge (besides [2]) will de- 
termine the magnitude of this force and the point at which 
it acts. 

P. It appears from the result, that the mechanical 
advantage will be greater when the angle of the wedge 
is small than when it is large; this might have been 
anticipated. 

T. It might have been ; and this will be the Case in 
all applications of the wedge, though it will not always be 
true that the mechanical advantage will depend upon the 
tangent of the angle only, as in this case. It will not be so 
for instance, in the common and very rough application of 
the wedge to split a block of wood ; in this case the force 
corresponding to W is the resistance of the block to split- 
ting, which acts in a direction which it is very difficult or 
perhaps impossible to ascertain : on this account I shall not 
trouble you with the investigation, which is in reality of 
no practical importance, as you will easily believe when you 
consider the very coarse and unscientific character of thp 
operation to which it refers. The wedge is, however, under 
certain forms of great utility ; especially I may remind you 
that a great number of cutting instruments are wedges, as 
for example the chisel : in constructing such instrument^ 
two things have to be borne in mind ; the mechanical 
power of the tool, as we have seen, is increased by dimim'sh- 
ing its angle, but then the strength of the tool is diminished 
at the same time. Practically a balance has to be strucl^ 
between the two, and the result will depend upon the dcr 
gree of hardness of the substance upon which the tool is to 
be used ; for wood the angle may be about 30®, for iron 
about 60® or 60®, for brass still larger. 

P. I perceive that the wedge afibrds another illustra- 
tion of the principle that what is gained in power is lost in 
time. 

T. It does, and I will now conclude this long conver- 
sation by describing to you a maeVim^ ^\i\fisi ^\a\s!i^<^^ '^ 
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still better illiistration. The machine of which I speak is 
HwUer^s Screw ; you will remember that the power of a 
acrew was diewn to depend upon the smaUness of the 
interral between the threads, so that in order to haye a 
rery powerful screw we must have a yery fine thread ; the 
difficulty is, that if the thread be made too fine, there is 
danger of its not being able to resist the pressure upon it, 
and being thus torn firom the cylinder. This difficulty is 
avoided by means of the compound screw, which I am now 
going to describe. 

AB is a screw which passing through a block may 
be worked by a lever in the usual 
manner ; but instead of pressing 
immediately upon the board EF^ 
the screw AB acts upon another 
screw CD which enters the former 
by means of an interior thread cut 
to fit it. The screw AB is slightly 
coarser than the screw C2>, so that 
when AB descends through a given 
space, CD ascends through a space 
not quite so great, and the board 
EF is pressed through a space 
equal to the difference of the 
spaces respectively passed through by the two screws. 
Now upon the principle that what is lost in time is gained 
in power, we may conclude that as in the common screw 
the mechanical advantage depends upon the distance be- 
tween the threads, so in this compound screw the mecha- 
nical advantage will depend upon the difference of these 
distances for the two component screws. 

Suppose, for instance, that D is the distance between 
the threads for AB^ and d for CJ5; then one turn of 
the lever will make AB descend through a space 2>, and 
CD ascend through a space d ; so that on the whole EF 
will advance through a space D — d, and the reciprocal of 
iMs quantity D -^ d will meaauxe t\ie -poiyiet of the screw. 
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P. And D and d can be made as nearly equal as 
we please. 

T. Yes: that is the advantage of the contrivance; 
and yet D and d may themselves be large, or the compo- 
nent screws may be as coarse as we please. Suppose, for 
instance, that AB has three turns in an inch, and CD four ; 
so that D^\, d^^, then D -^d^^-^^^^i and there-* 
fore the power of tiie compound screw is to the power of 
the upper of the two component screws as 12 : 3, or it ia 
four times as great. 

I may mention that this same principle may be applied 
by cutting two screws upon the same cylinder, and passing 
these through two nuts or blocks, which are capable of 
approaching each other, but are not allowed to revolve. 
Then it is evident that a turn of the cylinder will cause 
the nuts to approach by a space equal to the difference 
between the breadths of the threads of the two screws, 
and thus the same effect will be produced as in the con- 
struction which I have before described. 



EXAMINATION UPON CHAPTER VT. 

1. The arms of a false balance are respectively 1 foot, and 1.05 in 
length ; what will be the apparent value of 100 lbs. of tea, weighed out 
with such a balance, (the tea being suspended from the longer arm)^ if 
the shop-keeper undertake to sell his tea at 4«. per pound ? 

2. If when a balance is suspended the beam be not horizontal, 
prove that if the want of horizontality arise from an inequality in 
the weight of the scale-pans> the balance may be corrected by put- 
ting a weight into the lighter of the two^ but that if it arise from 
a difference of length of the arms the balance cannot be so corrected. 

3. Shew how to graduate the common steelyard. 

4. Shew how to graduate the Danish steelyard, in which the 
fulcrum is moveable* 

5. Find the relation of P to W in the single moveable pully. 

6. In the first system of pullies. 
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7. In the second. 

8. In the third. 

9. Find the relation of P to ^ in the inclined plane. 

10. In the screw. 

11. What force is necessary to support a weight of 50 lbs. upon a 
plane inclined at an angle of 3(f to the horizon^ the force acting 
horizontally ? 

12. What force is necessary in the precedbg problem, if the 
force act vertically? 

13. When a given weight is sustained Upon a given inclined 
plane by a force in a given direction^ find the pressure upon the 
plane. 

14. Given the weight, and the magnitude and direction of the 
sustaining force^ find the inclination of the plane. 

15. On an inclined plane the pressure^ force^ and weight, are as 
the numbers 4, 5, 7 ; find the inclination of the plane to the hori- 
zon, and the direction of the force. 

16. What weight is that which it would require the same ex- 
ertion to lift as to sustain a weight of 4 lbs. upon a plane inclined 
at an angle of 30^ to the horizon ? 

17* A weight W is sustained upon an inclined plane by a force 
P, acting by means of a wheel and axle, placed at the top, in such 
manner that the string attached to the weight is parallel to the plane. 
Given R and r the radii of the wheel and axle^ find the inclination of 
the plane. 

18.. Two weights sustain each other upon two opposite inclined 
]planes, by means of a string which is parallel to the planes; com- 
pare the pressures on the planes. 

19. What force must be exerted to sustain a ton weight on a 
screw, the thread of which makes 100 turns in the course of 12 
inches, and which is acted upon by an arm 4 feet long ? 

20. Find the inclination to the horizon of the thread of a screw, 
*which with a force of 5 lbs. acting at an arm of 2 feet^ can support 
a weight of 300 lbs. on a cylinder of 2 inches radius. 

If the length of the cylinder be 4 feet, find the entire lengUi of the 
thread of the screw* 
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1. In the preceding chapter we had occasion to speak 
of the effect of a smooth plane upon a body in contact 
with it, and we concluded that the effect would be to pro- 
duce a force upon the body in the direction perpendicular 
to the plane. Upon the same principle we can conclude 
the nature of the force which exists between any two 
smooth surfaces in contact. Let AB^ CD 
be two smooth surfaces in contact at N ; 
then they will exert upon each other a 
pressure, which (as we do not know its 
magnitude) we will call R. This pressure 
will be mutual; that is, if AB presses against 
CD with a force iZ, CD must of necessity 
press in the exactly opposite direction with an equal force i 
this is manifest from the nature of the case. The only ques« 
tion is, in what direction will the forces R act ? Now since 
the surfaces are in contact at iV, they must have a common 
tangent at that point ; let it be tNt ; draw nNn perpen- 
dicular to this tangent, then we call this line a normal 
to the surfaces, or the common normal. Since the sur- 
faces are smooth they cannot exert any action upon each 
other in the direction tNt^ therefore the whole action must 
be in the direction nNn^ or in the direction of the common 
normal, 

2. Although in practice no surface is perfectly smooth, 
yet the simplicity gained for mathematical investigations 
by the supposition of perfect smoothness is so great, that 
problems are usually solved with tbia ixckSL^m^Tj ^otL^JsS^wsk.* 
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In the chapter upon machines, for instance, we have 
adopted this method. Consequently, it is necessary in 
solving problems to be able to determine at once the 
manner in which smooth surfaces act upon each other ; and 
even if we take the actual case of bodies having some 
degree of roughness, it will be found that the nature of the 
mutual action in that case will be best understood by first 
becoming familiar with the simpler case of smooth sur- 
faces. 

3, One of the most common eases of mutual action 
is that of a particle, or a surface of indefinitely small mag^ 
. nitude, the end of a rod for instance, upon another surface, 
as that of a plane, a sphere, or the like. In this case it is 
to be observed, that tiie surface of finite magnitude deter- 
mines the direction of the mutual pressure, because any 
line whatever may be considered as normal to the surface 
of a point. The meaning of this will be seen better from 
examples. 

Let Ji5 be a pole, a rod, or ladder, standing upon 
the smooth horizontal plane J?Cand resting 
against the smooth vertical waU JC; we 
must suppose the foot of the ladder restrained 
by a string 5C, otherwise it will evidently 
sUde down. Now first what will be the action b 
of the waU upon the ladder B.t J? It will be a pressure 
of unknown magnitude, R, normal, that is perpendicular, 
to the wall. Again, what will be the action of the smooth 
horizontal plane at B? It will be a pressure of unknown 
magnitude, JS', normal, that is perpendicular, to the hori- 
zontal plane. Let us complete the consideration of the 
forces acting upon AB. The string BC will produce a 
force, which we call the tension of the string, in the direc- 
tion BC: this we will denote by T. And lastly, we have 
the weight ofAB, which we may regard as one single force 
TF", acting vertically at the centre of gravity O, Hence 
^e problem is that of a rod AB^ under the action of the 
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forces represented in the accompanying figure ; k^** 

and we may divest ourselves of all notion of wall, jr; 
ground, &c., and confine our attention to the 

system of forces as there represented. ^ 

Let us take another example : BD is a smooth heavy 
rod or beam, resting (as 
represented in the figure) 
in a fixed smooth hemi-i 
spherical bowl ABC, the 
centre of which is O. 
There will be an action x)f 
the bowl upon the rod 
at B and C, which we 
will denote by R and R 
respectively : what will be their directions ? 

At B, only the extremity of the rod, which we regard 
as a point, rests upon the surface of the bowl ; conse- 
quently the pressure R will be perpendicular to the tan- 
gent at B, that is, its direction will pass through the centre 
of the sphere O. But at C the surface of the beam is in 
contact with the edge of the bowl, which we regard as 
indefinitely thin; consequently the pressure S will be 
perpendicular to BD the direction of the beam. 

In this case, as in the preceding, having once deter-* 
mined the directions of the various forces, and represented 
them, as in the figure, we dismiss the consideration of the 
bowl, and confine our attention to the equilibrium of the 
beam BD^ acted upon by the three forces /?, J?', TT. 

The instances which we have now considered will be 
sufficient for our present purpose; the subject will be 
further illustrated in the next chapter, in which we shall be 
employed in solving problems, and shall shew by what 
conditions the unknown pressures, of which we have been 
speaking, must be determined. 

4. We now pass to the case of rough surfaces. When 
a force tends to draw one body w^t \5afc ^>3sSaftfc ^^ ^ssl^^^^s^ v 
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there is, as we know by constant experience, a resistance 
to motion ; and this resistance we call the force oi friction. 
Its intensity manifestly depends partly upon the nature of 
the surfaces in contact; thus it is more easy to drag a 
load over a wooden floor than over a turnpike road, still 
more easy over a polished marble floor, and the resistance 
of this last may again be diminished by throwing upon it a 
small quantity of oil. Now, inasmuch as in all practical 
problems the force of friction enters in a very important 
manner, it has been the business of scientific men to deter- 
mine as far as possible by experiment what are the laws of 
its action. The following are the conclusions to which 
they have been led. 

5. Suppose two bodies to be in contact, and one of 
them to be on the point of sliding over the surface of the 
Other in consequence of some force acting upon it, and 
suppose it to be restrained from motion by the force of 
friction, then 

(1) The force of friction is proportional to the mutual 
t)ressure between the two bodies ; and 

(2) The force is independent of the extent of the 
surface in contact. 

Suppose, for instance, that a body A rests upon a plane 
surface, and that the pressure exerted r 

upon the surface by its own weight or 

otherwise is R ; and suppose it to be on ^ 

the point of moving in the direction AB "^ ^ *" ^ 
under the action of any force, and to be restrained from 
moving by the opposite force of friction F. Then F is pro- 
portional to iJ, or -Foc/J; that is, if we double iZ, we 
double F\ a weight of 2 lbs. will offer twice as much 
resistance to motion over a rough horizontal plane as a 
weight of 1 lb. ; a weight of 3 lbs., three times as much, 
and so on. 

This relation is generally expressed by the equation 

F^fiR, 
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where /bi is a quantity called the coefficient of friction, and 
depends upon the nature of the surfaces in contact ; thus, 
for wood it will have one value, for slate another, ivory 
another, and so on. It will also depend upon the degree of 
polish which the surfaces may have, the absence or pre- 
sence of any oily matter between the bodies, and so on. 

The second law teaches us, that provided the pressure 
is the same the friction does not depend upon the extent 
of surface in contact; that is, a weight of lib. will not 
exert more friction if it rests upon a surface of two square 
inches than if it rests on a surface of one. This law how* 
ever is not true in extreme cases, as when the surface in 
contact is reduced very nearly to a point. 

On the whole, the formula J^ « m A will express all 
the laws of friction, if we remember that /a is a quantity 
independent of R, independent of the extent of surface 
in contact, and dependent only upon the nature of the 
surfaces. 

6. It will be remembered, that the friction of which 
we here speak is that friction which exists when the two 
surfaces with which we are concerned are on the point of 
sliding one upon the other ; this is called Statical Friction. 
When motion actually takes place the amount of friction 
is in general different; this is called Dynamical Friction, 
and will not occupy our attention at present; we may 
however mention in passing, that the same two laws hold 
for Dynamical as for Statical friction, but that there is in 
addition this law, that the friction is independent of the 
velocity with which the surfaces move. 

The following are a few results deduced by experi- 
ment: 

Wood upon wood, im. = .60. 
Wood upon metal, /ui = .60. 
Metal upon metal, /ui » .18. 

These values may be much reduced by introducing 



162 ON FBICTIOK. 

between the surfaces any oily substance ; for instance, in 
the last case, if olive oil be introduced between the 
metals, fA'm.12. 

7. Forasmuch as friction depends entirely upon the 
mutual normal pressure, the consideration of friction does 
not introduce any new unknown force into a problem. 
And in general when a problem can be solved upon the 
supposition of the surfaces involved in it being smooth, it 
can also be solved with a little increase of trouble, but 
with no real increase of difficulty, upon the supposition of 
the smfaces being rough, at least, it can be solved far the 
state bordering on motion. In the machines, for instance, 
of the preceding chapter, friction is practically a very 
important force, and one which may by no means be 
omitted; and it will be found, after what has been said, 
that there is no difficulty in introducing the consideration 
of it, provided only that we suppose P to be on the point 
of descending, or on the point of ascending; these will 
form two limiting cases between which all other possible 
cases will be included. 

8. We will now give a few examples of the solution 
of problems with friction. 

Ex. 1. The lever with firiction. 

Let ABheA lever working upon a cylindrical axis C; then if we 
suppose friction to exist between the 
surface of the axis and the aperture 
in which it works, and suppose that 
the lever is horizontal, but the ex* 
tremity B on the point of descending, 
the pressure upon the axis will not 
be in the vertical direction CDy but i "W 

inclined to it at some angle 0j (suppose). Call this pressure E, then 
we shall have a force of frictiou m-^» (as in the figure), tangential to the 
cylindrical axis, that is, perpendicular to the direction of B. 

Let AC = ay BC= ft, and let r be the radius of the cylindrical axis; 
then, by resolving horizontally and vertically and taking moments 
about C, we shall have the following three equations; 
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JBain^-M^cos^^O (1), 

Rcose + fiRsmB^PA-W (2), 

Pa^Wh + txRr (3). 

Equation (1) gives us, 

taii^ = /i (4), 

and from (2) and (3) we haye, 

fir (P+ ^ = (cos ^ + /A sin B) fiRr, 

^(coBd + fi Bm0){P0'' Wb) ; 

.•• P{fl(co8^ + /A sin ^)- /at} = ^{6 (cos^+/i sin^) + /Ar}, 

P _ b(coa0 + ti sin^4-/Ar 
W a (cos ^ + ft sin^)— /Ar * 

If we pat for ft its value from equation (4)', we have, 

^_ h (cos ^4-8in^tan^) + rtang 
W «(cos^ + 8in^ tan^)-r tan^ 

6 + r sin ^ . v 

"a — rsin^ ' 

In appljring this formula we may find B from equation (4) by 
means oi a trigonometrical table, and then put the value of sin ^ in 
(5). And it may be remarked, that the equations of problems, in 
which friction is involved, generally assume their simplest form when 
we represent the coefficient of friction by the tangent of a certain 
angle. On the other hand, we may, if we please, express the ratio 
of P to TT in terms of /*> and we have then 

We have supposed that P is on the point of descending; if on the 
contrary, W be on the point of descending, we should find in like 
manner that 

P J\+P^ 

a result which may be obtained from the other 5y changing the al- 
gebraical iign of n. 
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Ex. 2. The inclined plane with friction. 

We will take the most general case, in which P acts in a direc- 
tion making any angle c with the inclined P 
plane ; and we will suppose the weight W to 
be on the point of ascending; then the forces 
will be such as represented in the figure. If 
a be the angle of the plane, we shall have ^^^^^^ i^ 
by resolving parallel and perpendicular to the 

plane, 

Pcos€-Frsina-MiJ«0 (1) 

Psm€-Trcosa + Mi2 = (2) 

Multiplying equation (2) by m And adding it to (1) there results 

P (cos € + M sin c) = TF (sin a + /I* cos a), 

P _ sin g -f /ui cos g .^^ 

W cos€ + /isin€ ^ 

If ^ be on the point of descending, the force of firiction will be in 
the opposite direction^ and the result will be 

P sing — /Acosg ^ o. 

fF"" cose — /I* sine ^^ 

I^ according to the remark made in the last example, we put tan ^ 
instead of fA, where /9 is a nUmdiary angle determined by the equation 

tan^ = /i, 

then (3) and (4) become respectiyely, 

P sin(g + /g) ^ ^ sin(g-/ g) 
Tr"cos(€-/S)' ^'^^ IF'"cos(€ + /^- 

By making /9 = we reduce these expresdons to those already 
inyestigated in page 131 for the case of the smooth inclined plane. 

Ex. 3. If in the last result we make P= 0^ we have a = /3, ox the 
subsidiary angle ^ is the inclination of the plane j^, 
for which a weight will just not slide. Let us^ as \ ^^^ 
another example, determine directiy the angle at ^/^^^ 
which a plane may be inclined without allowing ^y\ 
a weight placed upon it to descend. ^^ ^^ 

The forces will be as in the figure; lesolving horizontally and 
vertically, we have 

-R sing — /i 12 cosg^^O... (1) 

-R cosg + /iAi2 sings W -..(2); 
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from (1) there results^ 

tan a =fjij 
which gives us the angle required. Equation (2) gives us the value 

of jb: 

Ex. 4. If the interior surface of a hemispherical howl he per-^ 
fectly smooth, it is manifest that a particle cannot rest except at the 
lowest point of the howl ; hut if the surface he rough, the particle 
may rest at a distance from the lowest point: let us determine the 
limits within which this is possihle. 

Let ABC he the bowl^ its centre, 
OB vertical, D the furthest point from 
B at which a weight W will rest, 
BOD = d. The forces will be as in the 
figure. Then resolving horizontally, we 
shall have 

JBsin^-M-R cos^ =0> 

or tan ^ = /a, 

which equation determines the position of Z^ 

9, These examples will be sufficient to illustrate in 
general the method of treating problems, when tne surfaces 
involved in them are not perffectly smooth ; and they will 
shew that no new unknown forces are introduced into 
problems by the consideration of friction, provided we 
take only the extreme case in which the surfaces in eon- 
tact are on the point of sliding one upon another. In the 
next chapter we shall meet with other problems which will 
further illustrate the subject. 




CONVERSATION UPON CHAPTER VU. 

P. It appears from this chapter that bodies with 
smooth surfaces, such as we have hitherto considered, are 
merely mathematical fictions. 

T. Yes : a perfectly smooth body does not exist, and 
the greater number of surfaces are very far from smooth. 
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Nevertheless you will perceive that it is desirable to treat 
of smooth surfaces in the first instance, because their theory 
is so much more simple than that of rough surfaces, and 
we can very easily pass from thence to the other, 

P. The case which has been solved, however, appears 
to be only the particular case in which the surfaces are on 
the point of sliding. 

T. It is only that limiting case ; but from the result 
we can generally deduce any practical conclusions which 
we may desire. For instance, we have determined the 
value of P for a given value of W upon the inclined plane, 
when W is on the point of ascending, and when it is on 
the point of descending, then we know that the value of P 
must always lie between these two extreme values, and 
this will generally be all that will be required. Again, we 
know that a weight will just rest upon an inched plane if 
the angle of inclination be given by the equation tan d » /u ; 
then if the inclination be less, the weight will rest af(yrtwiri. 
Again, if ft particle rest upon a horizontal plane, any force 
acting upon it must be perpendicular to the plane, but if 
the plane be rough this will not be the case ; suppose the 
particle fF to be on the point of moving, and to be the 
angle which the direction of the supposed force P makes 
with the vertical, and let R be the normal pressure, iiR 
the force of friction ; then resolving vertically and horizon- 
tally, we have 

Pcos0 + jB- TT, 

Psin0 = ^^, 

.•. POui cos + sin 0) = M W: 

this equation determines d, and we conclude that the par- 
ticle will be at rest, provided the direction of P lie within 
a cone of which the axis is vertical and the semivertical 
angle the angle 6 determined as above. And so in other 
instances. 

P. I should suppose from what we have been reading, 
that friction is a very important foxce in. iiat\ure. 
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T. Most important ; the climbing a hill, or even walk- 
ing upon level ground, would be practically impossible 
without it ; for in this latter case you will easily see that 
the pressure of the foot upon the ground must, unless for 
this action of friction, be accurately normal to the horizon, 
a condition which in practice could not be satisfied; to 
take another instance, when a nail is driven Into a piece of 
wood, it would not remain in its place if it were not for 
the force of friction ; in these and in hundreds of every- 
day instances, friction is a most useful force. Then, on 
the other hand, in the construction of machines friction is 
often far from useful, one great difficulty with which 
mechanicians have to contend being in some cases that of 
doing away with the effects of friction ; the construction 
of clocks and watches is a good example. 

And you will be familiar with common instances in 
which devices are adopted for the purpose of diminishing 
resistance due to this cause: thus you will see a large 
block of stone transported by placing rollers underneath it, 
the intention being to diminish the enormous amount of 
friction which would exist between the heavy block and the 
ground. The wheels of carriages are the same device in 
a more delicate form ; in this case the fHction is reduced 
to that of the polished surface of the axle> which by a 
constant supply of oil or grease is made very small. And 
there is the very ingenious device of friction wheels; to 
understand this invention, let AB, CD be 
two wheels, turning about horizontal axes 
JP, Q; and let there be upon the same 
axle Q a third wheel (not seen in the 
figure) behind CD and exactly similar to it ; 
lastly, let EF be a wheel which we desire to cause to turn 
with as little friction as possible ; then its axle 0, instead of 
running in a socket, is allowed to rest upon the surfaces of 
the three friction wheels just described. The consequence 
of this arrangement is, that any tendency to friction between 
the axle O and the surface of the friction wheels, instead of 
being resisted by a fixed surface, ca\i!&e^ \3cl^ ^naNasycL •'^^jSsss^ 
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to revolve, and thus the amount of friction is diminished 
to a very remarkable extent. 

P. How are the laws of friction proved ? 

T. I will describe a simple apparatus, by means of 
which experiments can be made. 

AB is a firm horizontal table, upon which can be 
fastened a flat piece CD of 
one of the substances con- 
cerning which we desire to 
make experiments; EF is 
the other substance, which 
lies upon the surface of CD, 
and bears upon it the case 
G which may be weighted to any extent. A horizontal 
string FHy attached to EF, passes over a pully at H and 
carries a scale K which also may be weighted as we please. 
In order to make experiments upon the friction between 
two given substances CD and EF, we have only to put 
a certain weight in G, and load the scale K until EF just 
begins to move ; then it will be seen that the weight of the 
case G and its contents, added to the weight of EF, 
measures the pressiu'e between the substances, and the 
weight of the scale K and its contents measures the 
friction for the state bordering on motion. It will be easy 
to vary the amount of the weight in G, the nature of the 
surfaces in contact, and the extent of the surfaces ; the 
result of experiments so made is to establish the laws of 
friction which have been given in this chapter. 

It should be remarked, that in making experiments 
with soft bodies, such as wood for instance, the amount of 
friction will depend to a certain extent upon the time 
during which the surfaces have been in contact, being less 
at first than it is afterwards. This is quite what we should 
expect; the increase of friction only takes place during 
a limited time : thus with wood upon wood, for instance, 
the friction attains its greatest value after about two or 
three minutes; for wood upon metals a longer time is 
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required for the friction to attain its permanent valiie^ 
sometimes even as much as several days. 

P. The method of making the experiments seems 
very simple, and the results of course cannot be questioned, 
but I confess that one of the laws appears to me slightly 
paradoxical; I mean that which states that the friction 
between two surfaces is independent of the extent of 
surface in contact. 

T. The result is not so strange as it may appear at 
first sight. For suppose a body of a certain weight rests 
upon another with a certain extent of surface in contact, 
and suppose that without altering the weight we diminish 
the surface in contact by one half, then if we regard the 
pressure as uniformly distributed over all the points of the 
surface in contact, we shall have diminished the number of 
points by one half, but we shall have doubled the pressure 
upon each point, since upon the whole the same pressure 
has to be sustained as before. And since the friction 
varies directly as the pressure, the Jrietion at each point 
will be doubled. Hence on the whole as we diminish the 
extent of surface in contact, we increase the intensity of 
the friction, and therefore the friction will be coet. par^ 
independent of the extent of surface. 

P. I did not view it in that light before. Is it by 
such an apparatus as you have described that the value, 
of fi would be actually determined for various substances ? 

T. It might be so determined, but perhaps the re- 
sults may be obtained more simply thus. You will remem- 
ber that it has been shewn that if a be the greatest angle 
of inclination of a plane of given substance upon which a 
portion of another given substance can rest, and if fi be 
the coeflBcient of friction for the two substances, then 
tan a- HA. Hence to determine /m it 
will be sufficient to determine a; sup- 
pose now that JB is a bar moving 
about a hinge P in a horizontal bar 
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BC, and that CA is a graduated circular rim; suppose also 
that upon JB we can screw a plate of one of the sub- 
stances, and upon this plate let the other substance W 
be placed ; then let the extremity A be raised until W is 
on the point of descending ; ABO will be then the angle 
a, and will thus give us the value of fi. 

P. There is one other question which 1 should wish to 
ask respecting friction : it has always seemed surprising to 
me that the force of friction should be so much increased 
by twistmg a rope several times round a post ; I am struck 
with this upon almost every occasion that I am on or near 
the sea, for sailors are well aware of the fact, and take 
great advantage from it. 

T. The result is certainly striking ; it admits however 
of mathematical explanation, and is treated of in all books 
which deal with Statics by help of the Diflterential Calculus. 
I shall however be able if you give me your attention, to 
make the cause apparent to you, and even to give you the 
exact mathematical expression for the increase of mecha- 
nical advantage. 

Let us consider this problem ; two weights, P and W, 
are connected by a string which passes over a given rough 
horizontal cylinder : F is on the point of descending, re- 
quired the ratio of P to W. 

Let ACB be a 
section of the cy- 
linder ; O its cen- 
tre. Then the string 
connecting P and 
W will be in con- 
tact with the cy- 
linder throughout 
the semicircumfer- 
ence ACB. 

Now the diffi- 
culty of the pro- 
blem consists in 
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this, that the direction of the string upon the cylinder is 
constantly changing its direction from point to point : in 
order to overcome this difficulty let us cut up the arc ACB 

into n small equal parts, AD, DE, EF, ; join AD, DE^ 

EF, and, instead of considering the circular arc ACB, 

let us consider the polygon ADEF and let us suppose 

the string to rest upon a prismatic post of many sides in- 
stead of a cylindrical post. 

Let us consider how the piece of string AD is held in 
equilibrium ; there will be the force P at A, and a force at D 
in the direction of DE, which will be composed partly 
of the tension of the string, which we will call Pi, and partly 
of the friction, which we will call F. There will be a third 
force, or rather a system of forces perpendicular to AD 
arising from the pressure of the surface of the post upon 
the string, but these forces we may consider to be equiva- 
lent to one single force acting at the middle point of AD 
perpendicular to it and proportional to its length; this 
force we will call therefore j9.-42>. Lastly, it will be ob- 
served that the angle AOD is by construction equal to the 

w*^ part of two right angles, or — . 

Now for the equilibrium of AD we have, resolving 
parallel and perpendicular to it, 

P=Pa+P (1), 

p.^Z)« Pcos2>JO + (Pi + P)cos J/)0 (2), 

and by the law of friction 

F^fi.P.AD (3). 

Now cos DAO =s cos ADO = sin = sin — , 

2 2n 

also AD « AO chd. AOD « 2.40 sin — ; 

.*. equations (1), and (2), give us, 



2»^0 sin — - 2 Psin — ; 
^ 2n 2n 



8—2 
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Ad' 



AD . 'IT 

/. from (3), •'^"/^^•^O "^'**'^®^2w' 

and therefore from (1), 

Pi - P - 2m ^sin — « P ll - 2/ii sin — > . 

2n I 2wj 

In like manner if Pg be the tension of the string at -B, 
we have 



s 






And so on ; but we have divided the circumference ACB 
into n parts, consequently, according to our notation, 



Tr-P.-p{l-2^sin^}" 



This formula will explain to you the advantage of wrap- 
ping a cord upon the surface of a many-sided prismatic post, 
from which the case of a cylinder is not a very difficult step. 
For, suppose we have a prismatic post of 2w sides; and let 
P and Q be the two forces which are in equilibrium at the 
extremities of a rope wrapped upon it, P being on the 
point of overcoming Q ; then it will appear, that if we 

make for shortness' sake (l-2yusin — ] =r, 

for one complete turn upon the post, Q = Pr, 

...two Q^Pf^, 

... three Q^Pf^, 

and so on : that is to say, as the number of turns increases 
in an arithmetical progression the mechanical advantage 
inereaaea in a geometrical. 
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P. Wai the same conclusion told precisely for a 
cylindrical surface? 

T. Yes ; in this case the quantity which I have 
called T has a value, which I might obtain by making the 
quantity n which occurs in it indefinitely great; the in- 
vestigation would, however, be troublesome for you to 
follow, and would not throw any further light upon the 
mechanical conditions of the problem: I will therefore 
leave the result in its present form, merely remarking^ 
that what is true for a polygon of as many sides as you 
please may be concluded to be true of a circle ; and there- 
fore it may be concluded, that if we have a xsylindrical 
post round which a rope is wrapped, the mechanical ad- 
vantage thereby gained increases in a geometrical pro- 
gression as the number of turns of the rope increases in an 
arithmetical. Thus, if with the exertion of a force of 61bs. 
I am able with one turn of the cord to sustain a pressure 

of 241bs., then r = — = -, and two turns of the rope wiU 

enable me to sustain 6x4^ or 961bai three turns 6x4^ or 
3841bs.| and so on. 



EXAMINATION UPON CHAPTER VII. 

1. Deteraiine the direction in which the mutual pressure of two 
smooth surfaces in contact takes place. 

2. Define friction, and enunciate its laws as determined by ex- 
periment. 

3. Investigate the relation of P to TT in the case of the lever, 
taking into account the action of Motion. 

4. The same for the inclined plane. 

5. The same for the screw. 

6. Find the greatest angle of elevation of an inclined plane for 
which it is possible for a lump of a given sub^TLC^ \.^ ikr5^\s^^V'>^«* 
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7* A heavy particle is placed upon the exterior of a rough sphere ; 
find the limits within which equilibrium is possible. 

8. Given the magnitude of the horizontal force (P), which will 
just support a given weight ( W) upon a plane of given inclination (a) ; 
determine the coefficient of friction. 

9. There is a block of wood which can be just lifted by the com- 
bined strength of two men, determine the greatest angle of elevation of 
a wooden inclined plane upon which it can be supported by one man, 
(^ ss ^) ; the man exerting a /orce parallel to the plane. 

10. Prove that in the preceding problem the elevation of the plane, 
upon which one man can support the weight, is twice as great as that 
for which the weight would rest by itself! 

11. Explain the manner of making experiments concerning the 
laws of friction. 

12. Assuming the law^ that when the extent of surface in contact 
of one body resting on another is given, the friction for the state border- 
ing on motion varies as the pressure ; deduce the truth of the other law 
of friction, namely, that the friction is independent of the extent of sur- 
face in contact. 

13. What is meant by friction wheels? explain their use* 
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PROBLEMS. 



In the present chapter we shall give a number of pro- 
blems, of such a nature as to be capable of solution by 
means of the principles already laid down. Some of the 
problems will be solved by way of illustration, in some 
hints towards solution will be given, and some will be left 
entirely to the ingenuity of the student. 

The following short collection of hints and rules for 
the general method of treating problems may probably be 
found useful. 

1. Draw a figure of th€ system as accurately as pos- 
sible, representing by arrows the directions of the various 
forces ; all forces of which the magnitude is not known to 
be denoted by symbols P, Q, jB, &c. 

2. If the system contains more than one body, the action 
and reaction between the various bodies at their points of 
contact must be considered; the action and reaction be- 
tween two bodies will be always equal in magnitude and 
opposite in direction, and if the bodies be smooth the 
action and reaction will take place in the line of the 
common normal at the point of contact. When these 
forces have been taken into account, the equilibrium of 
each component body of the system may be considered 
separately. 

3. Besolve the forced acting upon each body of the 
system in two directions at right angles to each other^ 
and equate each result to zero : take moments about any 
point for each body, and equate the result to zero. 

In the resolution of the forces, it is not generally of 
any serious consequence what direetioxv^ o^ x^^e^'^J^ssfitfs^^t^ 
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chosen ; but in taking moments it is desirable to choose 
the point about which they are estimated^ in such a man- 
ner as to give the simplest results ; thus^ if the directions 
of two or more forces pass through a point, it is generally 
desirable to take the moments with reference to that 
point. 

4. Count all the mechanical equations thus produced, 
and count the unknown quantities both mechanical and 
geometrical ; if the number of unknown quantities exceed 
that of the equations, the deficiency must be supplied by 
geometrical equations, that is, by equations expressing 
necessary geometrical relfitions amongst the parts of the 
system. 

5. If the surfaces of bodies which act upon each other 
be rough, the solution of- a problem is in general inde- 
terminate except for the state bordering on motion, that 
is, for the position in which the bodies are on the point 
of sliding upon each other. In this limiting case, the 
friction acts in the direction opposite to that in which 
motion would take place, and is proportional to the mutual 
normal pressure.. 

6. The process which has been here described may 
not iinfrequently be abbreviated by artifices peculiar to 
individual problems. Especially it may be noticed, that 
when there are only three forces acting upon a body, the 
position of equilibrium may generally be simply investi- 
gated by making the construction of the figure satisfy the 
necessary condition of the directions of three forces all 
passing through the same point. The position of equi- 
libriiun may also be investigated, upon the principle of the 
centre of gravity being in either the highest or the lowest 
position possible; but this method in the greater number 
of cases requires the aid of the Differential Calculus. 

7. The student must not be surprised if the solution 

of a problem lead to an equation, either algebraical or 

^^pnometricals which he is unable to solve ; indeed it not 
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unfrequently Happens, that a problem of apparent inecha^ 
nical simplicity leads to such a result. This usually arises 
from the fact of the mode of solution adopted necessarily 
involving other cognate problems, and therefore giving the 
solutions of them as well as of that with which we are 
engaged. 

8. It may be remarked, ad a matter worthy of the 
student's attention, that the thorough comprehension of 
one problem, solved by himself, will do more to assist him 
in understanding the principles of Statics than the half- 
comprehension of many. On this account it is recommended 
to him, when he has solved a problem in one way, to vary his 
method of proceeding and solve the problem again. Thus 
he may assume new directions of resolution, and a new 
point with respect to which to take moments ; or he may 
endeavour to abbreviate the solution by geometrical con- 
struction ; or he may vary the circumstances of the pro- 
blem in some of its details. Examples of this will be 
found in the collection of problems following. 

9. In making use of the collection of problems the 
student is recommended to consider well, and to attempt 
to solve those problems of which the solution is given in 
full, before he examines the solutions. The solved pro- 
blems will be, compo-ratively speaking, of little profit to 
him, unless used with this caution. 

With these hints the student may enter upon the con- 
sideration of the problems which follow, and which of 
course might be indefinitely multiplied. They will be 
found to be not exclusively problems concerning the posi- 
tion and .conditions of equilibrium of rigid bodies, but 
amongst them are problems concerning the equilibriiuu of 
a particle and the properties of the centre of gravity, and 
some concerning the equilibrium of a string. 



^— t. 
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I. Three Ibroea act upon the sides of a triangnlar board, and ia 
directions perpendicular to the sides : to prove that for equilibrium the 
forces must be proportional to the rides upon which they act. 

Let ABC be the triangle; P^CtyB the forces acting at the points 
D, £, F respectiyely ; produce the directions of P . 

and Q to meet in 0, then FO must be the direc* 
tion of R, otherwise there could not be equi- 
Ubrium. 

Then by a theorem already proyed, p. 80, 
P I q I R II BmUOF : sinFOD : am DOE, ^ p 
:: sin^ : sini? : sinC, T 

:: BC : CA : AB. 

IL Treat the preceding problem by resolving the forces and taking 
moments. Shew that if BD-Xy C^=y, AF=Zy this method of 
solution leads to the conclusion, 

X rin A-^ysvaB-^z sin C = v x area of triangle; 

and explain the meaning of this condition. 

III. If 9 be the angular distance of a body from the lowest 
point of a circular arc in a vertical plane, the force of gravity in 
the direction of the arc : that in the direction of the chord :: 

3 cos - : 1. 
z 

lY, A strught lever of uniform thickness, the length and weight 

of which are given^ has two weights P and Q attached to its extremi- 

ties« and is maintained partly by a fulcrum at a given point, and 

partly by another fulcrum on which it presses with a given force; 

required the position of this latter fulcrum. 

y. A beam, 30 feet long, balances about a point at one-third of 
its length from the thicker end ; but when a weight of lOlbs. is suspended 
from the smaller end^ the fulcrum must be moved S feet towards it 
in order to maintain equilibrium. Find the weight of the beam. 

VI. A heavy body is to be conveyed to the top of a rough 
inclined plane, the angle of inclination being a; prove that if the 

coefficient of friction be greater than ^ , it will be easier to 

8in(45° + y 

Jifi tb^ body thaxi to drag it up by meaua oi ^ coT^^^\^<eiWi the plane. 
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VIL If G be the centre of gravity of the triangle ABC^ then 
AB' + AC'-^BC=^3{GA'+GB' + GC}. 

VIII. CAy CB are the arms of a bent lever ; G is the centre of 
gravity of the lever ; prove that 

C&^ iCA - CBy 4- ^^^ ^ ^^^, cos' -^ . 

IX. Two weights P and Q, connected by a string of given length, 
biJance each other upon the surface of a sphere. Required the position 
of equilibrium. 

X. If three parallel forces, acting at the angular points Ay B^ C 
of a triangle, are respectively proportional to the opposite sides a, 5, e; 
prove that the centre of the parallel forces is a pointj the distances 
of which from Ay By C, are respectively, 

2he A 2ca B Zah C 

f cos — , 1 cos — , J — cos — • 

XI. Two forces F and F^, acting in the diagonals of a parallelo* 
gram, keep it at rest in such a position that one of its edges is horizon- 
tal ; shew that F sec a = F' Beca'=W cos {a + a'), where W is the 
weight of the parallelogram^ a and a the angles between its diagonals 
and the horizontal side. 

XII. A uniform beam AB, of given length and weight, rests with 
one end on a given inclined plane, and the other attached to a string 
AFP passing over a puUy jPat a given point of the inclined plane. 
Knowing the weight P fixed to the other end of the strings find the 
position in which the beam rests. 

XIII. Find the limits of possibility of the preceding problem. 
XIY. Also solve the problem for the particular casid in which the 

string AF IS horizontal. 

XY. By means of tables obtain a numerical result for the angle 
between the beam and the plane, when the inclination of the plane 
is 45®, the weight of the beam 4 lbs., and P= Slbs. 

XVI. A smooth sphere of which 
the centre is 0, rests upon an inclined 
plane ^^M at X), and is kept in equili- 
brium by the uniform beam AB which 
moving about a hinge at A presses upon 
the sphere at C. Required the con- 
ditions of equilibrium. 

Let a=:MANy the angle of the 
plane; W, W be the weights of tiio ^ ' ^ 
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beam and sphere respectively. At the pomt C there will be an ac- 
tion of the sphere upon the beam, and an equal and opposite action 
of the beam upon the sphere; call tlus R, its direction will be perpen- 
dicular to the beam and through the centre of the sphere. At D there 
will be an action of the plane upon the sphere, R' suppose, its direction 
will be DO. ' The beam will be kept in equilibrium by the forces 
By TT acting at G the middle point of A By and a pressure at A which we 
need not consider; the sphere, by the three forces W at 0, R and R\ 

Let r=the radius of the sphere ; AC=^AB^x; CAD^B; 
Then for the beam, taking moments about Ay 

Rx=Wacoa(0 + a) (1). 

For the sphere, 

i2sin(a + o)=iB'sino (2), 

i2cos(^ + o)+ W'--R' cos a (3). 

And we have the geometrical relation, 

a^xiaxk^, (4). 

Multipl3dng (2) by cos a and (3) by sin a and subtracting, we have^ 
i2{sin(^ + a) cosa-cos (fi + a) sin a}- W'sinasO, 

or 12 sin ^ = fF'sin o ; 

•% combining this equation with (1), there results, 

X Wa cos (fi + a) 
5ma" ^'sma ' 

$ e 

WcoB(e-^a) "^*2 ^^^2 1 

^' ^'sma "sm ^""TTT 5" 7I7^- 

2sm-cos- 28m -, 

W , . 

.'. 2 ™ cos {B + o) sin' - = sin a, 

$ . . W 

or sin a cosec' - = (2 cos o cos ^ — 2 sin o sin fi) g^ , 

y^[l +cot*-J = 2cota^co8»--sm*-j-4sm- cos^; 



• • 



W 



F f 1 + cot' p) = ? c^* « (cot' ^- 1) - 4 cot - , 

W'/x" V a? /«■ \ 

^' -^(-i+1 ) +4-«2coto(-5-l). 
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This is the simplest form to which the equation da be reduced; 
it has been abeady remarked, that not unfrequently statical problems of 
no great degree of complication lead (as in this case) to equations which 
we are not able to solve. 

If the position of equilibrium be assigned, that is> if or ^ be given, 
the equation which we have obtained gives us the ratio of the weight 
of the sphere to that of the beam, for we have 

TF' 2cota(fl?'-a*)-4aJ? 

From this equation we can obtain a limit of the possibility of the 

W 

problem ; for ™ must be positive, therefore we must have 

2 cot a(a^-a^'-4!aaf positive, 
or a?"— a*>2aa?tana, 

or tana<-- . 

Suppose, for instance, that ^=2 a, then 

tan a must be < f < . 75, 

or a <S6^ 52'; 

* ^, W 2cotaxS-8 
and then -^ = — . 

Thus if a=SO», coto = ^, 

, W 6^3-8 10.39-8 1 . ^. 

"^^ -W == 25 ^— 25 Yo^VVroinrntiUAyt 

that is, if the inclination of the plane be 30^, and the distance of either 
point of contact of the sphere from the hinge equal to the diameter^ 
then for equilibrium the beam must be about 10 times as heavy as the 
sphere. 

In the particular case of the weights of the sphere and beam being 
equal, the biquadratic upon which the problem depends is reducible to 
a cubic : this the student may prove. 

XYII. A uniform rod, 50 feet long, is cut into two pieces of 18 
and 32 feet respectively, and these are placed upon a smooth horizontal 
plane with their lower extremities pressing against each other, and the 
upper extremities leaning against two smooth vertical planes ; also the 
two rods are at right angles to each other; find the distance between 
the walls* 
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•0) 

(2) 
"(3). 



XVIII. A itnifonn beam rests with its extremities upon two 
given inclined planes ; to find the position of equilibrium. 

Let AB^ AC be the inclined planes, a^ /?> then: respective inclina- 
tions; DE the beam^ G its middle point or 
centre of gravity, W its weighty 2a its length; 
Bj R' the actions of the two planes at D and 
Ei which will be perpendicular to ^i? and AC. 

Then if 6 be the angle which DE makes 

with the horizon, we shall have by resolving 

horizontally and vertically and taking moments 

about Gy 

R SIP a-i? sin /9-0 

JRco8a + i2'co8/3= W 

Ra cos (a + e)^Ra cos (/3- 0) = O 

from (1) and (3) 

cos (q + ^) _ cos {(3-0) 

sin o "" sin (3 * 
or, cot a cos 6 - sin 6 = cot /3 cos 6 + sin 6 ; 
or, 2 tan ^ =eot a - cot 0. 

XIX. Let us solve the preceding problem by a di£Perent method. 
The directions of R and R' if produced must meet in a certain point P, 
and the direction of W produced must pass through this same point. 
Suppose them to do so ; then in the triangle PDG, GPD^a^ (for it is 
the inclination of DP to the vertical, which roust be the same as that 
of AB to the horizon,) PBG = 90* - ADG = 90* - a - 6, 

PG sin PPG _ cos (a + 0) 
'*' DG ' sin GPD ~ sin a • 

in like manner, from the triangle PEG^ 

PG ^ cos (^ - e) 

EG" sin /3 ' 
but DG^EG; 

CO8(a + 0) <iOQ(S-e) , ^ 

.'. — : = — . ^ , as before. 

sm a sin /} ' 

XX. In the particular case in which the angle between the two 
planes is a right angle the result assumes a simpler form, and moreover 
gives rise to a remark upon a still different method of solving ther 
problem. In thiis case, 13 = 90®- o, and our equation becomes 



J2 tan ^ = cot a — tan a = 



tan a 



-tan a = 



1 - tan* a 
tan a 
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... tan2a = -^^!^=-^. = cotO=tan(900-a); 
1 - tan* a tan v 

or, 2a=9(y'-6, or, = 9O^-2a. 

Now suppose in this case that we make the beam DE to assume 
all possible positions while its extre- 
mities move upon the planes AB^ AC; 
then it is well known (and is easily 
proved) that the middle point G will 
trace out an arc MGN of a circle B 
LGO of which the centre is A^ and 
the diameter DE^ {LO is taken as 
the horizontal line), Then> since we 
may regard the weight of the beam as x A 6 

collected at G^ the problem is precisely the same as that of finding 
the position of equilibrium of a particle upon the surface of the semi- 
circle LGO. It is manifest that this position will be the highest point 
of the circle ; therefore draw AG vertical, and the intersection of this 
line with the circle will fix the position of (r ; through G draw DGE 
so as to be bisected in (r, (which may be done in several ways,) then 
DGE is the required position of the beam. And we have, 

GAD:=^GDA=^a + ey 
but GAD = 90^-- DAL ^90^ -a I 

or ^ « 90^ - 2 a, as before. 

The problem might be worked out in a similar manner for the more 
general case, but the locus of G would then be an ellipse instead of a 
circle, and the solution would not be so simple. This method of 
solution has the advantage of pointing out the character of the equi- 
librium of this problem with respect to stability (see p. 66) ; for it is 
evident that the equilibrium of a particle upon a smooth circle is 
unstable or only theoretically possible, therefore also the equilibrium of 
the beam DE is unstable. Practically the influence of friction will 
make the equilibrium possible, and that within considerably wide 
limits: let us investigate this case. 

XXI. Suppose the extremity /> to be on the point of descending, 
then the friction at D will be in the direction BD, that at E will be in 
the direction EA^ and the equations of the problem m\\.\^ ^ss^VS^'^'«^\ 
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Bana^lAEcosa-B^sinfi-fxiycos^^O (1) 

Rco8a + fxEBina+jyco8fi-txiyBml3= W (2) 

i2aco8(a+6)+fii8a8in (o+0)-J?'a cos 0^-6) +Mi2'aj8in(/?-^)== 0(3). 
From (1) and (3) we have 

cos (a + e) + fx sin (a + 6) ^ cos {^-B)-tx sin {fi-0) 
sin o - /i cos a sin /? + /m cos /3 

Let US simplify this equation by puttinfi; /a = tan/, then 

cos (g + e-f) _ cos (JB-e+f ) ^ 
8m(a-/) " smO^+Z) ' 

and 2 tan6 = cot (o-/)-cot (/?+/)» 
This gives ns the yalne of 6 when D is on the point of descending ; 
if, on the other hand, 2> be on the point of ascending, we have only to 
change the sign of/, and calling the value of 6 for this case B\ we have 

2 tan a'=cot (a +/) -cot (/3 -/). 
In the particular case in which ft = 90^— a, 

2 tan 6 = cot (a -/)- tan (a -/), 
and a = 900- 2a + 2/, 
similarly, 6' = 90° -2a -2/ 
.-. 6-a' = 4/, 

or/=-4^; 

that is, the subsidiary angle / which we have introduced is one fourth 
of the angle between the two extreme positions of the beam. 

XXII. Vary the preceding problem by taking one of the planes 
vertical; and let the planes be (1) smooth, (2) rough. 

XXIII* Vary it again by considering it as in XXI^ except that 
one plane shall be rough and the other smooth. 

XXIY. A uniform beam rests upon a prop, with one extremity 
in contact with a smooth vertical walL To find the conditions of 
equilibrium* 

Let AB be the beam ; G its middle point, 
or centre of gravity, W its weight, 2 a its 
length, MN the wall, E the pressure of the 
wall upon the beam, which will be horizon* 
tal. 2> the prop, e its distance DJS from the 
wall, P the pressure of the prop on the beam, 
which will be in a direction perpendicular to 
^^ Abo let B he the angle which AB makes 
mVi& the horizon, or » ADE. 
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Then lesoIVing horizontally, and yerticidly, and takmg moibents 

about Ai 

E^PmnB^^O (1) 

W-PcoBe = (2) 

Peeece-Wacoae^O (3) 

from (2) and (3) csec^^^acos'^^ 

8/1 ^ 

or coerd = -^ 

which determines 0* It appears from the result that e must be less 
than a, as is represented in the figure, and as must manifestly be the 
case. 

XXY. We may solve this problem otherwise* In the triangle 
A ED^ the sides AB, ED, DA are respectively perpendicular to the 
directions of the forces E^ W^P; hence they are in the same propor« 
tion as those forces, that is. 

El W : P :: AE : ED : DA^ 

:: sin ^ : cos ^ : 1, 

This proportion is equivalent to equations (1) and (2). But we must 
obtain another equation in order to solve the problem; this is done 
from the consideration that the directions of three forces must meet in 
one point ; let them meet in ff* Then 

a AD eeecd ba c , , 

cosa=-rTr = 5, or cos'r = - as before. 

AH acoaO a 

This problem cannot be conveniently worked out upon the principle 
of making the centre of gravity of the beam assume its lowest or 
highest position without the use of the Di£Perential Calculus. By 
drawing the beam, however, in several dififerent positions, it is easy to 
satisfy ourselves that the curve which will be traced out by the centre 
of gravity G will be of the form represented in the figure, a 

and that the position of equilibrium which we have 
determined corresponds to the highest point Q of this curve* 
Consequently the equilibrium is analogous to that of a particle placed 
at the highest point of a curve, from which it will, if disturbed, imme- 
diately descend; that is, the eqxiilibrium ia unt(a6{e* 
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XXVI. Vary the preceding problem by taking the plane MN 
inclined at an angle a to the horizon. 

If be the angle between the beam and MN, the result is 

sin* (p cos (a — 0) = - sin a. 

XXVII. Take the problem as before, with the exception of 
supposing a weight W suspended from B» 

XXVIII. If the wall be rough, find the limiting positions of 
equilibrium. 

XXIX. Three uniform beams of loncrth 2 a, 2^, and 2 a respec- 
tively, and of equal thickness, are loosely jointed together and suspended 
sjrmmetrically from a fixed cylinder, of which the axis is horizontal and 
the radius greater than 6, the middle beam resting upon the cylinder. 
Determine the pressure at the three points of contact; (1) when 2a 
is greater than I; (2) when it is less. 

Let AB^ BC, CD be the three beams, E, CP^ F the points of 
contact, G the middle point of AB. The figure will sufficiently explain 
the forces which act ; it need only 
be remarked, that the action between 
the two beams at B is assumed 
to be one force P acting in a direc- "R^ 
tion determined by the angle B 
which it makes with the horizon; 
we might haye assumed a horizon- 
tal and Yertical force, but have 
chosen to assume one force in a di- 
rection to be determined. -^ 

Let r be the radius of the cylinder, UOCf^^a, then the equations 
for the beam AB are 

Pcos^ — 12sina = 

PsmB + RcoBa^W 

Sb" Wa cos a = 
for the beam BC, 

R'-2PAne=W 
the other two equations are identical; and those for CD are the same 
as for AB. And we have the geometrical relation, 




0) 

(2) 
(3) 

(4) 



a 



6 = rtan- 



(5) 
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From (3), 

- _ . 9O 

p Wa Wa ^2 TFar"-i" 

-"=-Tr-coso = -^ «=— T" -:s — w* 

^^ ^ l+tan»s ^ ''^•'^ 

2 

It will be observed that the problem is set with the condition that 
r is > &9 and it is manifest that the beams AB^ CD could not otherwise 
be in contact with the cylinder ; in the expression jnst found J?, if r be 
less than ^, 22 becomes negative^ which shews that the beam AB 
could not be in contact unless held by a string, the tension of which 
would be a force in the opposite direction to that assigned in the figure 
to R. 

Again, from (4), 

12'=Tr + 2Psin^, 

=?^ + 2TF-2l2cosa, from (2), 
= fF' + 2Tr-.2fF^cos*a, 

Since the beams are of equal thickness we must have 

W I W ;: b : a; 

•••«'=-{^«-¥^"}- 

Let us simplify these expressions by supposing that r=2h^ 

18a \ 
25bJ' 

Still further^ suppose that a^^b, 

thenl? = ffF, ie' = g...g)^=|^: 



then^ = ||fF, 72'= ^^^ + 2-^^) 



XXX. The case in which 2 a is < i we shall leave to the student's 
own ingenuity, merely remarking that he will find the mechanical 
equations^ with one exception, to be the same, and that he must sub^ 
stitute a new geometrical relation for equation (5). No step can be 
conveniently taken for the solution of the problem beyond writing down 
the appropriate equations. 

XXXL Two equal and similar rough beams are fastened together 
by two of their extremities, so as to include a ^y^w «sl^<^ ^20^^ \A^g!^^c)sst. 
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to form one rigid piece ; the piece thus fonned is balanced upon a fixed 
rough horizontal cylinder. Determine the limiting positions of equi- 
libriam, the coefficient of friction being tan/. 

The student may^ if he please, simphfy this problem by taking the 
angle between the beams a right angle, and each of the beams equal in 
length to the diameter of the cylinder. 

XXXII. A person suspended in a balance of which the arms are 
equal, thrusts his centre of gravity out of the vertical by means of a 
rod fixed to the further extremity of the beam of the balance, the 
direction of the rod passing through his centre of gravity : given that 
the rod and the line from the nearer end of the beam of the balance to 
his centre of gravity make angles a, fi with the vertical, shew that his 
apparent and true weights are in the ratio sin (a + /3) : sin (a ^ /^). 

XXXIII. A uniform beam is placed in a fixed smooth hemi- 
spherical bowl, the diameter of which is Jess than the length of the 
beam^ find the position of equilibrium. 

We will leave this problem to be treated by the student according 
to the general method of reso- 
lution of forces and of moments, 
and will insert a geometrical 
solution. 

Let AB be the beam, CDE 
the bowl, its centre; draw 
AOF, and EF perpendicular 
to AB, to meet in F; these- will B 

be the directions of the two pressures B^ Bf^ at A and E. From F 
draw a vertical line^ which must pass through G^ the middle point 
of AB and be the line of action of its weight W. Xet r be the radius 
of the sphere, AB = 2a, Q the angle which AB makes with the vertical, 
otFGE=e. 

Then O^JS^=0£ii =90*-^. Also since AEF is a rigTit angle, 
a semicircle described upon AF will pass through J&, .*. A0= OFy 
or AF=^2r. 

Now from the triangle FAGy we have 

AG_ BinAFG 
AF onAGF' 

a sm(6-90'+^) cos2a 




or 



2r eind Bin6 
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2r 

or 8in'6 — -r-sin^-isO, 

a quadratic for determining 6* 

The student may perhaps be puzzled hj obtaining a quadratic, 
which must have of necessity two roots, when apparently one answer 
only was required to the problem : by solving the equation, (or by 
observing the sign of its last term,) he will perceive that one root of 
the equation is positive and the other negative, and since the angle 
which he requires is manifestly less than 180° he will know that the 
positive root is that which he seeks. The full explanation however of 
the existence of this negative root would lead us into difficult con- 
siderations, which are better for the present omitted. 

With regard to the stability of this beam the student will have no 
difficulty in satisfying himself, by considering the form of the curve 
which G must necessarily describe if the beam be made to assume 
different positions, that the equilibrium is stable. 

XXXIY. Consider the preceding problem, taking account of 
friction. 

XXXY. An aperture is made at the extremity of a horizontal 
diameter of a fixed hollow sphere, and a rod without weight and of 
greater length than the diameter of the sphere inserted; given the 
length of the rod, determine the conditions of equilibrium when it is 
acted upon by a given horizontal force, at the extremity which lies 
without the sphere. 

XXXVI. AOB is a fixed vertical rod in a fixed hemispherical 
bowl CBD, of which the centre is 0. PQ is a 
uniform rod resting upon the bowl at Q and upon 
AOB at P: to find the position of equilibrium. 

Join QOy this will be the direction of the 
pressure of the surface of the bowl upon the rod 
at Q, which call R, The pressure R' of the rod 
AOB upon PQ at P will be horizontal. The 
weight W of PQ will act parallel to AOB at b" 

the middle point G of PQ. Let QPB^B, QOB^<p, BOr=r, and 
PQ^2a. 
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Then resolving horizontally and yerticallyy and taking moments 

about Gy we have 

^-i28in0 = O (1) 

^-i2co8 = O (2) 

i2'aco8^-JRa8in(0-6) = O...(3) 

And we have the geometrical relation, 

2a_8in^ ,. 

r sina ^**^ 

Now from (1) and (3) there results 
sin ^ cos ^ = sin (jp-O) 

= sin ^ cos ^ — sin 6 cos ; 
.*. sin ^ cos ^ = 0. 

Hence either = 0, or ^ = 90** ; the latter is not possible, because 
(2) would give us Tr= ; hence = is the only solution, that is, the 
rod PQ must stand vertically, in which case it is manifest that there 
will be equilibrium. 

Consequently there is no such position of equilibrium as that which 
we have represented in the figure ; and a little consideration would have 
pointed this out to us at first, for it is evident that the directions of the 
three forces W, By K cannot pass through the same point, which is an 
essential condition of equilibrium. 

XXXYII. A ladder being placed against a perfectly smooth wall, 
find the smallest angle of elevation for which equilibrium is possible, 
the coefficient of friction between the ladder and ground being given. 

XXXYIII. A hemisphere ABC being placed in contact with 
a smooth vertical wall, as in the figure; to find the 
nearest point to C at which a smooth prop being placed, 
the hemisphere will be at rest. 

Let be the centre of the sphere; draw 0GB 
horizontal, then it is evident that the centre of gravity 
of the hemisphere will be somewhere in OB : let it be (r ; 
the exact position of 6r is a matter of indififorence so 
far as the method of investigation is concerned, but we may as well 
assume that which can be proved, namely, that OG : OB :: 3 : 8. Let 
W be the weight of the hemisphere which acts at 6r. 
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AgaiS) if tliere be a prop at any pomt P, it is -plain that the hemi- 
sphere cannot fall without twisting so as to separate itself from the wall; 
just before the final separation takes place, the lowest point O will be 
the only point in contact with the wall : hence we may suppose the 
action of the wall to produce a force E at the point C, and in the 
direction perpendicular to AC, i. e. in the horizontal direction. 

Let the directions of W and B intersect in ^. Then the third force 

arising from the pressure of the prop must also act through N; but this 

force must also act through 0, since it must be normal to the surface of 

the sphere ; hence^ joining NO, this must be the direction of the force, 

and the point in which NO meets the hemisphere will be the point 

required. 

CN S 
If we denote by 6 the angle CONy then tan ^=^ = - , or a=20033': 

and the angle 6 thus found will entirely fix the position of the point 
required. 

We have solved this problem by a geometrical construction, as being 
the neatest method of treatment. If however we had taken P as the 
point, and denoted. COP by ^, and the pressure at P by E\ we should 
have had the equations 

R'coad^W (1), 

R'ainO^R (2), 

R.OC=W.OG (3); 

(1) and (2) give us, 

and from (3) 

R^OGS 

W OC'8' 

g 
.*. tan = - as before. 

XXXIX. Consider the preceding problem on the supposition of 
the wall being rough. 

XL. If the wall be smooth and the prop be not at the nearest 
point possible to C, but at any other point P such that COP^a^ deter« 
mine the pressure upon the wall and prop respectively. 
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XLI. A cylinder lies upon two equal cylinders, all in contact, and 
having their axes parallel : and the lower cylinder rests on a horizontal 
plane : tan^) tanj^ are the coefficients of friction respectively between 
the cylinders, and between the cylinders and the plane. Supposing the 
points of contact all to slip at the same instant^ findy*andy^. 

Let JV be the weight of the upper cylinder, W that of either of the 
tewer ones, R the action between two cylinders, R' betw^n either of 
the lower cylinders and the plane; a the angle which the line joining 
the centres of the upper and either of the lower cylinders makes with 
the vertical. (The student can supply the figure.) Then the equations 
of the problem will be as follows^ 

For the upper cylinder, 

2 22 cos a + 2 22 tan^sin a = ^, 

or 22co8(a-/) = — ^ (1), 

For either of the lower cylinders^ 

22 sin (a-/) =008/ tan/' 22' (2), 

22 cos (a-/)- (22'- ^0 cos/ (3), 

22 tan/= 22' tan/' (4). 

From these four equations we can eliminate 22 and 22', and find/ and/'. 
From (2) and (4), we have 

sin (« -/) = sin/; 



.-. a-./=/, or/=|. 



Again, from (1) and (3)> 



W W 

^ = 22'-^', or 22'=^'+^, 

from (1) and (2) 

, , ^ 2 22' tan/' 
tan(a-/)= w ' 

or tan- = j^ tan/; 

. .*. tan f = rrffr? nr tWl - . 
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XLII. A number of weights TF, , W,, Wg, are connected 

by strings of given length, the extremities being attached to two 
points in the same horizontal line, so as to allow the weights to hang 
in a festoon below ; to find the conditions of equilibrium. — The fun%^ 
adar polygon. 

Let B^ C, D,....be the weights; A^ a 
G the points of suspension; AB^a^^ 
BC = ag , &c. AG=^e; also let the an- 
gles which ABf ^ft. --respectively make 
with the vertical be ^i^j....; lastly, let 
T1T2 be the tensions of the strings. 

Then the weight Wx is kept in equi- 
librium by its own weight acting vertically, T, acting in the direction 
BA^ and T^ in the direction BC. Hence resolving horizontally and 
vertically we have, 

Ti sin ^x = I'a sin ^8 (1) 

Ticos0i-i;cosa,= W^, (2) 

We shall have two similar equations for each weight; suppose there 
are n of them, then we shall have 2n equations. Let us consider how 
many unknown quantities there will be. There are w + 1 strings, 

therefore there will be w + 1 unknown forces TiT^ 2^1 > and 

w + 1 unknown angles 61 0^ ^n+i ; on the whole then there will be 

2w + 2 unknown quantities; but there are only 2 w mechanical equar 
tions, therefore we must have two geometrical. One of these will be 
the following, which arises from the fact of AG being given, 

ai sin ^x + flj sin ^a + + a^i sin ^.h-i = ^- (-^) 

The other is obtained thus ; let /> be the lowest point of the festoon, 
and let Wp be the weight which hangs at D, then the vertical distance 
of D fiomAGia 

fli cos ^1 + a, COS ^8 + &c. + flp cos ^, ; 

but the same vertical distance is also equal to 

flp+i cos^p+x + +a^x cos^^x ; 

.'. aiCOS^x + +apCOS^, = ap+iCos^iKH + + a«+i cos ^.h-i* (B) 

Thus we have obtained the 2n + 2 equations required. 

To complete the solution of the problem so far as it ca^ V^ 
completed^ let us write down equation {^ ^xA HS^ \!ti<^y^ ^^ ^^ ^sso^ 
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tlass: and to simplify the problem we will consider all the weights 

equal, then 

T^cosdi" Ta cos 0a = Wy 

Ta COB Ba-Tn 006 0^= W, 



T. cos e, - r^x cos Ci = W; 

subtracting the second of these equations from the first, we have 

J'iCOs6i-2 2',cos6, + T;cos0a = O. 
But by (1) Ti sin 6, = T^ sin 0, , 
and in like manner, TaSmBg^ T^sixiOzy 

.'. I'l sin ^1 = 7*2 sin 0, = Ta sin 0, = X suppose; 



sin^x' * sin^a* * sin^j' 
Hence our equation becomes 

\ cos 0, ^ X cos 6a X cos ^a ^ 
L «„ 2 .* _L. 2. j= Q 

sin^i sin 0a sin da ' 

or cot 01 + cot 03 = 2 cot 0a. 

The angles 0x, 08) 08) therefore, and in like manner all the following 
angles, are such that their cotangents form an arithmetical progression. 
In this arithmetical progression it is evident that the terms must be 
decreasing, (since the angles increase, and therefore their cotangents 
diminish ;) hence the terms will at length become negative, that is, the 
angle will be greater than a right angle, and these will correspond to the 
strings between the lowest weight and the point G. 

The set of equations similar to (1) express that the horizontal 
tension of all the strings is the same;- a result which might have been 
anticipated. And this same thing is true of a chain or cord sus- 
pended from its two extremities, and so forming what is called a 
catenary; that is to say, the horizontal tension is the same at all points 
of the chain or cord. 

XLIII. Two equal weights are suspended from two points in the 

same horizontal line, which are two feet apart, by means of three threads 

which are respectively 1, 1 and 2 feet long; prove that the three acute 

angles which the threads make with the horizontal line are together 

egaal to two right aoglea» 
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XLIY. If in the preceding problem the connecting threads be 
each one foot long, determine the angles which they make with the* 
horizon^ and their tensions. 

XLY. Having allnded io the form assumed by a cord or chiun 
suspended from its two extremities, it may be as well to make one 
or two more remarks upon the same subject. The form of the curve 
we shall not be able to investigate, without recourse to a higher portion 
of the pure mathematics than we suppose the student to have at his 
command; nevertheless certain properties t>f the curve may be investi- 
gated without difl&culty. 

Let ACB be a uniform cord> hanging front' two points A B in ih& 

same horizontal line ; D the middle point A D B 

between A and B; DC a vertical line. 
Then it is evident, that the portion AC 
of the cord on one side of DC will be pre- 
cisely similar to the portion BC on the 
other side, and C will be the lowest point. 
Now how are we to apply our principles of equilibrium^ which have 
been investigated for a particle and for a ri^id lodi/, to the case of & 
cord which is neither the one nor the other ? The method adopted is 
as follows. 

Let P be any point in the cord, and let the length of CP = *. Then 
since the cord is at rest, it will not iiffeci the equilibrium if we suppose 
the portion OP to become rigid; suppose, for instance, C!P to be impreg- 
nated with some fluid which solidifies, so that CP hangs like a wire 
with cords at its extremities. The rigid piece CP will be held in equi- 
librium by the vertical force of its own weight, which will be propor- 
tional to s and will act through its centre of gravity, and by the tensions 
of the cord at Cand P; now these tensions will be in the directions of 
the tangents of the curve at those points, therefore the tension at C will 
be e\'idently horizontal, and that at P will be in the direction of JSJPj 
suppose. We have already explained that the horizontal tension will 
be the same at all points of the catenary, therefore the tension at C 
which is wholly horizontal will be equal to this constant horizontal 
tension ; let c be the length of cord the weight of which would be equal 
to this tension, then as the weight of CP is to «, so is the tension at 
to c. In like manner, denote the unknown tension at P by f, where t is 
in fact the length of card whose wdght would produce that tension. 
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Now draw PF horizontal, that is, perpendicular to DCE» Then CP 

is kept in equilibriam hj the three forces «, c^ t which act in directions 

respectively parallel to FE, PF^ EP; therefore hj the Triangle of 

Forces, 

s : e : t :: FE : PF : EP. 

let FEP = By then 

~=^=-*'' w 

t EP 

and - = ^5-pv = cosec ^, or *• = c" + *• (2). 

c PF ' ^ ' 

We cannot proceed any further in the solution ; but it will be seen 
that we have obtained two important results. 

For (1) gives us the law according to which the direction of thd 
tangent of the catenary changes as we proceed from the lowest point; 
and it will be interesting to notice how this result may be obtained from 
the corresponding equation in the investigation of the funicular polygon. 

Now we may regard a uniform cord as a series of equal weights 
connected by strings of indefinitely small length, and then the direction 
of the string joining any two weights will be the direction of the tangent 
at the corresponding point of the catenary. Let then the cord 9 be 
divided into any number (p) of equal parts; then the weight of each 

portion will be measured by - • Now resuming equations (1) and (2) 

of the funicular polygon (p. 193), we have 

Ti sin By^Ta sin dt = e, 

TiCoaBi'-TaC03B^ = -; 

P 

.*. e cot ^1 — c cot ^8 = - , 

P 

or, cot ^1 — cot ^a = - • - J 

p c 

in like manner, cot ^a — cot ^. = - . - , 

p c' 



and cot ^p~ cot ^p+i =- .- ; 

p c 



therefore, adding all these equations together. 



cot By — cot ^o+i s=» X - . - = - . 
'^ '^ p c c 
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But at the lowest point of the catenary 6^i^go\ or cot ^^1=0, 
and ^1 is the angle which we have called 6 in the investigation of the 
^tenary ; 

.*. cot ^ — — as before. 
c 

Again^ equation (2) gives us the law according to which the tension 

of the cord in the catenary varies from point to point. This may 

be in like manner deduced from the equations (1) of the funicular 

polygon. 

XLYI. The following is an example of the application of the pre 
ceding investigation. 

A chain of given weight is suspended from two equal vertical posts 
of given height^ and the angle which the chain makes with either post 
at the point of suspension is observed. To find the moment of the 
force which tends to overturn one of the posts. 

If A be the height of one of the posts, then, accordmg to our 
previous notation, cA is the moment required. To 
determine c, we observe^ that if Whe the whole weight 
of the chain^ and a the angle which the chain makes 
with either post, then 

W ^ 
— = cot^, 
c 

,\ c=W tan a, 
and Wk tan a is the moment required. 

It may be remarked here^ that although a cord may be stretched so 
as to be for all practical purposes horizontal, as in the case of a piano- 
forte string, yet it never can be so accurately. In the preceding invea* 
tigation a cannot be 90^ unless either ^= or c = oo. 

XLYII. Analogous to the problem of the funicular polygon is that 
of the conditions of equilibrium of a system of beams, resting one upon 
another so as to form a kind of arch. The essential distinction between 
the two problems is, that in the case of the beams we have a series of 
equations of moments^ which do not occur in the other. 

To simplify the problem we will 
suppose the beams to be all equal 
and uniform^ and that there are an 
oven number of them* Then the 
arrangement will be such as is repre- 
sented in the figure. 
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Let 118 consider the forces which act. Upon each beam there will 
be the vertical force W, its weighty acting at its middle point. At 
each extremity of each beam there most be a force, which it will be 
convenient to consider as resolved into a horizontal and a vertical part ; 
this will be convenient, because it is evident that all the horizontal 
parts mnst be the same thronghont the system, and we may there- 
fore denote them by one common symbol JT: let Ti, F,, Yi, 

be the npward vertical pressures at the lower extremities of the Ist, 

2nd> 3rd, beams respectively, reckoning from the lowest; and let 

01, Bay ^9 J he the angles which the same make with the horizon. 

Also let there be 2n beams, and let the length of each be a. 

Then the mechanical equations for the n beams on the left of the 
vertical through the highest point D will be as follows: 

^•-^'=^' I (1). 

Fiaco8^i+ F, acos^i* 2 JTa sin ^, J 

^•-^•='*'' I (2). 

F,acos^8+ Fs a cos ^9 = 2 JTa sin ^s J 

F,acos^,«2Xosma. i ^**^' 

It will be observed that there is no vertical pressure upon the upper 
end of the last or nth beam. Thus we have 2n equations involving 
2n+ 1 unknown quantities, viz. JT^ Fi, Fi, ... F,, ^i, 0^, ... 0^, We 
must have one geometrical equation, which will result from the fact of 
the distance AA' between the points of support of the system being 
given; call it 2<;, then we have 

acos^i +aco8^s+ ... +ocos^, = <? (n + l). 

We can proceed a little further in the solution of the problem. We 

Jiave 

Y.= W, F^,-.F.= TF; 

.-. F^,=2W, 

in like manner Y^2— ^^9 and so on. 

Lastly, Ti^nW. 

This result might have been foreseen, fflnce the pomt of support A 
bears the whole weight of the beams, that is, the vertical pressure upon 
U 18 ^W. 
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Again, we have 

2Xtan^i= Fi-f Ya=n W+ n-l] TT = 2n - l] W, 
2Xtana,= F,+ F8 = n-1 iTr+n^]TF*2»-3| W, 

tan ^1 _ 2n-l tan g, _ 2»~3 tan 0^, _ 

•** tan5i""2«-3' tan0.""2»-5' ®'' laTC ~ ' 

We cannot cany the solution of the problem any further in its general 
fonn^ because of the unmanageable character of the equation (n + 1). 

XLYIII. Three uniform beams rest upon abutments, as in the 
preceding problem. "Write down the equations necessary for the solu- 
tion of the problem. 

XLIX. Let AB, BC, CD be the three beams; and let 
AB=BC, and AD==CD=^QAB; then if a circle be described 
through B and C and touching the horizontal line through j5, it 
will pass through the point of intersection of AB, DC produced. 

L. Two equal beams rest upon a smooth horizontal plane> bear- 
ing upon each other at their highest points and haying their lower 
extremities connected by a string of given length ; find the tension of 
the string. 

In common roofs the lower extremities of the principal rafters are 
frequently connected by a beam called a tie-beam; the result of the 
preceding problem will point out the use of the tie-beam, in preventing 
any spreading of the walls in consequence of the outward pressure 
caused by the weight of the roof. 

LI. Supposing the surfaces of the stones or voussoirs of an arch to 
be perfectly smooth, to determine the conditions of equilibrium. 

Let ABCD be the 
arch, composed of perfectly 
smooth stones which press 
against each other, and rest 
upon solid masonry at AB 
and CD. 

Consider the equilibrium of the first stone or voussoir AB BxA^ 
the weight of which call W^^ which acts through the centre of gravity. 
Now the pressures of the voussoir upon the stonework at AB will 
be equivalent to some one pressure B acting at a point P ^t^^^^s^- 
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larly to AB> . Let the direction of this pressure meet that of J^i in O; 
then the pressure between the first and second voussoirs must be a 
pressure Rx passing through 0: therefore if we draw OPj perpen- 
dicular to ^iB|, this will be the direction of j^i. In like manner we 
may determine the direction of the action between the second and 
third Youssoirs, and so oo. 

Let 0^1 ^8 ... be the angles which AB^ ^i^i* A^B^^ . • • make with 
the vertical. Then we shall have the following equations^ 

i^COS^-i^lCOS^, =0, ) .- 

R sm e --B, mi Bx-^WJ ^^' 

Bx cos 6| - i^a cos ^t = 0, ) .g. 

/?, sin^,-/?,sina, = »",/ ^ ^' 

&c. &C. 

The analogy of these equations to those of the funicular polygon 
will at once be noticed. 

We shall not pursue this investigation further^ but will point out 
a simple geometrical construction by means of which we can determine^ 
if the directions of the joints of the voussoirs be given, the relations of 
the weights, and vice vend. 

(l). Let the directions AB, A^Bi^ &c. be given. 

Through any point X draw Xa, Xa, , Xa, ... a ^/ ^9 
parallel to AB, A^B^^ A^B^y* and draw any 
horizontal line cutting the above lines in bbibg,,. 
Tesi)ectively. Then the straight lines bb^^ b^bg^ 
• . . will be proportional in length to the weights 
WiWg ... The student will easily supply the proof. 

(2) Let the weights TT,, TF., TF„ ... be given. The direction 
of the face of the abutment AB is arbitrary, let it be alJT; and 
through any point ^ in it, draw a straight line parallel to the face 
of the other abutment, (not represented in the figure). Draw a hori- 
zontal line cutting these two, and divide the intercepted part in bt, 
bg,,,, so that bbi^bibg^ ... shall be in the same proportion as Wi, 
Wg, ... Join JTbij JTbgy •••; these will be the required directions 
of the joints. 

The preceding investigation^ though useful as an illustration of 
statical principles^ is of no practical value in the construction of arches. 
JFor the h^othesis of the smoothness of the voussoirs is one which 
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does not hold even approximately; the force of friction is necessa- 
rily great, and may be made as large as we please. An arch con- 
structed upon the preceding principles would stand; but with this 
peculiarity, that any additional pressure to any one of the voussoirs 
would cause that voussoir to sink and others to rise, until the line of 
pressure had adjusted itself to the altered circumstances. But when 
the friction is such as to prevent the voussoirs from sliding upon each 
other, the arch cannot give way except by breaking: and a little con- 
sideration will shew that it must 
break into at least three portions, 
and the fractures must be alter- 
nately in the extrados and tn^ra- 
dos^ or external and internal 
curve of the arch. The true 
theory of the arch therefore is 
much more nearly connected with that of the equilibrium of beams, 
than that of the theoretical problem of an arch built with smooth 
voussoirs. 

LII. A string having its extremities fixed to the ends of an uniform 
rod, of weight W, passes over four tacks, so as to form a regular 
hexagon ; the rod, which is horizontal, being one of the sides ; find the 
tension of the string and the vertical pressure on each tack. Shew also 
that the rod cannot hang in any other than a horizontal position. 

LIII. If one of the highest tacks be removed, compare the vertical 
pressure upon the other highest tack with its value as obtained in the 
preceding problem. 

LIV. Still further; of the three remaining tacks remove that 
which is furthest from the highest, and again calculate the vertical 
pressure upon the highest tack. 

LY. A uniform beam rests with one end upon a given smooth 
inclined plane, and is supported upon a prop which is at a given 
distance from the inclined plane ; determine the limits between which 
the length of the beam must lie in order that equilibrium may be 
possible. 

LVI. If in the preceding problem the beam be too long for equili- 
brium to be possible, and instead of merely resting upon the inclined 
plane it be therefore attached at a given point by means of a hinge, find 
the direction and magnitude of the strain upon the hin^ 
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LYII. A ladder rests in a giTen position against a smooth waA 
with its foot upon a rough pavement; determine the weight which 
must he pbiced at its foot to prevent it from sliding ; the coefficient of 
friction for the ladder and the weight heing hoth given. 

LVIII. An equilateral triangle of given weight is supported in a 
horizontal position hy three equal threads ; the strength of the threads 
is such, that two of them would just support the triangle ; determine 
the greatest weight which can he placed upon the triangle without 
breaking the threads. 

LIX. A ladder rests against a wall ; given the wioight of the 
ladder, the angle which it makes with the horizon, and the coefficient 
of friction both for the ground and also for the wall ; find how high a 
man of given weight can ascend without causing the ladder to slip. 

LX. A uniform string hangs in equilibrium over two pegs (not 
in the same horizontal line), shew by general reasoning that the two 
extremities must be in the same horizontal line. 

First suppose that we have four pegs A^ B, Cy i>, in the same 
vertical plane, of which A is vertically over C, and B vertically over 
D ; and let C and D be in the same horizontal line, but A and B not 
in the same horizontal line. Take an endless string, and suspend it 
upon these four pegs; then it will arrange itself in some position of 
equihbrium, forming a festoon or catenary from A to B, and another 
from C to D; the catenary CD will be perfectly symmetrical with 
respect to C and D, and therefore vnll produce precisely the same 
tension at C as at D: whatever horizontal tension there may be at C 
and Z> will be counteracted by the pegs, and the vertical tension will 
be equivalent to two equal weights hung upon the strings AC, and 
BD : these equal weights may be represented by two equal pieces of 
string CB, DF; hence equihbrium will still subsist if we remove the 
pegs C and Z>, and the catenary CDy and instead thereof add the equal 
lengths of string CE and DF, We have now the string EABF in 
equilibrium upon the two pegs A^ B, with its extremities in the same 
horizontal Une; and conversely it is not difficult to shew, that the 
string cannot be in equihbrium unless its extremities are in the same 
horizontal line. 

Suppose A and ^ to be in the same horizontal line, then it is easy 
to calculate the length oi AE and BF in order that there may be 
equUihnian, Fox we have already proved the general formula for the 
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tension <•=*■ + <?•. Hence if 2 « be the whole length of the string we 
must have AE^ ^^ -{-(f. 

LXI. A hemisphere is placed with its base in contact with a smooth 
wall> and it is moveable about an hinge at its lowest point ; a string 
fixed to a point in the wall vertically over the hinge carries a weight, 
which presses the string against the hemisphere, and so preserves equi- 
librium : find the smallest weight which will answer the purpose. The 
distance of the point of attachment of the string from the hinge may be 
taken to be three times the radius. 

When the system is in equilibrium^ the student will observe that the 
string may be supposed to be fastened to the hemisphere at the two 
extreme points of the arc of contact, and therefore the action of the 
string will be reduced to that of two forces at those two points^ each 
equal to the suspended weight. 

LXII. A sphere rests upon two inclined planes ; find the pressure 
sustained by each. 

LXIII. An isosceles right-angled triangle rests in a vertical plane 
with the right angle downwards^ between two pegs at a distance a from 
each other in a horizontal line ; determine the positions of equilibrium. 

LXIV. If G he the centre of gravity of a triangle ABC, three 
forces in the direction of and proportional to GAy GB^ GC^ will keep a 
particle at G at rest. 

LXV. A hemisphere is supported by friction with its curved 
surface resting upon a Itorizontal and in contact with a vertical plane ; 
find the limiting position of equilibrium^ 

LXYI. AB is a rod capable of turning freely about its extremity 
4, which is fixed> CD is another rod equal Xo^AB^ and attached at 
its middle point to the extremity B^ of the former, so as to turn freely 
about this point ; a given force acts at C in the direction CA^ find the 
force which must be applied at D in order to produce equilibrium. 

LXYIL If a set of forces, acting at the angular points of a 
plane polygon be represented in magnitude and direction by the sides> 
taken in order, shew that the tendency to turn the body about an axis 
perpendicular to the plane of the polygon is the same through whatever 
point of the plane the axis passes. 

LXVIII. A triangular board of given weight rests in equilibrium 
with its base. on a horizontal plane BufficieiiWy tqw.^ N»^ Y^"^^^ *^ 
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sliding. A force acts upon it in its own plane and in a given line 
through the vertex and without the triangle; find the limits between 
which the magnitude of the force must lie if the equilibrium is preserved. 

LXIX. Two equal circular disks with smooth edges, placed on 
their flat sides in the comer between two smooth vertical planes inclined 
at a given angle, touch each other in the line bisecting the angle, find 
the radius of the least disk which may be pressed between them without 
causing them to separate. 

LXX. If two scales, one containing a weight P and the other a 
weight Q, be suspended by a string over a rough sphere, and if Q be 

on the point of descending, then the weight — ^ — put into the 

opposite scale will make that scale to be on the point of descending. 

LXXI. A uniform and straight plank rests with its middle point 
upon a rough horizontal cylinder which is fixed, their directions being 
perpendicular to each other. Find the greatest weight that can be put 
upon one end of the plank without causing it to slide from the cylinder. 

LXXII. One end of a beam^ whose weight is W, is placed on a 
smooth horizontal plane ; the other end, to which a string is fastened^ 
rests upon another smooth plane, inclined to the horizon at an angle (a); 
the string passing over a pully at the top of the inclined plane hang9 
vertically, supporting a weight (P). Shew that the beam will rest in 
any position if a certain relation hold between P, W^ and a. 

LXXIII. A cylinder, the base of which is in 'contact with a smooth 
vertical plane, is supported by a string fiustened to it at a point of its 
curved surface whose distance from the vertical plane is 6. Shew that 
h must be intermediate in value to ^ — 2 a tan 0, and h, where 25 is the 
altitude of the cylinder, a the radius of the base, and Q the angle which 
the string makes with the vertical. 

LXXIV. A flat board in the form of a square is supported upon 
two smooth props with its plane vertical ; investigate an equation for 
determining its positions of equilibrium, the distance between the props 
being equal to half a side of the square. 

The equation required is cos ^ — sin ^ = cos (2^ + a), where a is the 
angle which the straight line joining the props makes with the horizon, 
^.that which one side of the sqmre vikii^ea with the same. 
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LXXY. A pack of cards is laid on a table ; each projects in the 
direction of the length of the pack beyond the one below it ; if each 
project as far as possible, prove that the distances between the ex- 
tremities of the successive cards will form an harmonic progression. 

LXXVI. A uniform slender rod passes over the fixed point A 
and under the fixed point B, and is kept at rest by the friction at the 
points A and B; determine the limiting position of equilibrium. 

LXXVII. Four uniform slender rods ABy BC, CD, DA, rigidly 
connected, form the sides of a quadrilateral figure, such that the angle 
^ is a right angle, and the points B, C, D are equidistant from each 
other; when the whole is suspended at the angle A^ determine the 
position of equilibrium. 

LXXVIII. A uniform bent lever, the arms of which are at right 
angles to each other, is just capable of being inclosed in the interior of 
a smooth spherical surface ; determine the position of equilibrium. 

It will be seen that the plane of the lever must be vertical, so that 
the directions of the forces will all lie in one plane. 

LXXIX. Two unequal weights, connected by a straight rod with- 
out weight, are suspended by a thread of given length, fastened at the 
extremities of the rod, and passing over a fixed point ; determine the 
position of equilibrium. 

LXXX. A smooth body in the form- of a sphere is divided 
into hemispheres and placed with the plane of division vertical upon a 
smooth horizontal plane ; a string loaded at its extremities with two 
equal weights hangs upon the sphere, passing over its highest point and 
cutting the plane of division at right angles; find the least weight 
which will preserve equilibrium. 
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PREFACE. 



The following elementary treatise on Dynamics is 
the companion to the treatise on Statics published in 
1851. It comprises those portions of the subject which 
can be conveniently treated without the direct aid of 
the Differential Calculus, and is composed upon the same 
method as that adopted for Statics. 

I have made one deviation from the plan usually 
adopted in treatises on the principles of Dynamics, which 
I trust may be found to simplify the subject to beginners. 

Instead of explaining and discussing the three laws 
of motion in one Chapter and then following them into 
their applications, I have taken each law in conjunction 
with those applications which are possible without an- 
ticipating any law which is to follow. Thus I have 
proceeded at once from the first law of motion to the 
theory of falling bodies, and to the second law of motion 
I have immediately appended the parabolical theory, of 
projectiles. I imagine that this method of treatment 
will be found to alleviate the difficulties which are fre- 
quently found to belong to the introduction of the third 
law of motion. 



lY PREFACE. 

In the preface to my elementary treatise on Statics 
I announced the intention of shortly publishing a brief 
treatise on the Conic Sections ; my promise has not been 
fulfilled in consequence of unavoidable circumstances. 
I have referred in the present work to "Conies" in 
general, whenever I have had occasion to quote any of 
the properties of the Conic Sections: any treatise on the 
subject will supply all the propositions requh-ed. 



H. GOODWIN, 

I 

I Cambbidoe, 

j October, 1863. 
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INTEODUCTOEY CONVEESATION. 



Tut(yr. Whe$j we commenced the study of Mechanics 
we divided the subject into two parts, Statics and Dyna- 
mics; I now propose to introduce you to the second of 
these divisions. 

Pupil. Statics is that part of Mechanics which treats 
of bodies at rest; Dynamics that which treats of bodies in 
motion. 

T. That is the proper distinction ; force, you will 
remember, we defined to be any cause which produces, or 
tends to produce, motion in a body ; if the motion is ac- 
tually produced, the action of the force becomes a dyna^ 
mical problem. If given forces act upon a body, the 
body will move in a certain definite manner, depending 
upon the nature of the forces, and our purpose is to de- 
termine that motion ; or sometimes the motion is given, 
and the problem is to determine the nature of the forces 
under the influence of which the motion takes place. Be- 
fore, however, we concern ourselves with these general 
problems, it will be necessary for us to consider the manner 
in which we can measure the motions of bodies; we 
speak, for instance, of a body moving in a given manner ; 
how can we suppose the motion to be given ? 

P. We must know, I suppose, in what direction the 
body is moving, and how fast. 

T. That is quite true ; and to make the matter more 
easy to be understood, let us separate the two things, the 
direction in which the body is moving, and the rate at 
which it is moving ; the direction may be changing from 
one instant to another, as the course of a ship is conti- 
nually altering, but let ua suppose t\ie «vxa^ei ^'^^^ ^^ ^ 
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body moraig in one direction, that is, in a straight line» 
from Aio B for example. Saiq>ose the distance from A 
to J7 to be one mile, and suppose that a body leaving A 
at 12 o'clock reaches J7 at l o'^dock, then we should say 
that the body moved at the rate of l mile per hour. But 
it would not follow of necessity that at half-past twelve 
o^clock the body was exactly half-way between A and B ; 
would it ? 

P. Certainly not; for the body might lag behind 
during the first half-hour, and might make up the lost 
time by increased speed in the second* 

T. Manifestly so ; in fact, if we made observation of 
the number of feet passed over by the body in each suc- 
cessive minute, we might perhaps not find the numbers 
for any two minutes to be the same. We should express 
this mathematically by saying that the velocity of the body 
was not uniform. 

P. By velocity you mean the rate of the body's 
motion. 

T. Yes; it is difficult to express the term velocity 
by any word more simple than itself: if one body move 
from j< to ^ in an hour, and another in two hours, then 
I should say that the velocity of the one body was twice 
as great as that of the other, or that one moved twice as 
fast as the other. In saying this, however, I should assume 
that the body moved uniformly, or passed over the same 
number of feet in successive minutes and seconds; and 
this uniform motion in a straight line from one point to 
another is the simplest case of motion possible, but pro- 
perly speaking there is nothing dynamical in such motion 
as this. 

P. Nothing dynamical ? 

T. No ; we spoke of Dynamics as the science of 
force producing motion : now when a body is moving uni- 
formly and in a straight line ^e ^liall presently find that 
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no force is acting upon it, and therefore its motion has 
nothing to do with Dynamics. 

P. What put it in motion then ? 

T. The question for us is not, what originally put it 
in motion, but what force is acting upon it now ; and inas- 
much as no force is acting upon it during its actual course 
from A to B, its motion between those points involves no 
considerations of the nature and action of force. The 
science of the motion of bodies, which does not introduce 
any considerations of force, is sometimes distinguished a9 
the science of kinematics* 

I said then, that the simplest case of motion was that 
of a body moving uniformly in a straight line ; the case 
next in simplicity is that of a body moving in a straight 
line but not uniformly ; in that case, if the nature of the 
force be given, the problem of Dynamics is to determine 
the rate of the body's motion at each instant, and its 
position at each instant, or if these be given, to find the 
nature of the force. Ascending in the scale of generality 
we have the case of a body moving neither uniformly 
nor in a straight line, and then similar problems present 
themselves, but involving greater difficulties. These pro- 
blems will not be wholly solved in the treatise which you 
are about to read ; the solution would require more mathe- 
matical resource than we can command ; we shall be able, 
howeveY, to solve many problems of great interest, and to 
exhibit clearly the principles of the subject. Other pro- 
blems will present themselves, such as the motion of pen- 
dulums, and the collision of bodies impinging one upon 
another, which we can more or less completely solve. At 
present, however, let us confine our attention to the mode 
of estimating the velocity of bodies ; this subject, as you 
will perceive, is treated by itself in the first chapter of 
the treatise, and the arrangement is adopted in order that 
you may remember that the question of the mode of 
measuring velocity is rather the introduction to Dyiiacaia^^ 
than Dynamics itself. 



CHAPTER I 



ON VELOCITY. 



1. When a particle occupies the same position in 
space during successive instants of time the particle is 
said to be at rest, if otherwise the particle is in motion. 

The motion of a particle may be either in a straight 
line or not, in other words it may be either rectilinear or 
curvilinear. For simplicity's sake let us first consider 
rectilinear motion. 

2. Def. If a 'particle pass over equal spaces in equal 
times its velocity is said to be uniform ; if not, it is said to 
he variable. 

3. Uniform velocity is measured by the space passed 
over by the particle in any given time as an hour, a 
minute, or a second. The last-mentioned is the portion of 
time usually fixed upon, and is called the unit of time. To 
define a second accurately it would be necessary to have 
recourse to astronomical explanations, but to do so would 
not add to the clearness of our definition ; it will be suffi- 
cient for us to take the expression second of time in its ordi- 
nary popular signification, as being the three hundred and 
sixtieth part of an hour as shewn by a good clock. A 
second so defined is taken as the unit of time, that is to 
say, other portions of time are measured by the number of 
seconds they contain ; for example, 6o would represent 60 
seconds or one minute, and generally the symbol t if it 
stand for time would represent t seconds or t units of time. 

In like manner afoot is chosen as the unit of length, or 

of linear measure ; the foot does not admit of accurate 

astronomical definition, it is an arbitrary length, deter- 

mined by a certain standard, and &xed b^ ^ct of Parlia^ 



ON VELOCITY. 5 

ment. It will be sufficient for us to refer to the ordinary 
notion of a foot as measured by a common measuring line> 
or carpenter's rule. Any number denoting length in the 
following treatise will, unless the contrary be expressed, 
denote so laaxiy feet; thus 6 would mean 6 feet, and gene-> 
rally s would stand for s feet or s units of linear measure. 

4. Having thus defined our measures of space and 
time we can very simply define our measure of uniform 
velocity ; for we say that uniform velocity is measured by 
the number of feet which a particle passes over in one 
second, or more generally, by the space described in a 
unit of time. For example, suppose a body moves over 
the space of 30 yards in 2 minutes ; then it moves over S 
feet in 4 seconds, or three fourths of a foot in one second ; 
consequently we should speak of its velocity as |^. More 
generally, suppose that a body passes uniformly over a 
space 8 in the time t^ that is, s feet in t seconds, then it 

passes over - in one second or the velocity is measured 

by-. 

5. It is usual to denote the velocity of a particle by 
the letter v. From what precedes, it immediately follows 
that if « be the velocity with which a body passes uniformly 
over a space a in time ty then a^vL .This also appears as 
follows ; V by definition is the space described in one 
second, therefore vt is the space described in t seconds ; 
but 8 is the space described in t seconds ; therefore 8=^vt, 

Hence of the three quantities «, «, t, any two being 
given the third may be found. For example: a body 
moves during 3 seconds with a velocity of 6 feet per second, 
how far will it move ? Answer, 18 feet. And so in other 
examples which are too simple to render it necessary to 
adduce any more. 

6. Next let us consider how velocity is to be measured 
when not uniform, that is, when the bod^ ^oe^ \i^\. ft^^^^^^ 
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equal spaces in equal times. In this case we cannot mea* 
sure the velocity by the space described in a second, or a 
unit of time, because the space described in different 
seconds will be different. Suppose, for instance, that we 
let a weight fall from any height to the earth, then it will 
be found to move more and more rapidly as it approaches 
the earth, and therefore its velocity is not uniform ; if we 
were able to observe its motion accurately, we should find 
that in the first second of its fall it moved through a little 
more than l6 feet, in the next second we should find that 
it moved through more than 48 feet, in the third through 
more than 80, and so on ; we could not, therefore, speak 
of the space described in one second, because the spaces 
described in successive seconds rapidly increase. How 
then shall we measure the velocity at any instant, at the 
end of the first second for example ? It is clear that the 
proper measure of the velocity at that instant is the space 
which the body would describe in a given time, if it con- 
tinued to move with the velocity in question; now the 
velocity of the body at the end of the first second is found 
(it matters not at present how) to be such that a body 
proceeding with that velocity would in a second pass over 
S2.2 feet, consequently we say, that the body has a velocity 
of 32.2 feet per second. At the end of two seconds it is 
in like manner found to be moving at such a rate, that if 
it moved for a second with that velocity it would pass over 
64.4 feet, consequently at the end of the second second it 
is said to have a velocity of 64.4 ; and so on. This method 
of measuring velocity will not occasion any difficulty, if the 
student considers that it is in fact the method by which 
even the most uninstructed person would estimate velocity; 
suppose, for instance, that a person is in a railway carriage^ 
he guesses the velocity of the train to be 30 miles per hour; 
what does he mean by speaking of a velocity of 30 miles 
per hour ? he intends to express that the train is moving 
at such a rate that if it moved uniformly at the same rate 
during one hour it would pass over 30 miles. 

7« Hence we can give the following formal statement 
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of the manner in which velocity is measured. The velocity 
of a body, if uniform^ is measured by the space which the 
body passes over in an unit of time ; if variable, the velocity 
at any instant is measured by the space which would be 
passed over in a unit of time, if the body moved during tliat 
unit of time with the velocity which it has at the instant in 
question. 

8. If the velocity at the end of successive units of 
time is increased or diminished by equal quantities, then 
the velocity is said to be uniformly accelerated or retarded 
respectively. For example, when a weight is allowed to 
fall to the earth the velocities at the end of the Ist^ 2nd, 
3rd, ... seconds are found to be 32.2, 2 x 32.2, 3 x 32,2, ... ; 
or the velocity is increased in successive seconds by the 
same quantity, 32.2 feet; consequently the motion of a 
falling body is said to be a case of uniformly accelerated 
motion. If a body were projected upwards from the earth's 
surface, we should have a case of uniformly retarded motion 
during the ascent of the body, and of uniformly accelerated 
motion during the descent. This kind of motion is next 
in order of simplicity to that of uniform velocity. 

9. The motion of a body at any instant is entirely 
determined, if we know the direction in which the body is 
moving, and the velocity with which it is moving. For 
instance, if we know that a body is moving in a direct 
line from one point A towards another B, with a velocity 
of 10 feet per second, the motion of the body wiU be 
completely determined. And this will be the case even 
though the motion of the body be not rectilinear ; for if 
a body is moving in a curve, the direction of the body's 
motion at any point is the direction of the tangent of the 
curve at that point, and if the direction of the tangent 
and the magnitude of the velocity be given, the motion 
will be fully determined. We will now explain another 
method, slightly different from this, by which the motion 
of a body may be determined, and which wiU be found 
hereafter of very great utility. 
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10. Suppose, for siniplicity'^s sake, tliat a body is 
moTing uniformly down an inclined plane ; then if the in- 
clination of the plane be given, and the Telocity of the 
body, we shall know the whole motion of the body, and 
at any moment it will be possible to assign the body's 
precise place. Again, suppose that through the upper 
extremity of the inclined plane we draw a rertical and a 
horizontal line ; then if we know the position of the body 
at any moment we shall know its distance from each of 
these lines, and conversely, if we know its distance from 
each of these lines we shall know its position ; and if we 
know its velocity down the inclined plane, we shall know 
the rate at which its distance from each of the lines 
spoken of increases, and conversely, if we know the rate 
at which these distances increase, we shall know the velo- 
city and also the inclination of the plane. 

Let us make this more clear by a numerical example ; 
suppose the plane to be inclined at an angle of 45^ to the 
horizon, and the body to be descending with a velocity 
of 1 foot per second ; then at the end of the first second 
the body will have descended through 1 foot along the 
inclined plane, and its distance from each of the lines wiU 

be —7= feet ; in like manner at the end of 2 seconds the 
v2 

body will have moved through 2 feet along the inclined 

plane, and its distance from each of the lines will be \/1l 
feet ; and so on. Now conversely, suppose that we know 
that the distances of the body from the two lines are 
always equal to each other, and increasing uniformly at 

the rate of — -p= feet per second, then we may conclude 

V2 

that the body is in fact moving upon a straight line in- 
clined to the horizon at 45® with a uniform velocity of 1 
foot per second. 

It wotdd seem to be an obvious mode of describing 
briefly what precedes, to say that the body in question has 

a uniform horizontal vehciiy o£ — j=. ?e^\. "^^t ^%^wA^ w!l4 a 
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uniform vertical velocity of the same amount ; and it will 
come to the same thing whether we speak of a body 
having a uniform velocity of X foot per second down a 
plane inclined at an angle of 45" to the horizon, or whether 
we speak of the body having a horizontal and vertical 

velocity, each equal to —^ feet per second. If, there- 

fore, we speak of a body having two velocities in two 
^assigned directions, the student will, it is hoped, find no 
cause of confusion in the expression; the expression is 
perfectly free from any source of confusion, if only he 
distinctly bear in mind the sense attached to the terms. 

Now let us generalize the method which we have 
illustrated in the preceding example. Suppose a particle; 
to be moving with a velocity v down a plane inclined at 
an angle 9 to the horizon, and suppose a horizontal and 
vertical line to be drawn through the highest point of the 
plane as before. Then the distances of the particle from 
the highest point of the plane at the end of the 1st, 
5nd, 3rd, ••. seconds will be v, 2v, Sv,... respectively; and 
the distances of the particle from the horizontal and ver- 
tical lines will be at the same instant vsind, 2vsin0, 
5vsin0,... and vcosO, 2vcos9, 3i?cos0,... respectively. 
Hence it will be perfectly intelligible, and will perfectly 
describe the body's motion, if we say that it is moving 
with a vertical velocity of v sin 0, and a horizontal velocity 
of V cos 9. 

Conversely, if we speak of a body having a vertical 
velocity V and horizontal velocity V\ the motion of the 
body will be entirely determined; that is, the direction and 
magnitude of the velocity will be known. For let v be the 
actual velocity, and 9 the angle which the direction of the 
body's motion makes with the horizon, then we shall have 
from what precedes, 

« sin « F, V cos 9 ^ V, 



.-. tan = ^,, and v^ « V \V'\ 



K^ 
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that is, the direction and magnitude of the velocity aro 
both determined* 

11. This subject may be exhibited from a rather dif- 
ferent point of view, and may be further illustrated by 
introducing a geometrical method of representing velocity, 
analogous to the method used in Statics for representing 
force. As in statics we made use of a finite straight line 
gfiven in position to represent a force of which the magnitude 
and direction were known, so we may in like manner make 
use of a straight line to represent a velocity ; for velocity 
though a very different thing from force is nevertheless like 
force in this, that it is entirely determined when its mag- 
nitude and its direction are known, and these two elements 
can both be represented by a straight line given in magnitude 
and in position, and consequently such a straight line may 
be used as the geometrical symbol of velocity. 

And the student who understands what has been already 
said concerning the velocity of a body being capable of 
being represented by two velocities in definite directions, 
and who compares the formulas of the preceding article 
with formulae for the composition and resolution of forces*, 
will not be surprised to find that velocities admit of com- 
position and resolution in a manner precisely similar to 
forces, and that we have in fact a Parallelogram, a Tri- 
angle, and a Polygon of velocities. 

Let ABCD be a parallelogram, of which BD the 
diagonal represents a certain ve- 
locity V in direction and magni- 
tude. Then what we mean by 
saying that BD represents « in 

direction and magnitude is this, ^ ^ c 

that a particle moving from B towards D with the velo- 
city V would reach D in one second. Now take any 
position P of the particle between B and D and draw 
PM, PN parallel to BC and BA respectively ; then if we 
call the rate at which the line PM increases the velocity 

* Statics, Chap. i. Art. 14, ttii<i CS\:a!^.i:N« Axi* 8« 
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parallel to BC, and the rate at which PN increases the 
velocity parallel to AB, the term velocity parallel to a given 
line will be quite definite ; and since BD is the space ac« 
tually described in one second and is therefore the geome- 
trical representation of the velocity of the particle, AD 
and CD, or BCsmd BA which are respectively equal and 
parallel to them, being the distances described by the 
particle parallel to the directions of the sides of the paral- 
lelogram may be spoken of as the velocities parallel to 
those sides. 

Conversely, if we conceive of a particle as having 
simultaneously two velocities, and if those velocities be 
represented respectively in magnitude and direction by 
two straight lines, then the actual resultant velocity will 
be represented by the diagonal of the parallelogram de- 
scribed upon these two straight lines as sides. 

12. We may give this proposition a trigonometrical 
form. 

Let F, V\ be the velocities of a particle parallel to 
two straight lines inclined at an angle o, and let « be the 
resultant velocity; in fact in the figure of Art. ll» let 
ABmV. £0»V\ ABC ma. BD^v; then 

since BD* - AB^ + BC* -^ZAB.BC cos ABC, 

we have t)«- P + T* + 2 W cos o. 

13. We might call V and F' the resolved parts of 
V in the directions BA, BO respectively ; we usually how- 
ever reserve the expression resolved part for the case in 
which the directions are at right angles to each other, using 
in other cases the term component velocity. 

14. The triangle of velocities may be enunciated as 
follows, and requires no demonstration as 
it is in fact the parallelogram in another 
form. If two sides of a triangle AC, CB 
represent in magnitude and direction the 
component velocities of a particle in two 
given directions, then the third E\d^ AB ^ 
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represents the actual velocity of the particle both in 
magnitude and direction. 

15. Also if we suppose three velocities represented 
in magnitude and direction by the three sides of a triangle 
taken in order, AC^ CB, BA^ {not AB) to be simultaneously 
impressed upon a particle at rest, then the particle will 
remain at rest. 

16. In like manner, if any number of velocities be 
supposed to be impressed simultaneously upon a particle 
at rest, and if these velocities be represented in magnitude 
and direction by the sides of a polygon taken in order, then 
the particle will remain at rest. 

17. It is to be observed, that in what has been here 
said, the student is not to consider the causes to which the 
velocities spoken of are due ; that is, he is not to consider 
the forces necessary to produce the velocities, nor accord- 
ing to what laws such forces act ; these considerations be- 
long to a subsequent part of the subject ; when we speak 
of two velocities being impressed upon a body, we merely 
intend to express, that the body is so made to move that 
its velocities in the assigned directions shall be such as are 
required. And in like manner, when we speak of any 
number of velocities being impressed, we merely mean 
that the velocities in the assigned directions shall be as 
described. 

Thus the student will perceive, and it is highly desira^ 
ble that he should bear in mind, that hitherto we have 
been concerned with a part of the subject which is purely 
geometrical^ and this chapter on the composition and reso- 
lution of velocities, though a necessary introduction to 
Dynamics, is, properly speaking, not itself dynamical. 
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CONVERSATION UPON THE PRECEDING CHAPTER. 

P. I am not sure that I completely understand what 
is meant by the statement that the subject of this chapter 
is purely geometrical ; I find it difficult to conceive of a 
particle moving without thinking of some cause of its 
motion, and that cause must, I suppose, be a force. 

T. A body may be in a state of uniform motion, as 
we shall see in the next chapter, without the action of any 
force ; and the questions, how is velocity generated in a 
body at rest ? and how is velocity changed in a body in 
motion ? are the chief questions to be answered in Dy- 
namics ; but in the chapter you have just read there is no 
question, as to how velocity is generated or destroyed or 
changed, the purpose of the chapter is entirely to explain 
in what manner the velocity of a body is measured. And 
in considering the most convenient manner of doing this 
we are led to the method of resolving velocities^ or of re- 
garding the motion of a body as though it consisted of 
two motions parallel to two fixed directions ; now this is 
a matter of mere convenience, and involves no mechanical 
principle whatever. 

P. Yet we have a parallelogram of velocities, exactly 
as we had a parallelogram of forces. 

r. That is the very reason why it is necessary to 
insist upon the purely geometrical nature of the paral- 
lelogram of velocities ; in demonstrating the parallelogram 
of forces in Statics we were obliged to have recourse to 
certain axioms concerning force, now we have nothing of 
this kind in the case of the parallelogram of velocities; 
for velocity is not an agent like force, not a cause of 
motion, but a quality of the motion however produced ; 
and the parallelogram of velocities merely states that the 
motion of a body may be estimated in two ways, which 
are equivalent to each other, and of which sometimes one 
will be found more convenient and aoixv^VYme.'i^ VSafc ^Kic^Kt* 
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P. It seems strange that there should be two pro- 
positions so similar, yet totally unconnected in principle. 

T. I do not say that they are totally unconnected in 
principle, but to determine the exact relation of them 
would lead us into a rather difficult discussion ; but I wish 
you to see, that whatever may be said of the parallelogram 
of forces, the parallelogram of velocities is certainly not 
mechanical, and is in fact a much simpler proposition than 
the parallelogram of forces, although in our arrangement 
of the subject of Mechanics this latter is treated first. 
If we met with the parallelogram of velocities as a pro- 
position altogether unconnected with the parallelogram of 
forces, there would be no occasion to lay any stress upon 
its' geometrical character; as it is there is considerable 
danger of beginners mistaking the nature of the propo« 
sition, and regarding velocity as something which acts 
upon a body in a manner analogous to force. 

P. Does not velocity act upon a body ? 

T, No, the expression is absurd; yet I have fre- 
quently heard it used by beginners, and therefore am not 
sorry to have an opportunity of pointing out its erroneous 
character; it would be quite as correct to say that rest 
acted upon a body which does not change its position, as 
to say that velocity acts upon a body which does. There 
is a phrase frequently used in French works on Mechanics 
which seems to me singularly happy in expressing the right 
notion ; it consists in speaking of a body as animated with a 
certain velocity ; this expression clearly points out that the 
velocity is something which belongs to the body, not some- 
thing which acts upon it from without. A body is acted 
upon by a forcCy it is animated with a velocity. 

P. I believe that I understand what you wish to ex- 
press, and that I am to regard it as immaterial whether the 
direction and magnitude of the velocity of a body be given, 
or whether it be supposed to be animated with two velo- 
cities in given directions simultaneously. 

T. Yes ; and you will perceive tlvat tkese two methods 
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of considering the body's motion exactly correspond to the 
two following methods of determining the b 
position of a body at rest. Let P be a point 
in the plane of the paper, the position of 
which we desire to describe. Take O any 
fixed known point, and draw two straight . 
lines 0J[, OB in given directions ; we will o n a 

suppose them for simplicity's sake, to be at right angles 
to each other, though it is not necessary to do so. Join 
OPy and draw PN perpendicular to OA. Then the posi- 
tion of OA being known, that of P will be entirely deter- 
mined if the distance OP be given and the angle POA ; 
in fact, if we regard P as a spot in a field to which we wish 
to direct a person who is standing with us at A, and if OA 
be the hedge bounding the field, we have only to make 
the person start in a certain direction from O, and tell him 
to walk so many yards in that direction, and that he will 
then be at P, But the position of P will be also deter- 
mined if we suppose ON and PN to be known, or the per- 
pendicular distances of P from the two lines OA and OB ; 
to adopt the preceding illustration, we could equally well 
guide a person from O to P by telling him to walk a certain 
distance ON alongside of the hedge OA^ and then to turn 
to the left, and walk so many yards directly from the 
hedge. It is evident that these two modes of directing a 
person from O to P are, mathematically speaking, the 
same thing, and the two modes of measuring velocity cor- 
respond to the two modes of determining the position of P. 

P. And why is one better than the other ? 

T. The great advantage of considering the motion of 
a body as determined by two velocities in given directions, 
instead of being determined by the actual velocity and the 
actual direction of its motion at a given time, is most ap- 
parent when we consider the case (which indeed is the 
most usual one) of a body moving, not in a straight line, 
but in a curve ; when a body is moving in a straigjit lvjs& 
OPy it will generally be as convemeiit to ^^ ^^ ^sjl's^^ 
which OP makes with a fixed dfirectioxL OA mA VJaa^^^^^'^ 
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along OP, as to give the component velocities parallel to 
OA and OB ; but when the body is moving in a curve, you 
will notice that not only is its distance OP from the fixed 
point O continually changing, but also the angle POA is 
changing, and thus we have two quantities of quite different 
kinds, namely a straight line OP and an angle POA^ the 
changes of which we have to consider; whereas by the 
other method we have the changes of two straight lines 
only to consider, and the curvilinear motion is reduced to 
two rectilinear motions. 

By way of illustration let us suppose a body to be 
moving uniformly in a circle, and let us estimate its velo* 
city in each way. 

Let O be the centre of the circle ; 
OA, OB two fixed straight lines at 
right angles to each other ; P the po- 
sition of the body at any given time ; 
PN perpendicular to OA. 

Suppose the motion of the body to be opposite to that 
of the hands of a clock, as indicated by the arrow in the 
figure, and let V be its velocity, and let PON = Q. 

Then in this case the distance OP of the body from O 
does not change, since P, by hypothesis, moves in a circle, 
and the only quantity which changes is the angle 0, which 
increases uniformly. Referring the motion to the two 
straight lines OA and OB we may speak of the body having 
the velocity V sin parallel to OJ, and V cos 9 parallel to 
OB ; or rather we should speak of the velocity parallel to 
OA being - V sin Q, since it will be seen that as the body 
revolves the line NO decreases, and if, as is usual, we 
measure a velocity as positive when the distance from 
a given point increases, we must call it negative when that 
distance diminishes. 

P. What do you mean by the angle increasing uni- 
formly ? 

71 I mean that in each second, ot e«L^ wtaX. oi^ \imft^ 




ON yELOCITY; 17 

it increases by the same quantity. In fact, let the body 
begin to move from A, and at the end of one second let a 
be the angle which OA makes with the line joining O and 
the body, then if t be the number of seconds which have 
elapsed when the body arrives at P, we must have 

and this formula expresses mathematically that increases 
uniformly. 

I may mention to you that the rate at which the line 
OP revolves, whether uniform or not, is called the angular 
velocity of P ; in this case we should say that the angular 
velocity was uniform, and that a was the measure of it. 

•And I may further remark that if r be the radius of the 
circle, we have the relative 

r= ra, 

or, linear velocity = radius x angular velocity ; 

this at once follows from the trigonometrical equation, 
arc = radius x circular measure of angle ; for the velocity is 
the rate of increase of the arc, and since the arc varies as 
the angle the rate of increase of the one varies as the rate 
of increase of the other. 

And finally you will perceive from what I have said, 
that the position and motion of the body at the time t 
will be expressed indifferently in the two following ways ; 

(1) The body moves in a circle of radius r with a 
velocity F; 

(2) The velocities of the body in the directions OA^ 

OBf at the time t^ are - F sin — , V cos — . 

r r 

P, I think the term linear velocity is new to me. 

T. It is merely used to distinguish velocity in the 
ordinary acceptation of the word from angular velocity; 
all velocity is linear velocity, or velocity measured by the 
rate at which a body moves, unless the contrary be stated. 

What I have now said to you concerning the motion 
of a body in a circle has been merely with a view to illus- 
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tration ; in consequence of the distance OP never changing, 
and the velocity entirely depending upon the change of the 
angle POA or 0» nothing can be simpler than to describe the 
motion in the first of the two ways which I have just shewn 
to you ; but in many cases of motion, as you will see more 
clearly when you read Chapter UL, a problem which would 
present great difficulties if we estimated the velocity by 
giving its actual magnitude and direction, becomes per- 
fectly simple when its motion is considered as compounded 
of two velocities in fixed directions. In fact we shall find 
that the notion of resolution of velocity is as important in 
Dynamics as that of the resolution of force was in Statics. 

P. Before we finish this conversation let me say that 
I think I should understand the reasoning of Art. 10 bet^ 
ter if a figure had been supplied. 

r. If a figure be necessary, supply one for yourself; 
nothing is easier, and you will find it always desirable as 
much as possible to construct your own figures according 
to the directions given, rather than content yourself with 
the figures which books supply. In the present instance 
take AB a straight line inclined at an angle to the 
horizontal line BC, so that ABC « 9i through A the upper 
extremity of the plane draw AD horizontal, that is, parallel 
to BC\ upon AB set off -iPi, PiPs* P^P^j ••• each equal 
to V, then Pj, Pgj Pa* ••• are the positions of the body at 
the end of the first, second, third, ... seconds respectively; 
draw Pi-ZNT,, P2JV2, P3JV3, ... perpendicular to AD^ then AN^ 
AN^'i ANq, ... are equal to v cos 0, Qv cos 0, Sv cos 0, ... re- 
spectively ; and PiJVi, P2iV2, PsiVs, ... are equal to v sin 0, 
2vsin0, 3v sin0, ... respectively. Thus you will have a 
figure such as you require. 



EXAMUSTATION UPON CHAPTER I. 

1. DisrmGUiSH between uniform and variable velocity. 
2, How ia uniform velocity mea'sut^^l Vqn!« Nt^xwiJsX'bl 
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3. If s be the distance described in t seconds by a body which* 
moves uniformly in a straight line with a velocity 9, prove that «» v^. 

4. If a be the distance of a body from a fixed point when it begins 
to move^ and h its distance after it has been in motion n seconds with a 
velocity u, then 

h = a + nu. 

5. If one foot be the unit of lengthy and one second the unit of 
time, what will be the mathematical measure of the velocity of a body 
which passes over 8.76 miles in 1 hour, 3 minutes, 40 seconds ? 

6» "With the same units what is the measure of the velocity of 
light, which requires 8 minutes to pass from the Sun to the Earth, 
taking that distance to be 95,000,000 miles ? 

7. The velocity of a falling body according to the ordinary con- 
ventions respecting the units of space and time is at the end of one 
second measured by S2.2 ; what would be the measure of its velocity if 
a mile and an hour were the units of space and time respectively ? 

8. And what must be the unit of space in order that the unit of 
velocity may be the velocity of a falling body at the end of one second^ 
a second being the unit of time as usual ? 

9. Explain what is meant by compounding and resolving ve- 
locities. 

10. A body moves down an inclined plane, and (owing to some 
cause unknown) it is found that the horizontal and vertical velocity 
increase uniformly with the time ; given that the body has a velocity 
of one foot at the end of the first second, find the velocity at any other 
given time. 

11. Is it possible to make a body move upon an inclined plane in 
such a manner that the horizontal velocity shall be constant, and the 
vertical velocity increase uniformly ynih. the time ? 

12. A body falls down an inclined plane and it is observed that 
the vertical velocity varies as the time ; shew that the actual velocity 
of the body must also vary as the time. 

13. What is meant by a negative velocity ? Give an illustration. 

14. Enunciate the parallelogram^ the triangle^ and the polygon of 
velocities. 

1 5. What is meant by angtdar velocity \ \l ^Xja^ ^\» 'Oaa «q^ ^ ^ 
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ttrinji^ make a revolation in one second, what will be the measure of the 
angular velocity, taking as the unit of angle that angle which is sub* 
tended by an arc equal to radius ? 

J 6. What is the measure of the angular Telocity of the hour hand 
of a clock ? and if the length of hand be three inches, what is the Te- 
locity of the extremity ? 

17* Taking the radius of the earth to be 4000 miles, what is the 
Telocity of a point at the equator ? . 

18. Supposing the earth to move in a circle, radius 9^)000^000 
miles, about the sun, and the year to consist of 365 days 6 hours, find 
the earth's velocity. 

19. A body descends uniformly down a plane, 1 mile long^ 
inclined at an angle of 30° to the horizon, in 1 hour 4 minutes ; find 
the Tertical velocity. 

20. Two railway trains meeting are observed to be 4 seconds in 
passing each other, had they been moving in the same direction they 
would have required 12 seconds ; supposing the length of the trains to 
be 110 and 130 feet, find at what rate per hour each train is moving. 

21. A body revolves uniformly in a circle, the plane of which is 
vertical ; the time of revolution is 3 seconds, and the radius of the circle 
6 inches; find the horizontal and vertical velocity for any given position 
of the body. 

22. A body revolves uniformly in a circle, while the centre of the 
circle also moves uniformly in a straight Une ; shew how to express the 
velocity of the body at any instant. 

23. A ball is thrown with a uniform velocity against a wall, and 
rebounds with only three-fourths of its velocity; supposing the distance 
from the point of projection to the wall to be 4 feet, and the time elapsing 
between the projection of the ball and its return to the point of projec- 
tion to be .7^ of a second, find the ball's velocity. 

24. Compare the velocities of the extremities of the hands of a 
clock, the length of the hour hand being 2.2 inches, and that of the 
minute hand 3.6 inches. 



CHAPTER IL 

ON THE RECTILINEAR MOTION OF A SINGLE PARTICLE 
UNDER THE ACTION OF A SINGLE UNIFORM FORCE. 
FIRST LAW OF MOTION. FALLING BODIES. 



1. All the matter in the universe is governed by fixed 
laws, and it is the great purpose of science to discover 
and develope those laws. The task has been one of great 
difficulty, and the progress which has been made hitherto 
has only been effected by means of the greatest diligence 
and perseverance on the part of men of consummate 
genius. Sir Isaac Newton was led by his investigations to 
propound the great law of universal gravitation, which is 
at present the greatest generalization of our knowledge 
which has been effected, and which, it may be added, has 
been continually confirmed since the discoverer's time. 
This law states that every particle of matter in the universe 
is acted upon by every other particle, according to a 
certain law which we shall not enter upon just now ; thus 
a stone let fall descends to the earth because the earth 
attracts the stone, and in like manner the stone attracts 
the earth ; the earth attracts the moon and the moon the 
«arth : and so on. Hence the supposition of a single par- 
ticle of matter unattracted by any other particle is an 
impossible supposition, there is no such thing in the uni- 
verse as a single independent particle ; but if there were, 
what would be the laws of its motion ? To this question 
the following answer is given : 

A particle, not acted upon by any external force, unll 
either remain at rest or else move uniformly in a straight line. 

2. We have already spoken of force as that which 
changes or tends to change the state of a body as regards 
rest or motion, and it might therefore seem unnecessary to 
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state that a particle not acted upon by a force will be at 
rest or else move uniformly in a straight line ; but how do 
we know that no force resides in the particle itself? 
appearances would seem to favour such a notion ; if we 
throw a ball under any circumstances whatever it soon 
stops, may not this be because there is some retarding 
force inherent in the ball ? or again, if we throw a ball it 
always describes a curvilinear path ; may not this be be- 
cause there is some internal cause of deviation from a 
straight line? These objections may be removed by con- 
sidering, that whenever tiiere is a deviation from uniform 
and rectilinear motion, the deviation may be accounted 
for ; thus friction and the resistance of the air generally 
account for bodies projected being brought to rest, and 
the attraction of the earth accounts for the deviation 
of a ball from a straight course ; but we wish the student 
to see that the law which we have enunciated, and which 
is commonly called the First Law of Motion, is not so 
obvious as it may seem to him to be ; and if he thinks that 
it is difficult to conceive of any inherent cause of change 
of motion residing in a particle, he may be asked whether 
it is not quite as difficult to conceive of any inherent 
power of changing the motions of other particles ; yet this 
latter power is proved to exist ; it may be shewn, beyond 
all doubt, that every particle acts upon every other par- 
ticle however distant or under whatever circumstances, and 
with this fact before us we must be very cautious as to 
how we assert things to be conceivable or inconceivable. 
We do not however wish to do more than caution the 
student against rash conclusions, and to assure him that he 
has in this apparently simple law the result of the labours 
of centuries. 

3. Take a smooth grass-plot and roll a ball upon it ; 

if the ball be true in form, and the grass-plot even, you 

will have no difficulty in rolling it straight to any given 

point ; if after having been started in the proper direction, 

j^ou observe it to swerve, you at onc^ ^oxLO-ladft either that 
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the ball has a bias, or that there is an unevenness in the 
ground. The more nearly satisfied are the conditions of 
the perfect evenness and smoothness of the ground and 
the perfect regularity of the ball, the more nearly will the 
first law of motion be exemplified. It is by experiments 
such as this that we can most easily arrive at the truth of 
the law, and when the law itself has been once suggested, 
we shall seldom find difficulty in accounting for any appa* 
rent deviations from it in practice by reference to disturb-^ 
ing causes* 

4. One of the most satisfactory proofs of the truth of 
this and of other laws arises from the comparisons with 
careful observations of results which are founded upon them 
and deduced from them by strict mathematical reasoning. 
The best illustration of the meaning of this remark is the 
case of the motion of the heavenly bodies ; the motion of 
the moon and of the planets is calculated upon the hypo- 
thesis of the truth of the first law of motion and of other 
laws, and the motion so determined is found to agree in 
the most minute manner with the results of the most 
accurate observation ; and modem observations are con- 
ducted with so much skill and furnished with instruments 
of such extreme delicacy that the smallest deviation from 
truth in any of the fundamental laws would certainly be 
sooner or later detected. On this ground, if on no other, 
we may in the present state of science feel sure of the 
accuracy of the law which has been above enunciated. 

5. If then a body move uniformly and in a straight 
line we know that no force is acting upon it ; if on the 
other hand it move in a straight line but not uniformly, we 
know that there is a force acting upon it. We must now 
consider how such a force is to be measured. For simplicity's 
sake we will at present confine our attention to the case of 
a body whose motion is uniformly accelerated, that is, which 
has equal additions of velocity in equal times ; for instance, 
suppose a body to be moving at the end of one second mtK 
a velocity of 10 feet per second, at ttie ^xkdi o^ Vwc^ ^^^wjl^ 
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with a velocity of 12 feet, at the end of three seconds with 
a velocity of 14 feet, and so on, then a velocity of 2 feet 
is added in each successive second and the velocity is said 
to be uniformly accelerated by that amount. The rate at 
which the force adds velocity to the body's motion, in other 
words the amount of velocity which the force generates in 
one second, is evidently a proper measure of the intensity 
of the force, a proper measure at least provided the magnitude 
of the body upon which the force acts be given. In fact if we 
take two bodies in every respect similar and equal, and we 
£nd that a certain force P acting upon one of them adds a 
velocity F to its motion in each successive second, and that 
another force Q acting upon the other adds 2 F to its motion 
in each successive second, then we may say that Q ^ 2P; 
or more generally, if P generates a velocity V in each second, 
and Q a velocity K, then 

P : Q :: V : r. 

6. If we considered how P and Q should be compared 
when they acted upon two different bodies we should intro- 
duce a much more dii&cult question ; this question we shall 
discuss afterwards ; but at present, inasmuch as there is a 
large class of problems which can be solved without regard 
to the magnitude of the body in motion, it will be con- 
venient to confine our attention to the mode of measur- 
ing force above explained, or which comes to the same 
thing, to confine our attention to those cases of motion in 
which we may regard the magnitude of the body as given, 
or in which the result is independent of the magnitude of 
the body. For instance, it appears from experiment that 
all bodies falling to the earth fall in such a manner that 
equal velocities are added in equal times, whatever be the 
magnitude of the bodies : this at least is true except so far 
as a deviation is introduced by the resistance of the air, a 
guinea and a feather do not fall to the ground with equal 
rapidity in the air, but they do so when the experiment is 
made under the exhausted receiver of an air-pump. The 
reason of this will be seen better liereafterv at present it 
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will be sufficient to refer to the fact, and to draw the 
conclusion that all problems of falling bodies may be 
treated without any other measure of force than that 
which has been above explained. 

7. We have spoken of the eflTect of a force being 
diflTerent according to the magnitude of the body upon 
which it acts ; technically we should have spoken of the 
mass of the body; the accurate definition and mode of 
estimating a body's mass we shall not consider at present, 
it will be sufficient for the student at this stage to under- 
stand by ma^s the quantity of matter which a body con- 
tains, without considering in what manner that quantity is 
to be accurately measured. 

8. We should say then that the complete measure 
of a force involves the consideration of the mass or quan- 
tity of matter which it moves, and the rate at which it 
increases or diminishes the velocity of the said matter. 
Supposing the mass given, or supposing the problem to 
be such that the mass is indifferent, there remains to 
us only one effect of force, and that may be described 
jproperly as its accelerating effect, not intending to oppose 
that term to the term retarding, but considering it as 
inclusive of this latter term, and as describing what may 
be called the velocity-effect, whether velocity be generated 
or destroyed. 

It is usual, however, to describe force in a manner 
rather different from that which has been given above, 
and which we have introduced thus cautiously for fear of 
conveying to the student an erroneous impression. It is 
usual to speak of force either as accelerating force or as 
moving force, that is, to speak of force either with refer- 
ence merely to the acceleration it produces in a given body, 
or with reference to the acceleration as it would be mo- 
dified by a change in the mass of the body upon which 
the force acts. 

The formal distinction between accelerating and mat)itic( 
force may be given as follows : 
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Force considered only with reference to velocity generated^ 
and not with reference to the mass moved, is termed accele- 
rating force. 

Force considered with reference to the mass movedy cu 
well as the velocity generated, is termed moving force. 

The impression against which we wish to guard the 
student is that of there being two different kinds of force, 
which is not true. Force is accelerating force, or moving 
force, as it is measured ; every force is, in fact, a moving 
force, but if we confine our attention to a particular 
effect produced, then we may speak of the accelerating 
effect of the force, or more briefly of the accelerating force. 
This nomenclature is thoroughly recognized, and is very 
convenient, but requires to be well imderstood in order to 
prevent mistakes. 

9. Using this nomenclature then, we say that we 
shall confine oiu^elves in the present chapter to the case 
of accelerating force, and we may give the following defi- 
nition of the manner in which accelerating force is mea- 
sured. 

Accelerating force, if uniform, is measured by the velocity 
generated in a unit of time ; if variable, by the velocity which 
would be generated in a unit of time if the force were con* 
tinued constant during that unit. 

This mode of measuring accelerating force, it will be 
observed, is quite parallel to that of measuring velocity ; 
and the remarks which were made with respect to velocity 
will therefore assist the student in understanding the mode 
of measuring force. If the force be uniform there is no 
diflSculty, because the velocity generated in a given time, 
as one second, is the effect of the force, and therefore the 
measure of it ; but if the velocity generated be different 
for different seconds, we must adopt as the measure not 
the actual effect produced, but the effect which would be 
produced if the force were to continue throughout a unit 
of time the same as it is at the instant at which we desire 
to measure it. We shall be cliiefly concerned with the 
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action of uniform force, at the same time it is desirable 
that the student should thoroughly comprehend the prin- 
ciple upon which variable force must be measured. 

10. The most familiar instance of an uniform force 
is that of gravity, or the force which causes bodies to fall 
to the earth, to which reference has already been made. 
Let us apply our principle of measuring accelerating force 
to this case : suppose a body to fall from rest, it will be 
found by experiment that at the end of one second it has 
fallen through l6.l feet as nearly as may be, and the velo- 
city with which it is proceeding at this instant is the 
measure of the accelerating force of gravity. How is this 
velocity to be measured ? it is not a constant velocity, and 
therefore we cannot measure it by the space which the 
body describes in the next second ; but if we suppose that 
gravity ceases to act and that the body therefore proceeds 
after the first second with unchanged velocity, then the 
number of feet which the body would pass over in one 
second upon this hypothesis is the measure of gravity. 
We shall not concern ourselves just now with the question 
how this space is to be measured, but shall merely state 
that the number of feet which the body would pass over 
would be 32.2 ; hereafter we shall explain how this quantity 
is accurately determined. We have then 32.2 feet as the 
measure of the accelerating force of gravity, it being under- 
stood that the unit of time is one second ; for convenience' 
sake the quantity 32.2 is usually denoted by the letter g, 
and in all which follows therefore, unless the contrary be 
stated, the student will remember that g represents the 
accelerating force of gravity, and that it may always be 
replaced by the number 32.2. 

11. We shall now consider this problem; how far 
will a body proceed in a given time under the action of a 
given accelerating force ? or, to put the same thing in a 
more familiar form, a body falls to the ground, through 
how many feet will it fall in a given number of seconds ? 
It may be said that this is matter iox ex:gwane^^»^ ^^cA^ 
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that we can know nothing concerning gravity without 
making observations upon falling bodies : what we are 
about to prove however is this, that there is a certain 
simple relation existing between the measure of the accele- 
rating force and the space through which a body falls in a 
given time ; if this space be observed the accelerating 
force will be known; if on the other hand the accelerating 
force has been determined by any other means, then the 
space described in a given time will be known without any 
further experiment. For instance, we stated that under 
the influence of gravity a body will fall through l6.i in one 
second, and the velocity which it then has, in other words 
the accelerating force, is 32.2 ; it cannot have escaped the 
student's observation, that one of these quantities is double 
of the other ; now it will appear from the investigation 
which we are about to give that this is not a fortuitous 
relation, but that in general, accelerating force when uni- 
form is measured by twice the space described by a body 
under the action of the force in one second. 

12. Prop. If she the number of feet through which a 

body moves from rest under the action of an accelerating force 

ft* 
f in t seconds, then s = — , 

2 

Suppose the time ^ to be divided into n equal parts ; 

then since the force / is uniform it generates in each 

second a velocity /, and in the interval - it generates a 

n 

velocity — . Consequently at the conclusions of the n por- 
n 

tions of time into which we have supposed the whole time 

t divided, the velocity will be represented by the terms of 

the series, 

ft ^ft Sft {n-\)ft 



n n n n 



.ft; 



and at the commencement of those same portions of time 
the velocities will be 
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. ft Zft (n-Z)fi (n - \)ft 

n n n n 

Now let us suppose that the body moves through each of 
the n intervals uniformly with the velocity which it has at 
the conclusion of the interval, and let Si be the number of 
feet described upon this hypothesis ; then we have 

ft t 2ft t t 

«i = — X -+ -:!- X -+ +// X -, 

n n n n n 

ft'' 

= •'— (1 +2 + +w), 

nr 



ff n(n + l) ft^ 

—r X = 

W* 2 2 



(-;)• 



Again, let us suppose the body to move through each 
interval uniformly with the velocity which it has at the 
commencement of the interval, and let s^ be the space de- 
scribed upon this hypothesis ; then we have 

t ft t (n-\)ft t 

^2 = X - + - X - + + ^^ ^^ X - , 

n n n n n 

ft^ 

= -1 {O + 1 + 2 + + (n - 1)}, 

nr 



ff ^^ n(n^l ) ft 
ri^ 2 



2 V n] 



Now it is clear that the quantity 8 which we seek is less 
than «j and greater than «2, because the body is in reality 
at any instant moving with less velocity than it has at the 
conclusion of one of the intervals and greater velocity than 
it has at the commencement ; moreover the larger we take 
w, that is the smaller we make the intervals, the more 
nearly do 8^ and 8^, become equal to each other, and each 

ft^ 
of them to — ; consequently 8 which is always iutetxskftdi^^ 
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to s, and tj must be equal to — . .: 1/ a ht the number 
&c. Q. w. D. 

13. We will give another deraonatration of this rery 
important proposition. The demonstratioii winch we now 
gjv« is preci&el; the same in principle as tlie preceding, 
but is exhibited in a geometrical form. 

Take a straight line JB, and 
divide it into n equal parts at 

the points a,a,<it And let the 

line JB represent a portion of 
time, and the lines A O], a, Of rtj a^ 
...therefore represent each the i 
nth part of the time represented J 
by JB. At a, draw aib, perpen- 
dicular to JB, and let a, b, represent the velocity gene- 
rated by the force / in the time ^a, ; in like manner at 
0,0,,. ..draw a, &„ a^ fi^,.. .perpendicular to JB and repre- 
senting the velocity generated in the times Ja^, Ja^...; 
and let BC be the last of the lines so drawn, so that BC 
represents the velocity generated in the time JB. Now 
since the velocity generated by a uniform force is propor- 
tional to the time 

a, 6, : a,bt : a, ^ : ... BC :: Ja, i Aa^ : Jo,: AB; 

and consequently, if we join the points J and C, JC will 
pass through all the points &i &, b^ Complete the rect- 
angles, A bi, a, 6„ a, £, , also a, 6,, a, b„ , as in the 

figure. 

Then since the space described by a body moving uni- 
formly is jointly proportional to the velocity and the time, 
if we suppose Uie body to move during each of the n in- 
tervals Atti^a^af, Oi Oj, uniformly with the velocity 

which it has at the end of the intervals, the spaces de- 
scribed in those intervals will be represented by the rect- 
angles J 6„ a, b„ a,&g, ; and the whole space described 

in the time AB upon this hypothesis will be represented by 
tiie Wangle JBC + the n exlenox ^.n^o^^ft. 'Lo.like manner. 
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if we suppose the body to move uniformly through each 
of the intervals with the velocity which it has at the com- 
mencement of the interval, the whole space described will 
be represented by the triangle ABC -- the n interior tri- 
angles. It is evident that the sum of the areas of the 
triangles spoken of in these two cases is equal to half the 
rectangle a„^^ C ; hence if s be the space actually described 
by the body, 8 will be intermediate in value to 

ABC + ^ a«-i C, and ABC - 1 a„_i C : 

and the greater number of intervals we take the more 
nearly does the motion upon either of the above hypotheses 
approach to the actual motion of the body, and the smaller 
does a„_i C become; hence it appears that 8 being always 
intermediate to the above two values, however many in- 
tervals there may be, must be equal to ABC. 

Hence then the triangle ABC represents the space 
described. And if we denote the whole time by i as be- 
fore, we have AB = t, BC -ft, (Art 12. p. 28), and therefore 

2-^2 

We have thus arrived by a geometrical method at 
the same result as before ; the student who examines the 
two processes carefully will perceive that the principle of 
them is precisely the same, it will not however on that 
account be less useful to him to study both. 

14. It will now be seen, as was before stated, that 
there is a necessary connexion between the space through 
which a body falls in the first second, and the accele- 
rating force acting upon it. For in the formula above 
proved make t = l, then we have /= 2«; in other words, 
the accelerating force is measured by twice the space described 
from rest in a unit of time, or in one second. Thua, 
assuming gravity to be a uniform force, if we observe that 
a body falls through l6.l feet in the first second of its 
fall, we shall know that the measure of the accelerating 
force of gravity is 32.2, or that g = %1^. 
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15. Let us now take a few examples of the appUca- 

/^ 
tion of the formula 8 » — . 

2 

Ex. 1. A body moves from rest with a umfonnly accelerated 
motion, and it is found that at the end of 2 minutes 4 seconds it has 
passed over 63.4 feet ; find the accelerating force. 

In this case, t = 124 when #= 63.4 ; 

^ 2x63.4 317 «^ , 

in other words, the force is such as to add in each second a velocity of 
.82 feet per second. 

Ex. 2. Two heavy bodies are let fall at an interval of one second; 
how far apart will they be at the end of three seconds from the fall of 
the first ? 

The space described by the first = f- ^ 3' = - g, 

second = | x 2"= -gr ; 

5 
.*. the interval between them = — g = 5xl6.1=80.5 feet. 

Ex. 3. A stone requires two seconds to fall to the bottom of a 
well; find the depth. 

The depth -|x2»«2 xg = 64.4 feet. 

Ex. 4. Generally, if n seconds be required for a stone to fall to 
the bottom of a well, the depth will be n' x l6.1. 

Ex. 5. Two bodies fall under the action of gravity from the same 
point but not at the same time ; the distance between them is noted 
at two instants a second apart from each other ; find the time which 
elapsed between the starting of the two bodies. 

Let X be the number of seconds required, and let a be the distance 
between the bodies afber n seconds from the fall of the last, b after 
n + 1 seconds ; then a and b are the observed distances ; and we have 

a=|(n+ar)»-|n» = |(2w« + «»)> 
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5 = |(ii+l+^)»-|(n + l)» = |{2(n + l):r + x»}; 

and X = , the number of seconds required. 

Ex. 6. The distances through which a body is observed to move 
in successive seconds are in the proportion of the numbers 1, 3, 5, 7 ...; 
prove that the body is under the action of a uniform accelerating force. 

Let 8n be the distance of the body from the starting-point after 
n seconds; then 

Sg^" $^ ^ %} Sly 

&c. = &c. 



.*. by addition 



*« = «i{l +3 + 5+ ... + (2w-l)} 



= 8i n\ 



Comparing this with the formula « = ^ , we see that the body is 
nnder the action of an accelerating force measured by 2*i. 

16. When a body moves from rest under the action 
of a uniform force /, we know that if v be the velocity at 
the time U and s the space described, then v =/jf, and 

8 = - — ; from these two relations we can determine what 
2 

will be the velocity of the body when it has moved through 

a given space, or conversely, through what space it must 

move in order to acquire a certain velocity. 

For since v ^ft, .'. «'=/^^ =/x/^ = 2/». 

Hence if s be given, v is known ; and conversely, from 



tj« 



the equation z = — , we know the value of s corresponding 
to a given value of t?. The student mil do -^^ \.o tl^^Sv^^ 
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that in the case of a uniform force the velocity « the 
time, and oc the square root of the space. 

In the case of a body falling under the action of gra- 
vity, we have v' « 2gh, and it is usual to speak of v as the 
velocity due to the height A. 

17. The application of the formute of the preceding 
article will be seen from some Examples. 

Ex. 1. A ball is thrown into the air with a velocity which would 
carry it through 10 feet in one second; find how high it will rise. 

It will rise through such a space as sball enable gravity to destroy 
a velocity of 10 feet per second; and the space required for tbis is the 
same as would be required to generate the same velocity in a body 
falling from rest ; hence 

I. • ux -J 10" 100 25 , 1,^ - X 

height required = _ = ^_^j^= jg^ = 1.55 feet. 

Ex. 2. A well is Q6 feet deep ; find the velocity with which a 
falling body will strike the bottom of tbe well. 
Let V be the velocity ; 

tbea «"?= 2g X 96 = 61 82.4 ; 
.*. V = 78.6 feet per second. 

Ex. 3. A body falls through a distance of 100 feet ; compare tbe 
velocities at the middle and end of the falL 
Let «, v' be the two velocities. 

lnen-75= r-:rr = ;r; 
«'* 100 2 ' 

« 1 1 1000 

•*• "7 == "7= * TTTT^TTTT nearly. 
* >/2 1.414. 1414 ^ 

Ex. 4. Through what height must a body fall to acquire the velo- 
city ng ? 

Let X be the height ; then 

{ngy=^gx; 

2^ 

18. Hitherto we have considered only the case of a 
body falling from rest, or nvovm^ from rest under the 
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action of a uniform accelerating force. We must now 
extend our conclusions to the case of a body which starts 
with a certain given velocity, and which is then acted 
upon by a force; for instance, suppose that instead of 
letting a ball fall towards the earth, we throw it vertically 
downward, so that when it leaves the hand, which is t^ie 
instant from which we measure our time, it has a giveri^ 
velocity as V. It is clear that in this case there is no new 
principle involved, for the motion will be precisdy ^MJ| 
same as that of a body which has been previously fal][ing 
during a sufficient time to enable gravity to genierate ii^;: 

velocity T, that is, during the time —. We may, in fact^ 

solve the problem upon this principle; we have in general 
for the space described in time #, 

in the present case the space d^scrxbejd: will be th^ same 

y 

as if the body had been falling through rtb0l4We./Hr rr.< 

omitting the distance through whi6h it ha)^ &ll^ti durvfj^ 

the said interval — ; now in <iie tiirio f-. the body ^edls 

g S 

through - X — = — , hence we shall have 

2 ^ 2g .....'■■., 

2 V gl ^g 

g^ 
.2 

In this formula we observe that Vi is the space ihropgh 
which the body would have fallen had there been no 

force, and — is the space through ivhich. it .would have 

fallen had there been no initial ve\odl^ \ \Jtkfc %rico»5L ^"^^^ 
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described is the sum of these two, as indeed might have 
been anticipated ; and this consideration does, in fact, lead 
to the simplest mode of treating the problem, which is as 
follows. 

19. Prop. Let a body start with a velocity V, and let 

it he acted upon by a uniform accelerating force f, and let v 

be the velocity i and s the space passed through, at the time t ; 

ft' 
then will V « V + f t, and s = Vt + — . 

Uniform accelerating force adds equal amounts of ve- 
locity in equal times; hence if when the motion com- 
mences the velocity be r, and in each second a velocity 
/ be added, it follows that after t seconds the velocity is 
V+ft; in other words, v — V-^ft 

Again, if no force acted, the body would in t seconds 
pass over a space Vt. Also the force is such as to be 
capable of carrying the body during the same time over 

f^ 
the space - — ; but the space through which the force will 

carry it cannot be affected by the velocity which it had 
at the commencement of the action of the force, since the 
effect of force is always to add equal velocities in equal 
times, whatever be the previous velocity ; hence the space 

—- must be added to the space which would be described 

without the action of /, in other words 

20. It may be remarked that the figure which will 
represent s in this case, according 
to the method of Art. 13, will be a 
figure composed of a rectangle and 
triangle. .. •• 

Let, as before, AB represent the ^.. ;•;*'' 
time, and BC the velocity generated ^ 
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in that time ; join AC, and on the opposite side of AB 
construct the rectangle A DEB, AD or BE representing 
the velocity F; then the figure A DEC represents the 
space described. 

And the method by which we first arrived at the for- 

mula « = Vt + — , (Art. 18), may be illustrated by the 

<^ 

figure, if we produce CA, ED to meet in F. For then 

FD represents the time during which the body must fall 

in order to acquire thfe velocity V or AD ; and the whole 

space described in the time AB or DE will be represented 

by the triangle FCE - triangle FAD. 

21. We will now subjoin some examples of the pre- 
ceding formulae, 

Ex. 1. A bullet is fired upwards with a velocity of 1500 feet per 
second ; find how high it will rise, and the time which elapses before 
it again reaches the ground. 

If 2 ^ be the time required, and a the height, we have 

= 1500-^* 
since the body stops when v^O; 

/, t = = 46.5 seconds, 

g 

and 2t= 93, 

1500 s /1500V 



4?=: 1500 X 



,(^. 



g 2\ g 
= I|22!«s4875feet. 

Ex. 2. A body is projected downwards, and at the end of n 
seconds it is observed to be moving with a given velocity V; find the 
velocity of projection. 

Let V be the velocity of projection ; 

then F=v + ng; 
.*. i?= V-ng. 

Ex. 3. "With what velocity must a stone be projected, in order 
that it may descend to the bottom of a well 100 feet dee^ la <yx<^ 
second ? 
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Let V be the velocity; then we must have 

ioo=r+f , 

z 
or r= 100 -16.1 =83.9. 

Ex. 4. A body is projected upwards with a velocity Sg^ what 
will be its velocity and what its position at the end of 10 seconds ? 

It will require S seconds to destroy the velocity Sg ; the body will 
then descend, and at the end of 7 seconds more its velocity will be Tg ; 

and it will have fallen through f 7' feet, heace the body will be found 

z 

f 7' — f 3", or 20g feet below the point from which it started. 

Ex. 5. A body is let fall from the height of 100 feet, and at the 
same moment a body is projected vertically upwards from the ground ; 
they meet halfway ; what was the velocity of projection of the second 
body? 

Let t be the time which elapses before they meet ; and V the velo- 
city required ; then 



50 = 


" 2 ' 


and 50 = 


-Yt g . 


.-. 100 = 


'Vt, 


and 50- 


■f(w' 


.-. F» = 


= 100g = S220, 


F= 


' 57 nearly. 



22. As whien a body starts from rest we have the 
formula t>* «S/« (Art. 1(5), so when a bodjy starts with a 
given velocity V, if v be the velocity when it has passed 
over a space 8, we shall have t>' = r* + 2/5. 

For we have the two forinul» 

r 

and « e Ft -V — . 
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Hence w* = (r + //)* 

= F» + 2 Vft +ff 

= r* + 2fs. 

23. This formula we might also have deduced in a 
manner analogous to that adopted in Art. 18. For let k be 
the space through which the body must move in order to 
acquire the velocity V ; then when it has moved through 8 
starting with the velocity F, the circumstances will be the 
same as if it had moved through h + s starting from rest : 

.•. «* = Qf{h + «) = 2fk + Qfs 

= P + 2/5, since A is such that F' =» 2/A. 

24. Ex. 1. A body is projected upwards with a velocity of 100 
feet per second ; with what velocity will it pass a point 2 feet from the 
ground ? 

Let V be the velocity required ; then 

t?*= 100^-2^x2 
= 10000-128.8-9871.2; 
.-. t? = 99.S. 

Ex. 2. A body is projected upwards with a velocity ng^ find its 
velocity at a height gx. 

We have ©• = n* g* — 2g x gx, 

= (n*-2a?)g". 
Hence the body will stop when 

n 

2 

Ex. 3. A body is projected upwards with a velocity F, find the 
position of the body when it is descending with a velocity v. 

F* 

The height to which the body will rise is — . Let a be the dis- 
tance through which it must fall to acquire the velocity v; then 
X = — ; therefore the distance required measured from the starting- 

point 18 - g . 

23. The preceding articVea cotAwm. «2Sl ^«^ ^a«scSs» 
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necessary for solving problems of falling bodies, or more 
generally of the rectilinear motion of a particle under the 
action of a uniform accelerating force. For convenience 
we will here collect them under one view ; 
If the body start from rest, 

ft' 

If the body start with a velocity F, 

«« F+/^ 

«« = P + 9.fs. ^ 

26. There is a slight modification of the problem of 
falling bodies which may be treated of in this place ; and 
that is the case of a body falling under the action of gravity 
upon an inclined plane. If we denote the angle of inclina- 
tion of the plane by a, and resolve the accelerating force of 
gravity at the time t into two portions, one in the direction 
of the plane, the other in the direction perpendicular to the 
plane, the former alone will accelerate the body's motion, the 
latter will cause a pressure upon the plane. The resolved 
part in the direction of the plane will be g sin a, and this 
being a uniform force all our formulaB will apply by taking 
g sin a in the place of that which we have called in general/. 
We shall say nothing at present concerning the pressure 
upon the plane caused by the resolved part g cos a, as this 
would lead us into considerations for which the student is 
not prepared ; it will be sufficient for him to perceive that 
the motion upon the inclined plane will be uniformly accele- 
rated, but in a less degree than if the body fell freely in 
the ratio of sin a : l. For instance, if a= SC^, the velocity 
genevBiedi upon such a plane in a given time will be only 
half what would be generated i? t\ie \iod^ fell freely. 

One consequence follows feom yiVi«A, vi^\xw^ V^^\. ^^sa^. 
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which is worthy of notice, and is contained in the following 
proposition. 

27. Prop. The velocity acquired by a body in falling 
damn a given inclined plane is the same as that of a body 
which has fallen freely through the same vertical distance. 

Let I be the length of the inclined plane, a the angle of 
inclination, v the velocity acquired, a? the distance through 
which the body must fall vertically in order to acquire the 
same velocity. Then by what precedes, 

v^ = 2g sin a x i; 
also, by hypothesis, 

v* = 2gx; 

.*. x^ I sin a ; 

and I sin a is the vertical distance through which the body 
has fallen. Hence the velocity &c. q.e.d. 

28. It is hardly necessary to state that the preceding 
method of treating the problem of a body falling on an in- 
clined plane applies to all cases of bodies moving upon 
planes inclined at an angle to the direction of an uniform 
force. There is, however, hardly any case with which we are 
likely to be concerned besides that of a heavy body upon 
an inclined plane, and we have therefore spoken more 
particularly concerning that case. 

We have supposed the inclined plane to be perfectly 
smooth, so that no velocity can be destroyed by friction. 
Practically, of course, this is a condition which cannot be 
realized; and experiment teaches us that friction produces a 
retarding force proportional to the pressure upon the plane ; 
the pressure upon the plane being constant, there will be 
an uniform retardation due to friction. As, however, this 
subject would lead us to the consideration of the measure 
of the pressure upon the plane, we shall not pursue it fur- 
ther at present. 

29. A few examples of motion upon an inclined plane 
shall conclude this chapter. 

Ex. 1. A body is observed to fall down an inclined i^I^\n& % Ssa^ 
loD/^ in 9 seconds; £nd the inclination oi t\ie i^\8Ai<&. 



42 



ELEBiENTARY DYNAMICS. 



Let a be the inclination ; then 



81 
.^sinox — ; 



sin as 



1 



27x16.1 434.7' 

Ex. 2. A body falls down an inclined plane 6 feet long, inefi- 
nation 3(f ; find the velocity at the bottom of the plane. 

We have t?* - 2^ x 6 sin SO* = 6^ = 193.2, 

© = 13.9 nearly. 

Ex. 3. Through what length of a plane inclined at an angle of 45* 
must a body fall to acquire a velocity 6^ ? 
lict x be the length required ; 
We have (6^/ = 2y;r sin 45^ 

8m45** ^ ^ 

= 497.55 feet. 

Ex. 4. A body is projected upwards, along an inclined plane^ with 
a given velocity, find how high it will ascend, and the time of ascent. 

If 9 be the velocity at the time t^ when it has ascended through a 

space Sy a the angle of the plane, and Fthe given velocity of projectimi, 

we have 

©•= F'-2^#sin a; 

when t? = the body will stop, and the dbtance required will be given 

by the equation. 



pr2 



# = 



For the time, we have, 
and the body stops when 



2^ sin a* 
V = V—gt sin a, 



g sin a 
Ex. 5. Let ACB be a circle in a vertical 
plane, A its highest point ; the time of descent 
down all chords drawn through A, considered 
as inclined planes, will be the same. 

Let AP be any chord, a its inclination to 

the horizon ; draw the vertical diameter AB^ 

and join BP, then ABP = 90° - jB^P = a : 

BOW if t he the time of descent down J.P, we 

sb&U have 
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but, AP^AB sin a, • 
... ^^=^, 

and t = 1/ — , which is independent of 

if 

Oy and is therefore the same for all chords. 

Ex. 6. From a given point to draw the line, down which as an 
inclined plane a particle will descend to a fixed line in the shortest 
time possible. 

Let^ be the given point, and through 
it draw a horizontal line to meet the 
given line in B ; in the given line take 
BG equal to BA ; join AC^ which shall 
be the line required. 

This will easily appear from the 
fact that a vertical circle having A for its 
highest point will touch the given straight line in C; for if ^Cbe not 
the line of quickest descent, let AED cutting the circle just mentioned 
in 2> be the required line; then the time of descent down AG ha equal 
to the time down A^^ and therefore is less than the time down AD* 
Therefore AG\a the line of quickest descent 

And it may be shewn, that in general the line of quickest descent 
from a point to any given curve will be found, by describing a circle, to 
touch the horizontal line passing through the given point at that point, 
and also to touch the given curve. The chord joining the points of 
contact will be the line of quickest descent. 




CONVERSATION UPON THE PRECEDING CHAPTER. 

P. It is stated that the Fiirst Law of Motion is the 
result of the labour of centuries ; when was the subject of 
Dynamics first discussed? 

T. Aristotle made attempts to solve problems of mo- 
tion, but met with Ho success ; or perhaps we may say 
that he met with worse than none, fox \)[\^\\i?L\vfftkSi^ Vkv^^. 
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he enjoyed during the middle ages served to stereotype his 
errors, and thus to retard the progress of science in Europe. 
How it happened that Archimedes, who exhibited so great 
a genius for mechanics, entirely failed in overcoming the 
difficulties which beset the science of Dynamics it may be 
hard to say ; but this is certain, that he would obtain no 
guidance from the study of Aristotle, and would perhaps 
find his difficulties considerably increased by what Aristotle 
had done. And it must never be forgotten that great dif- 
ficulties did lie in the way of forming a science of Dynamics, 
on account of the manner in which every case of motion 
upon the earth is complicated by the introduction of dis- 
turbing forces, such as friction, the resistance of the air, 
and the like. 

The fact that all bodies come to rest unless some force 
acts upon them, and that heavy bodies fall more rapidly 
than lighter ones, would almost infallibly suggest wrong con- 
ceptions of force to those who first considered such pro- 
blems. As for the views of Aristotle, it is quite clear that 
they never could lead to any real progress in science ; it 
was not that he did not observe, but that he accounted for 
the results of his observation in an erroneous manner ; in- 
stead of considering motion as a property of bodies pro- 
duced by external agents, he considered it as something 
belonging to the bodies themselves, and instead of referring 
to force as that which changes the state of bodies, he re- 
ferred to certain general dogmas of his own, deduced from 
principles totally foreign to Dynamics. Thus motion was 
arbitrarily divided into two classes, natural and violent ; the 
natural gradually increased, becoming quicker and quicker, 
while the violent diminished and ultimately vanished en- 
tirely ; for instance, a body thrown along the earth's sur- 
face moves with a continually diminishing velocity until it 
come to rest, and this was accounted for by saying that 
the motion was violent ; whereas a heavy body let fall 
moves with a continually accelerated velocity, and this 
was accounted for by saying that the motion was natural. 
Besides this there was the {midaL\£Le,TLtQi etror^ which I 
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alluded to before, of bodies falling more quickly in pro- 
portion as they are heavier. 

P. I am not surprised at that error obtaining, for I 
feel great diflBeulty in divesting my own mind of the notion ; 
yet the experiment upon the guinea and feather under the 
exhausted receiver of an air-pump makes it quite clear 
that the notion is erroneous. 

T, Not only so; you may convince yourself as to 
the side upon which the truth lies, without any air-pump. 
Suppose we let fall a body of certain magnitude, a brick 
for instance ; it falls to the earth in a certain manner ; let 
it again fall, and let another brick, exactly resembling it, 
be let fall by the side of the first, it is clear that the two 
will fall exactly in the same manner, and therefore will con- 
tinue side by side during their fall; the same Mrill take 
place if we let fall a third and a fourth ; that is, however 
many bricks we cause to fall in contact with each other, 
they will all remain in contact during the fall ; this being the 
case, we may conceive them to be all fastened together, 
for since they do not separate when free, the problem will 
not be altered by supposing them fastened. This proves 
then, that one brick and a mass consisting of a thousand 
will fall to the ground precisely in the same manner, and in 
the same time from a given height. 

P. This view seems to shew that it ought be be so, 
but still I feel a difficulty in realising the truth. 

T. I have no doubt but that you will understand the 
matter better when you have read Chapter IV ; but even 
now you must remember that the earth attracts all bodies, 
and that it is reasonable to suppose that it attracts two 
bricks with twice the force with which it attracts one, and 
that as there is twice the work to be done, namely, two 
bricks to be moved instead of one, it is not difficult to be- 
lieve that the time of doing the work will be the same. 

P. That remark seems to throw some light upon the 
difficulty ; and I must now apologize for interrupting you 
in speaking of Aristotle. 
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T. I have little more to say upon his dynamical 
attempts ; all that I wish you to bear in mind is, that he 
and those who followed him failed in making any advance, 
chiefly because they had not a clear idea of matter as inert 
and changing its motion only in consequence of an external 
cause which we call force ; they had not the first law of 
motion, in other words they were ignorant of the inertia of 
matter, and this was a bar to all progress. 

P. Do you speak of the inertia of matter and the 
first law of motion as the same thing ? 

T. Yes ; the property of matter expressed by the first 
law of motion is frequently called its inertia, and the name 
is sufficiently significant ; it may however perhaps give rise 
to a wrong conception which I will anticipate. When a 
body is at rest it does not ofier any real resistance to 
motion in consequence of its inertia, that is, there is no 
force so small as not to be able to put it in motion ; of 
course the rapidity with which velocity will be generated 
depends upon the intensity of the force, and if the force 
be extremely small, velocity will be generated very gra- 
dually, but however small it may be the inertia of the 
body will not prevent it from moving. All that is meant 
by inertia is, that there is no internal cause of change. 

P, You have stated that Aristotle and his followers 
failed to form a true system of Dynamics ; to whom are 
we indebted for true dynamical views ? 

T, The glory of establishing dynamics upon a true 
basis belongs to Galileo, who was born in 1564, and died 
in 1642 ; some few previous writers had shewn more or less 
of knowledge of the true principles, but Galileo was the 
first who gave a complete and satisfactory exposition. This 
he did in his celebrated dialogues; three interlocutors, 
Salviati, Sagredo, and Simplicio, are supposed to discuss 
Galileo's Treatises on various mechanical subjects, and in 
the course of their conversation the various difficulties which 
can be raised are argued. TVie tloxd Dialogue entitled. 
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De Motu Locali^ is that in which the principles of uniform 
and uniformly accelerated motion are explained, and as 
it will be interesting to you to see how the subject pre- 
sented itself to the mind of the first great discoverer, and 
it will also tend to impress the principles upon your mind 
to see them in a rather different form, I vdll give you a 
sketch of the dialogue. 

The first portion of the dialogue is entitled "De 
Motu JEquabili." Galileo defines sequable motion thus. 
"iEquabilem, seu uniformem motum inteUigo eum, cujus 
partes quibuscunque temporibus sequalibus peractse, simt 
inter se eequales." 

To this definition he appends the following four axioms. 

I. Spatium transactum tempore longiore in eodem 
motu sequabili majus est spatio transacto tempore bre- 
viori. 

II. Tempus quo majus spatium conficitur, in eodem 
motu sequabili longius est tempore, quo conficitur spatium 
minus. 

IIL Spatium a majori velocitate confectum tempore 
eodem majus est spatio confecto a minori velocitate. 

IV. Velocitas, qua tempore eodem conficitur majus 
spatium, major est velocitate, qua conficitur spatium minus. 

And then follow these six Theorems. 

I. Si mobile sequabiliter latum, eademque cum velo- 
citate duo pertranseat spatia, tempora latidnum erunt 
inter se ut spatia peracta. 

That is to say, if the velocity be constant the space 
described will vary as the time. 

n. Si mobile temporibus sequalibus duo pertranseat 
spatia, erunt ipsa spatia inter se ut velocitatcs. Et si 
spatia sint ut velocitatcs tempora erunt sequalia. 

That is to say, if the time be constant the space will 
vary as the velocity, and if the space vary as the velocity, 
the time must be constant. 
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IIL In sequalibus velocitatibus per idem spatium la- 
tonim tempora velocitatibus e contrario respondent. 

That is to say, if the space be constant, the time will 
vary inversely as the velocity. 

TV. Si duo mobilia ferantur motu sequabili, insequali 
tamen velocitate ; spatia, temporibus inequalibus ab ipsis 
peracta, habebunt rationem compositam ex ratione velo- 
citatum et ex ratione temporura. 

That is to say, if the velocity and time both vary, the 
space Mrill vary as the two jointly; or according to our 
notation, « « v^. 

y. Si duo mobilia sequabili motu ferantur, sint tamen 
velocitates insequales et insequalia spatia peracta, ratio 
temporum composita erit ex ratione spatiorum, et ex ra- 
tione velocitatum contrarie sumptarum. 

That is to say, ^ « - . 

VL Si duo mobilia sequabili motu ferantur, ratio velo- 
citatum ipsarum composita erit ex ratione spatiorum per- 
actorum, et ratione temporum contrarie sumptorum. 

That is to say, t? « - , 

z 

Thus it will be seen that the whole first part of the 
Dialogue is equivalent to the establishment of the formula 
s ^ vt. The second, which contains what is called ** Piu 
sottile e nuova contemplazione," is entitled "De Motu 
naturaliter accelerato ." 

In this section Galileo treats of falling bodies, the laws 
of which he deduces correctly from the supposition of their 
motion being uniformly accelerated. The manner in which 
he arrives at the conclusion that the acceleration must be 
uniform, and the manner in which he defines uniformity are 
deserving of attention. 

Modp de motu accelerato pertractandum. Et primo 

definitionem ei, quo utitur natura, apprime congruentem 

lavestigare atque explicate couNetdt* Quamvis enim alif 
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quam lationis speciem ex arbitrio confingere, et consequen- 
tes ejus passiones contemplari non sit inconyemens,(ita eniniy 
qui Helieas, aut Conchoides lineas ex motibus quibusdam 
exortas, licet talibus non utatur natura, sibi finxerunt, earum 
symptomata demonstrarunt cum laude) tamen quandoqui- 
dem quadam accelerationis specie gravium descendentium 
utitur natura, corundum speculari passiones decrevimus, si 
earn, quam allaturi fuimus de nostro motu accelerato defini- 
tionem, cum essentia motus naturaliter accelerati congruere 
contigerit. Quod tandem post diutumas mentis agitationes 
reperisse confidimus, ea potissimum ducti ratione, quia symp- 
tomatis deinceps a nobis demonstratis apprime respondere, 
atque congruere videatur ea, qusB natiu'alia experimenta 
sensui representant. Fostremo ad investigationem motus 
naturaliter accelerati nos quasi manu duxit animadversio 
consuetudinis atqiie instituti ipsiusmet natiurad in cseteris suis 
operibus omnibus, in quibus exercendis uti consuevit mediis 
primis, simplicissimis, facilimis : neminem enim esse arbi- 
tror, qui credat natatum aut volatum simpliciori, aut faci- 
liori modo exerceri posse, quam eo ipso, quo pisces et aves 
instinctu naturali utuntmr. Dum igitur lapidem elc sublimi 
a quiete descendentem nova deinceps velocitatii^ acquirere 
incrementa animadverto, cur talia additamenti- simplicis- 
sima, atque omnibus magis obvia ratione fieri ncrn credem ? 
Quod si attente inspiciamus, nullum additamentuin, nullum 
incrementum magis simplex inyeniemus> quam iUud, quod 
semper eodem modo superaddit. Quod facile intelligimus 
maximam temporis, atque motus affinitatem inspicientes : 
sicut enim motus sequabilitas, et uniformitas per temporum, 
spatiorumque sequabilitates definitur atque concipitur, 
(lationem enim tunc aequabilem appellamus cum tempori- 
bus sequalibus sequalia conficiuntur spatia) ita per easdem 
sequalitates partium temporis, incrementa celeritatis sim- 
pliciter facta percipere possumus; mente concipientes motum 
ilium uniformiter, eodemque modo continue acceleratum 
esse, dum temporibus quibuscunque SBqualibus sequalia ei 
superadduntur celeritatis additamenta. Adeo ut sumi}ti& 
quotcunque temporis particulis s&qu&]^Ai& ^ -^rmk^^ \sl^^»s^ 
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in quo mobile recedit a quiete, et descensum aggreditur, 
celeritatis gradus in prima cum secunda temporis particula 
acquisitus duplus sit gradus, quem acquisivit mobile in 
prima particula : gradus vero quem obtinet in tribus par- 
ticulis, triplus, quem in quatuor, quadruplus ejusdem 
gradus primi temporis. Ita ut (clarioris intelligentise 
causa) si mobile lationem suam continuaret juxta gradum, 
seu momentum velocitatis in prima temporis particula 
acquisitae, motumque suum deinceps sequabiliter cum tali 
gradu extenderet, latio hsec duplo esset tardior ea, quam 
juxta gradum velocitatis in duabus temporis particulis 
acquisitae obtineret ; et<sic a recta ratione absonum nequa- 
quam esse videtur, si accipiamus intentionem velocitatis 
fieri juxta temporis extensionem : ex quo definitio motus, 
de quo acturi sumus, talis accipi potest : Motum sequabi^ 
liter, seu imiformiter acceleratum dico ilium, qui a quiete 
recedens, temporibus sequalibus aequalia celeritatis mo- 
menta sibi superaddit. 

The diflBculties which are suggested by this view of 
the motion of falling bodies are discussed by the interlo- 
cutors ; the reasoning by which Galileo arrives at his con- 
clusion is manifestly faulty; nothing can be more loose 
and unsatisfactory than to base a principle upon its sup- 
posed simplicity and the axiom that nature will choose 
the simplest course, although this is not the only instance 
in which such reasoning has been rewarded by the dis- 
covery of truth. Moreover, in the case of the uniform 
acceleration of falling bodies, the method is particularly 
imsatisfactory, inasmuch as the result is only approxi- 
mately true, the actual law of nature being in fact acc<»*d- 
ing to Galileo's estimate anything but the simplest. I think, 
however, it may fairly be doubted whether Galileo himself 
placed much stress upon his own reasoning, seeing that 
he is very careful to bring his views to the test of expe- 
riment : it seems to me very possible, that he may have 
been led by his experiments to the apprehension of the 
law, and may then have given d priori reasons for it in 
accordance with the spirit of the apcient philosophy. 
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We now come to the grounds of the definition which 
was given of uniformly accelerated motion, and it is 
stated, that in order to make good this definition, the 
following principle must be conceded. 

Accipio, says the author, gradus velocitatis ejusdem 
mobilis super diversas planorum inclinationes acquisitos 
tunc esse eequales, cum eorundem planorum elevationes 
sequales sunt. 

This is equivalent to the proposition which has been 
proved in Art. 27, p. 41. 

On this principle being propounded, one of the inter- 
locutors, Sagredo, remarks, '* It seems to me that such a 
supposition carries with it so much probability that it de- 
serves to be at once admitted as true without controversy." 
Galileo, however^ is not satisfied with this mode of estaUish* 
ing his very important theorem, but in the person of 
Salviati, proposes this simple and iDgenious experiment. 

Upon a wall trace a vertical line AB and a horizontal 
line CD : insert a nail at A^ and 
from it suspend a heavy leaden 
ball by a fine string ; it will hang 
in the line AB\ raise the ball 
to C, the string being kept 
stretched ; let go the ball and it 
will be found to describe a cir- 
cular arc, and rise as nearly as 
may be to the point D in the horizontal line C7>, so nearly 
that we may fairly attribute any defect of such ascent to 
be due to the resistance of the air or of the string. Now 
insert a nail at E or at F^ some point in the vertical AB ; 
raise the ball as before and let it go ; it will be found to 
rise to G or /, that is, still to a point in the horizontal line 
CD. From these experiments it is easy to conclude that 
the velocity acquired in falling through a circular arc is 
quite independent of the length of the arc, and dependent 
only upon the vertical height through which the body falls. 

This reasoning appears so conclusive, that Sagredo 
thinks the postulate ought to be conceded as if it were 
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strictly demonstrated. Salviati, however, not wishing to 
make the experiment go for more than it is worth, pointd 
out the difference between the two cases, of motion on a 
plane and motion in a circular arc, and concludes by re- 
questing that the postulate may be granted conditionally, 
in order that, having deduced other conclusions by means 
of it, they may be compared with experiment, and its 
truth be thus put to a more severe test. 

Then follow thirty-eight propositions, partly problems 
and partly theorems, being principally such as would find 
a place in an elementary treatise on falling bodies in: the 
present day, but of course demonstrated geometrically. 
I give you a few specimens. 

Theor. n. Prop. ii. Si aliquod mobile motu uniformiter 
accelerato descendat ex quiete ; spatia quibuscunque tem- 
poribus ab ipso peracta, sunt inter se in duplicata ratione 
eorundem temporum: nempe ut eorundem temporaquadrata. 

From this he draws the corollary, that the spaces de- 
scribed by a body falling from rest in the first, second, third, 
. . . seconds of its fall are as the odd numbers 1, 3, 5, . . . 

Theor. vi. Prop. vi. Si a punctu sublimi, vel imo 
circuli ad horizontem erecti ducantur quselibet plana us- 
que ad circumferentiam inclinata, tempora descensuum per 
ipsa erunt sequalia. 

Theor. xxi. Prop, xxxii. Si in horizonte sumantur 
duo puncta, et ab altero ipsorum quaelibet linea versus 
alterum inclinetur, ex quo ad inclinatam recta linea du- 
catur, ex ea partem abscindens sequalem ei, quae inter 
puncta horizontis intercipitur, casus per banc ductam citius 
absolvetur, quam per quascunque alias rectas ex eodem 
puncto ad eandem inclinatam protractas. In aliis autem, 
quae per angulos sequales hinc inde ab hac distiterint, casus 
fiunt temporibus inter se aequalibus. 

Prob. XV. Prop, xxxvii. Dato perpendiculo, et piano 
indinato, quorum eadem sit elevatio : partem in inclinato 
reperire, quae sit sequalis perpendiculo, et conficiatur eodem 
tempore ac ipsum perpeiiOac\i!L\iai« 
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These will serve as a sample of the propositions enunci- 
ated and proved in this dialogue; at the close of them 
Sagredo expresses his admiration of the manner in which 
so many beautiful results flow from one simple principle, 
and his surprise that such results had escaped such men as 
Archimedes, ApoUonius, and Eudid. 

We will now, if you please, dismiss this dialogue of 
Galileo. Have you any further questions to ask ? 

P. Only one. I am somewhat puzzled by the geo- 

metrical proof of the formula b^^—vcl Art. 13, in which 

a straight line represents time, another straijght line velo- 
city, and a parallelogram represents distance. 

T. There is no real difficulty if you consider the 
principle upon which we represent quantities geometri- 
cally ; all that is meant by taking a straight line to repre- 
sent a certain period of time is, that the straight line con- 
tains as many units of length as the period of time contains 
units of time, an inch to a second, for example ; and in like 
manner, if another straight line be taken to represent a 
velocity, it is intended that the straight line bears the 
same proportion to a standard line that the velocity in, 
question does to a standard velocity ; and a parallelogram 
may represent linear space in the same conventional man- 
ner, it being understood that the parallelogram contains 
as many units of square measure as the distance which it 
represents contains of linear measure. Sometimes the di- 
rection of straight lines is made use of as well as their 
ma^itude to indicate the direction as well as the magni- 
tude of a velocity or a force, but in the present instance 
it is the magnitude alone with which we are concerned, 
and this being so, parallelograms or cubes may be taken to 
represent distances, or, if we wished it, velocities or forces, 
just as well as straight lines. 
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EXAMINATION ON CHAPTER XL 

1. Enunciate the First Law of Motion. 

2. Distinguish between accelerating and moving force. 

3. How is accelerating force measured ? 

4. What is meant by saying that 32.2 feet measures the force of 
gravity? 

5. If 1 mile were taken as the unit of length, and 1 hour as the 
unit of time^ what would be the measure of the earth's accelerating 
force ? 

6. Supposing the earth's accelerating force to be measured by 100, 
and 1 foot to be the unit of space, what would be the implied unit of 
time? 

7. Investigate the formula « ^— , where/ is a uniform accelerating 

force. 

8. How may the accelerating force of gravity be determined, by 
letting fall a stone from the top of a tower ? What objections would 
there be to this method ? 

9. If be the velocity generated in the time f by a uniform acce« 
lerating force/, then v^ft, 

10. The space described by a body under the action of an uniform 
accelerating force in a given time is half of that which would have 
been described if the body had moved uniformly during the time with 
the velocity which it has at the end of the time. 

11. If a body acquire the velocity v in falling through a space 
*, then V* = ^gs, 

12. If a body be projected with the velocity V and be acted upon 
by a uniform accelerating force/, find the velocity at the time t, 

13. A body is projected upwards with a velocity F, find how 
high it will ascend. 

14. Find also how long a time will elapse before the body again 
strikes the ground. 

15. Prove and explain the formula 

t?*= P+2/*. 

16. Explain the method of determining the motion of a heavy 
body upon an inclined plaue. 
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17. The velocity acquired m falling down an inclined plane is 
that due to the vertical height. 

18. A body is projected upwards with a velo^ty of 10 feet per 
second upon a plane inclined at 30^ to the horizon ; find how high it 
will ascend, and the time which elapses before it returns to the starting 
point. 

19. The time of descent down all chords of a vertical circle from 
the highest point is the same. 

20. From a given point find the plane of quickest descent to a 
vertical plane at a given distance from the point. 

21. Compare the time of descent in the preceding problem with 
the time down a plane of twice the length. 

22. Find the velocity with which a body must be projected up- 
wards from the foot of a tower 50 feet high, so as to meet another body, 
let fall at the same time from the top of the tower^ at a distance of 30 
feet from the ground. 

23. Through what height must a body fall to acquire a velocity of 
1000 feet per minute ? 

24. A balloon is ascending vertically with a velocity F, and a 
stone let fall from it reaches the ground in n seconds : find the height 
of the balloon when the stone strikes the ground. 

25. A body is observed to fall the last a feet of its descent in t 
seconds : find the height from which it fell. 

26. A body has fallen through a distance of two miles^ find the 
distance through which it fell in the last second. 

27. The space described by a body in the fifth second of its fall is 
observed to be to the space described in the last second but four as 1 : 6 ; 
what is the whole space described by the body ? 

28. A body falls through a feet at two places on the earth's sur- 
face ; and it is observed that the time of falling is n seconds less, and 
the velocity acquired m feet greater at one place than at the other : 
compare the force of gravity at the two places. 

29. Two bodies are projected at the same instant towards each 
other, from the extremities of a vertical line, each with the velocity 
which would be acquired in falling down it. Where will they meet ? 

30. A body being projected down an inclined plane with the 
velocity which would be acquired in MUngdoN'riil^a^T^TL^^xsiajtV^^ 
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the time of descent is found to be that of falling down the height 
Bequired the plane's inclination. 

31. Determine that diameter of a vertical circle, down the latter 
half of which a body falls in the same time as down the whole vertical 
diameter. 

32. Determine that point in the hypothenuse of a right-angled 
triangle, having its base parallel to the horizon, from which the time of 
a bod/s descent down an inclined plane to the right angle is least. 



CHAPTER III. 

ON THE MOTION OF A PARTICLE UNDER THE ACTION OP 
AN ACCELERATING FORCE, WHEN THE MOTION IS 
NOT RECTILINEAR. SECOND LAW OF MOTION. PRO- 
JECTILES. 



1. We have seen that when a body is acted upon by 
no external force it will either be at rest or will move uni- 
formly in a straight line ; and if a body be moving in a 
straight line and a force act upon it in the direction of 
that straight line, the body's motion will be accelerated or 
retarded as the case may be, but the rectilinear character 
of the motion will not be destroyed. The most obvious 
example of this kind of motion is that of falling bodies, 
and this is the problem with which we have been chiefly 
concerned in the preceding chapter : we have now to enter 
upon a more general problem, namely, the motion of a body 
when influenced by a force which does not act in the 
direction of the body^s motion, and under the action of 
which therefore the motion cannot be rectilinear. 

The kind of motion referred to will be understood best 
by reference to an example. As in the former chapter 
our chief problem was that of falling bodies, so in this our 
chief problem will be that of bodies which fall under the 
action of gravity but not in a straight line, the motion for 
instance of a ball thrown in any direction. A body so 
thrown is called a projectile, and it is a definite dynamical 
problem to determine all the circumstances of the motion. 
We must observe however that any theoretical conclusions 
to which we may come concerning the motion of projectiles 
will not be experimentally correct, because in practice 
bodies move through the air which resists and modifies 
their motion, whereas we shall suppose bodies to move as 
though there were no air, that is, in a vacuum : the actual 

C5 




58 ELEMENTARY DYNAMICS. 

determination of the motion of a projectile, taking account 
of the resistance of the air, is a very important problem in 
consequence of its application to gunnery, and at the same 
time a very difficult one ; the theoretical case of a body 
moving in a vacuum is very much more simple, and will 
serve our piurpose equally well as an illustration of dynamical 
principles. 

2. Let us then consider what takes place when a body 
is thrown in any direction, not coinciding with the vertical 
direction ; the body will describe a curve, and having risen 
to a certain height will then again descend and strike the 
ground. This curve will evidently lie all in one plane, 
since there will be nothing to draw it out of the vertical 
plane in which it begins to move. _ ^>:^T 

Let then ACB be the path of the 

body; A being the point from which ^ 

it starts, B the point at which it A J!)r B 

strikes the ground, C the highest point of the path. Now 
at any instant the direction of the body's motion is the 
same as that of the tangent of the curve in which it is 
moving: thus if P be any position of the body, PT the 
straight line which touches the curve at P, PT is the 
direction in which the body is moving, and if gravity were 
suddenly to cease to operate upon the body it would con- 
tinue to move ever afterwards imiformly in the direction 
PT. At each instant then the direction and the velocity of 
the body are being changed by the action of gravity, and 
the difficulty of the problem consists in determining the 
manner in which the eflfect of gravity in so changing the 
motion is to be estimated. 

Now the method of resolving velocities, which was fully 
explained in Chap. L will assist us in this difficulty. We have 
seen (Art. 10. p. 8) that to give the two resolved parts of the 
velocity of a body in given directions is the same thing as 
to give the actual velocity of the body and the direction of 
it's motion; suppose then that instead of speaking of the 
body P baying a velocity in t\ie dVceo^ioTL PT, vre say that 
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it has a vertical velocity u, and a horizontal velocity « ; then 
if we can ascertain how u and v change from one instant 
to another, we shall know at any instant the actual velo- 
city of the body, and the direction of its motion. Now 
the principle upon which we do this, and which we shall 
state more generally and explain presently, is as follows : 
we assume that the vertical velocity u ynjl be affected by 
the vertical force of gravity, precisely as if the body were 
falling vertically, and that the horizontal velocity v will not 
be affected at all because there is no horizontal force. In 
other words, the horizontal distance of P from the starting- 
point A win increase uniformly, and the vertical height of 
P above A will change precisely according to the same 
law as if it had been thrown up vertically. If therefore a 
body be projected with a velocity V at an angle a with 
the horizon, so that the horizontal velocity is V cos a, and 
the vertical velocity V sin «, and if at the time f , A be the 
horizontal distance, and k the vertical distance {AN, PN 
in the figure) of the body from A ; then 

A = F cos a.tf 

and A? =s F sin a . # - ^— , 

£ 

and these two equations entirely determine the position 
of the body at the time t. 

3. We shall not pursue this problem any further, 
because the whole subject of projectiles will come before 
us presently; we have discussed it here because this 
actual case seems to afford the easiest method of pointing 
out the general nature of the problem to be solved when 
a body is acted upon by forces not in the direction of its 
motion. The method of solution is precisely the same 
as that above adopted, namely, to regard the motion of 
the body with respect to two fixed directions, and to con- 
sider that the velocities in those directions are modified 
by the forces resolved in the same directions precisely aja 
though the motion were rectUineax. TVi^^\\skft\^^*^^%««^^- 



60 TLEXESTARY DYNAMICS. 



nUj otherwise stated, and is known as the second Lcrw of 
Motion ; it is as fdlows. 

When any number of forces €Kt upon a body in mcHon^ 
each generates a velocity in its oum direction precisely ou it 
would if it oieUd singly upon the body at rest. 

Stating the law thus we most suppose that at each 
instant each force generates a velocity in its own direction, 
and that all velocities so generated are compounded by the 
rule of the parallelogram of velocities. In all applications 
of the principle however we consider the motion of the body 
as referred to two fixed directions, and consider how these 
motions will be affected by the forces resolved in the same 
directions; and this appears to be the simplest mode of 
apprehending the law. 

4. When we first introduced this principle, we said 
that we assumed that the vertical velocity of the projectile 
was affected only by the vertical force, and that the hori- 
zontal velocity was not affected because there was no hori- 
zontal force; and in truth the principle so stated seems 
scarcely to require proof and to be such as may be safely 
assumed ; nevertheless, the second law of motion may be 
said to be capable of experimental verification. Examples 
in which a body is in motion and is acted upon by a force not 
in the direction of its motion are numerous ; and the appli- 
cation of the second law of motion is easily seen. Thus if 
a vessel be sailing uniformly, and a ball be let fall from the 
top of the mast, it will fall at the foot of the same not- 
withstanding the motion of the ship ; for when the ball is 
dropped, it has the horizontal velocity of the ship, and as 
the ship continues to move with this velocity, the ball falls 
relatively to the deck as though the ship were at rest. In 
reality the ball describes a curvilinear path, and at each 
moment its velocity and direction of motion are being 
changed by gravity ; but gravity does not affect the hori- 
zontal motion, because it acts vertically, and therefore the 
ball falls at the foot of the mast precisely as though neither 
itself nor the ^ship had any horizontal velocity. In like 
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manner our motions on the deck of a ship moving uni- 
formly, or on the floor of a railway carriage in motion, are 
quite independent of the motion of the ship or carriage ; if 
we jump we descend upon the very spot from which we 
rose, and we can walk in any direction precisely as though 
we were standing upon a fixed platform. So likewise, when 
in exhibiting feats of horsemanship a rider standing upon 
his horse in rapid motion, jumps through a hoop and 
descends upon the horse again, it is only necessary for him 
to spring vertically upwards, the horizontal motion which he 
has already and which the horse retains being precisely 
the motion necessary to bring him again to the saddle. 
Numberless other instances might be adduced, in which 
gravity acts upon a body already in motion ; examples of 
bodies in motion acted upon by a variety of forces are not 
so familiar, the heavenly bodies may however be referred 
to for illustration ; thus, the motion of the moon is due not 
to the attraction of the earth only, but also to that of the 
sun, and the motion of each one of the planets is the result 
of the action upon it of the sun and of every other planet 
in the system. And we refer to this illustration because 
the successful application of our mechanical principles to 
the determination of the motion of the heavenly bodies is 
one of the best proofs of the correctness of the principles 
themselves; for in celestial mechanics we are free from 
disturbing causes, which affect the greater nmnber of 
terrestrial problems, and the results of mathematical inves- 
tigations can be tested by astronomical observations with 
a degree of exactness which unscientific persons can 
scarcely conceive. Now the motion of the heavenly bodies 
has been calculated, and the calculation proceeds upon the 
principles we have explained amongst others, and the result 
assures us (if we needed any assurance) that the second 
law of motion is correct in its principle. 

5. It will be observed that we have spoken of resolving 
the velocity of a body in motion into two fixed directions, 
and considering the changes of those velocities indepen- 
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dently; that is, we have spoken as if the motion were aQ 
in one plane ; this, of course, is not necessarily the case ; we 
shall however not be concerned with any problem in whidi 
it is not so, and we have therefore preferred speaking of 
that kind of motion in order that what was said might be 
more simple. The second Law of Motion does not, as will 
be at once perceived, imply any such restriction, and the 
principle of treating a problem is precisely the same, whether 
the motion be all in one plane, or not ; practically^ however, 
the difficulty is much increased. 

It may also be observed that in this chapter we shall 
be able still to confine our attention to accelerating farce ; 
that is, we shall not be concerned with the mass of the 
body moved, but shall entirely confine our attention to 
the path described by a body, and the change of velocity 
in that path. In the case of a projectile, which will be 
the only problem of which we shall treat, the motion 
(supposed to take place in vacuum) will be precisely the 
same whether the particle which moves have the density 
of lead or of charcoaL 

We now proceed to the determination of the path of a 
projectile, and the discussion of various cognate problema 

6. Prop. Tlie path of a projectile will be a parabola. 

Let the plane of the paper be the 
plane of the body's motion, that is, the 
vertical plane containing the straight 
line in the direction of which the body 
is projected, or the direction of projection. 

Let P be the point from which the p 
body is projected, and let it be projected 
in the direction PNR with a velocity F. 
Then PNR is a tangent to the curve in 
which the body moves ; and if no force 
acted upon the body it would move uniformly along PNR, 
and at the time t would be at the point JV' if PN « Vt. 
Now from N draw JVQ vetticdly d.o\nr7(«ccda and equal to 
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— ; then NQ, is the vertical space through which the body 

/St 

would fall in the time t in consequence of the action of 
gravity, and therefore according to the principles already 
explained, Q will be the actual place of the body at the 
time t. 

Complete the parallelogram PVQNy then 

and QY^PN^ Vt; 

2F* 

.-. QF2= r^f:^ — .pr. 

g 

But in the parabola QV^^ A^SP.PV, (Conies). Hence Q lies 
in a parabola, of which the axis is vertical, and the distance 

2F^ 

of P from the focus or from the directrix is . q.e.d. 

g 

7. Prop. To determine the velocity at any point of the 
path of a projectile. 

It appears from the preceding proposition, that if P 
be the point of projection, V the velocity of prqjection, 
and S the focus of the parabola, then 

V^^ftg.SP. 

Now any point in the path may be regarded as the point 
of projection, and the corresponding velocity as the ve- 
locity of projection, hence the preceding formula gives us 
the velocity at any point P of the path of a projectile, 
the path itself being supposed to be known. 

If from P we draw a perpendicular upon the directrix 
of the parabola, and call this perpendicular Pilf , we have 
SP = PM^ by the property of the parabola, and hence 

F* ^stg.PM. 

And it may therefore be stated that the velocittj at oau^ 
point of the path of a jprq/ectile i« tKot uiKxch. "iMOMiW. V^^ 
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acquired in falling from the directrix to the paint in question. 
(See Art. l6. p. 33). 

8. The velocity at any given time may also be found 
without supposing the path of the projectile to be given. 
Let V be the velocity at the time t, and let be the angle 
which the direction of the motion makes with the horizon; 
so that V cos is the horizontal velocity, and v sin the 
vertical velocity ; then if F be the velocity of projection, 
and a the angle of projection, or the angle which PNR 
(see fig. p. 62) makes with the horizon, we have, according 
to our principles, 

V cos ^ V cos a, 

t; sin d B V sin a - gt ; 

/. squaring the opposite sides of these equations and 
adding, we have 

t)* e F^ cos* a + ( r sin a - gty, 
- r* -^QVgt sin a -^ gU\ 



- r« - 2g^ ( 



F^sina-— ] 



This formula gives us what we require, and it admits of 
an interpretation which it may be worth while to notice, 
r^sina is the vertical height through which the body 
would have risen had gravity not acted, consequently 

F^ sin a is the actual vertical rise of the projectile 

above the point of projection during the time t ; call this A, 
then we shall have 

v« = r» - 2gh, 

which is precisely the same formula as we should have 
had if the body had been projected verticaUy ; and we 
may hence conclude that if from any point a number of 
balls be projected in different directions, but all with the 
same velocity, then the velocity of all will be the same 
when they cross any given horizontal plane, or when they 
are all at the same distance from the ground. 
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9. From the above equations we may also determine 
the direction of the body's motion at any given time, 
without reference to the properties of the parabola ; for 
we have, by dividing one equation by the other, 

tan = ^^^-ff « tan a - r^ — t. 
Fcos a Kcos a 

From this formula we perceive that tan 9 diminishes uni- 
formly as t increases ; when « 0, the body is moving in a 
horizontal direction, it has, in fact, reached the highest 
point of its path, and is about to descend again ; this will 
take place when 

r sin a - ^« = 0, 

Fsin a 
or « B , 

g 

It may be noticed, that after having reached this highest 
point, the body describes in descending an exactly similar 
path to that which it described in ascending, and there- 
fore the above value of t is half the time between the 
instant of the body leaving the ground and the instant of 
striking it upon its descent. We shall, for distinctness' 
sake, presently investigate the time of flight indepen- 
dently. 

10. As one other illustration of the preceding formulae, 
which it will be observed have no reference to the fact of 
the path being a parabola, we will determine at the time t 
the angle which the direction of the body's motion makes 
with the direction of projection, in other words how much 
the direction of motion has deviated from the original direc- 
tion. This angle of deviation will be measured by a - 0, 
and we have 

, ^, tan a - tan 9 gt 

tan (a - 0) « « 

' 1 -f tan a tan 9 Fcos a + tan a (F sina - gt) 

gt cos a 
V - gt^ina' 
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This result may be obtained by a direct process, and it 

will illustrate our jHrinciples to do so. Let PR 

be the direction of projection as before, and 

instead of considering the motion with refer* 

ence to a vertical and a horizontal line, let us 

consider it with reference to PR and a line 

PA at right angles to it; then the resolved 

part of g in the direction of PR is g sin a ; 

and that perpendicular to it is g- cos a ; consequently at the 

time t, 

velocity parallel to PR ■= F - ^t sin a, 

PJ^ gtcoaa; 

and if (p be the angle which the direction of the motion 
makes with PA, we have, according to our principles. 



tan (f) 



V - gt sin a 



gt cos a 

and since (p is the complement of the angle which the direc- 
tion of the motion makes with PR, that is, the complemtent 
of a - d, this result coincides with that obtained before. 

We now return to the consideration of the parabolic 
path of the projectile. 

11. Prop. To determine the position of the foctis of 
the parabola described by a projectile, when the point of prO' 
jection, and the velocity and direction of projection, are given. 

Let P be the point of projection, PQ the direction of 

projection ; draw PM vertical, and M 

at the point P in the straight line 

PQ make the angle QP8 equal to 

the angle QPM', and make SP 

F* 
equal to — , where F is the velo- 

city of projection, S will be the P 
focus required. 

For since PQ is a tangent at P, and PM being vertical 
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is parallel to the axis, therefore the focus lies in the straight 
line SP which makes an angle with FQ equal to QPM. 

(Conies). Also, by Art. 7, SP = — , whence the truth of 

the construction appears. 

Cor. If the angle of projection be 45® the focus is in 
the horizontal line passing through the point of projection. 

12. Prop. To find the latvs rectum of the parabola. 

From the focus S draw the perpendicular ^ 
SY upon the tangent at the point P, that is, 
upon the direction of projection ; let A be the 
vertex, then AY is a, tangent at the vertex and 
therefore horizontal. (Conies). 

Now SYA = 90« - a, and SPY^ MPY^go^-^a ; 
.*. the latus rectum « 4fAS - 4 SY eos a « 4 SP cos* a 




= 2 — COS' a. 
g 



,ii 



Cor. If a e 0, the latus rectinn 



e 



This is the 



simplest case of the path of a projectile, and may perhaps 
with advantage be investigated independently. 

13. Let A be the point of projec- 
tion, which in this case will be the vertex j^ 
of the parabola; AQ horizontal, QP 
vertical, AN vertical, PN perpendicular 
to AN. Then if P be the place of the 
body at the time t, we have 




PQ^AN = 
AQ^PN^ 



Vt; 

2F« 



g 



.AN. 



68 ELEMENTARY DYNAMICS. 

Hence the path is a parabola, haying for its latus rectum 

. (Conies). 

g 

14. Prop. To determine tlie greatest height attained by 
a projectile. 

The greatest vertical height will be, according to the 
principles already explained, the height to which the body 
would rise if projected vertically with the vertical portion 
of its velocity of projection, that is, with the velocity 
V sin a. 

Hence the height required is . 

Cor. The height of the focus above the point of pro- 

V^ sin' CL V^ cos* CL 

jection will therefore be (Art. 12), or 

^g ^g 

. This has the appearance of being a negative 

quantity, but will not in reality be so, unless 2 a be < 90®, 
or a < 45®. We have already seen that if a = 45®, the focus 
is in the horizontal line passing through the point of pro- 
jection, if a > 45® the focus is above that line, if a < 45® 
it is below the same. 

15. Prop. To find the horizontal range of the projectile, 
that is, the distance jfrom the point of projection at which the 
path of the body meets the horizontal plane through the point 
of projection. 

Hie range will be equal to twice the distance of S 
from PM (fig. Art, 11), and therefore 

« 2SP sin 2a = — sin 2a. 

9 

Cor. The range will be greatest when 2a«90®, or 
a B 45®, that is, when the focus is in the horizontal line 
passing through the point of projection. 

16. Prop. To find the time of flighty that is, the time 
which elapses from the instant of projection until the instant 
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of the prqfectile descending to the horizontal plane through 
the point of projection. 

According to our principles, the time required will 
be that in which the horizontal range can be described 
uniformly with the body's uniform horizontal velocity. 
Therefore the time required 

F2 . ^ gFsina 

« — sm 2a -f- KCOSa = • 

9 9 

The same result may be obtained by consideration of 

the vertical motion of the projectile ; for the time of flight 

will be the same as that required by a body projected 

vertically with the velocity V sin a, to rise to its greatest 

height and return, that is, twice the time required by 

gravity to generate or destroy a velocity V sin a, that is, 

2 Fsin a 



See also Art. 9. 

17. Prop. Given the velocity of projection, to construct 
for the direction so that the prqfectile may strike a given 
point. 

Let O be the point of projection ; P the point through 
which the path of the pro- 
jectile is to pass ; V the velo- 
city of projection. 

Draw OM vertical and 

equal to — , and MN hori- 

^9 
zontal, which will be the di- 
rectrix (Art. 7). Draw PN 
perpendicular to the directrix ; and with centres and P, 
at distances OM, Plf, describe two circles cutting each 
other in S and y. Then, by the nature of the parabola, 
either S or S' may be the focus of a parabola having MN 
for directrix, and passing through and P ; hence either 
S or S' may be the focus of the required patK oC "^5^^ ^'^^- 
jeetile. 
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Through draw OT, OT, bisecting the angles MOSy 
MOS respectively, then either OT or OT may be taken 
as the direction of projection in order that die body may 
strike the given point P. 

Cor. If the two circles do not intersect the problem is 
impossible, and if the circles touch there is only <me direc- 
tion of projection. 

18. Prop. Given the direction of projeetion^ to construct 
for the velocity, in order that the body may strike a given 
point. ^ 

Let be the point of projection ; P the point through 
which the path of the projectile is to pass ; 
OT the given direction. Draw MO V ver- 
tical, and PV parallel to OT. 

Take OM such that PV^^WM . OV, 
that is, take OM a third proportional to OF 

^d^r.ihen the lK.rizo.Ul line Um-njl. 

M is the directrix, (Oonics) and V* ^a 2g . OM. 

There is no ambiguity in this case, as in the preceding 
proposition ; that is, there is only one velocity correspond- 
ing to a given direction of projection. 

19. The preceding are some of the principal proposi- 
tions relating to projectiles ; problems and examples illus- 
trative of them may be given to an indefinite extent, and 
we shall presently subjoin a few. Before leaving the sub- 
ject, however, we will remark, that although it is true that 
a body acted upon by a uniform force which acts parallel 
to a given direction will describe a parabola, it does not 
follow, conversely, that if a body move in a parabola it is 
necessarily acted upon by a uniform force parallel to its 
axis. In order to make this conclusion hold we must have 
the condition, that the motion in the direction perpen- 
dicular to the axis is uniform ; if this condition hold, we 
may then conclude that the motion parallel to the axis is 
uniformly accelerated, or that the body is acted upon by 

a uniform force in that dxreetioiu 
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20. We now conclude this chapter with some ex- 
amples. 

Ex. 1. A ball is projected with a velocity of 1000 feet per second, 
and strikes the ground at a distance of 100 yards; find the angle of 
projection. 

Let a be the angle ; then we have (Art. 15), 

V 

— sin 2a = 300, 

and F=1000, 
. _ 300 X 32.2 _ 96.6 

•'• ™^''" iooo« "ioooo' 

.-. log sin 2a = 7.9849771 by the tables, 
and 2 a = 33^ 12" nearly, or the supplement of this angle ; 
and a = 16' 36" or the complement of Uie same. 

Ex. 2. A ball fired from a gun at an elevation of 25^ strikes the 
ground at a distance of four miles ; find the velocity of the ball on 
leaving the gun. 

If F be the velocity we have, 

p,_ 32.2 x4x 1760x3 

.-. by the tables, log F= 2.9741479, 
and F= 942.21 feet per second. 

Ex. 3. Find the greatest range possible when the velocity of pro- 
jection is 10 times that which would be acquired by a heavy body in 
falling during one second. 

F' 

The greatest range is measured by — (Art. 15. Cor.), and in this 

if 

case F= 10^; hence the range required is 100^ or 3220 feet. 

Ex. 4. A body is projected with a] velocity of 1000 feet per second 
and at an angle of 30^ ; how long a time will elapse before it strikes 
the ground ? 

2 F 
In general the time of flight = — sin a. (Art» l6^ 
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= ^3- X ^ in the present instance, 

= 7^;r7;. « 31.057 seconds. 
32.2 

Ex. 5. In the preceding example^ find the height of the body 
above the ground after the lapse of 25 seconds. 

In general the height at the time t — Fsina.t-^, 

= 1000x25-16.1 X 25», in this case, 
= 25000-10062.5, 
= 14937.5 feet. 

Ex. 6. Given the direction of projection and the height to which 
the velocity of projection is due^ to construct for the greatest height to 
which the projectile will rise, and for the horizontal range. 

Let P be the point of projection, PM the vertical height through 
which the body must fall in order to acquire the velocity of projection^ 
PQ the direction of projection^ PA horizontal. 

From M draw itfQ perpendicular to PQ, and from Q draw ^R 
perpendicular to PM\ then PR will be the greatest height required, 
and 4 J2Q the horizontal range. The student can supply a figure, and 
the proof of the construction. 

Ex. 7* Or the range may be constructed as follows : 

Draw 3fQ perpendicular to PQ as before; produce PCi^ and 
take PF equal to 4PQ ; from F drop the perpendicukr FH upon the 
horizontal line PH^ PH will be the range. 

Ex. 8. Given the range and the height to which the velocity of 
projection is due, to construct for the direction of projection. 

In the construction of Ex. 6, it will be seen that a semicircle de- 
scribed upon PM as diameter will pass through Q, since MQP is a 
right angle. 

Hence, conversely, if PH be the ^ven range, and we make PIf 

equal to one fourth of PH^ and draw NqQ vertical, it will generally 

intersect the semicircle described upon the given line PM in two points 

Q and q; and PQ, P<i will be two directions of projection which wiU 

satisfy the conditions of tVie pioVAem. 
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And it will appear that there will be only one direction of projection 
if the range equal twice the height to which the velocity is due, that 
there will be two directions if the range be less than this, and that the 
problem is impossible if the range be greater. 



CONVERSATION UPON THE PRECEDING CHAPTER. 

P. Is the theory of projectiles which we have been 
discussing nearly true experimentally ? 

T. Very far from it ; the resistance of the air is so 
great, that the path of a cannon-ball differs extremely 
from what it would be in vacuum, and the determination 
of the path is extremely difficult in a mathematical point 
of view, indeed the problem cannot be completely solved. 

P. The propositions which I have been reading must 
therefore be regarded as purely theoretical ? 

T. They are of little practical value in the science 
of gunnery, but they are of great use as illustrations of 
mechanical principles, and that is the reason why they 
have been so fully discussed. Nothing can be found better 
as an illustration of the second law of motion than the 
case of a projectile, because it is that of a body acted 
upon by a single uniform force not in the direction of the 
motion. The most general problem we can have is that of 
a body acted upon by any number of forces in any di- 
rections ; now in the case of the projectile we have only one 
force, and that force always acting in the same direction. 
Hence, the motion of a projectile may be regarded as next 
in simplicity to that of a body falling vertically. 

P. The determination of the motion appears in fact 
to be reduced by the method given in Art. 2, to that of 
a falling body. 

T. Yes ; that is the result of considering the motion 
of the body as compounded of two, a\id xe^'^xdc^xi'^ ^%.^ ^\ 
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these two motions as a rectilinear motion. And according 
to the principles laid down in this Chapter, each of these 
supposed motions is affected by the force in that direction, 
exactly as though the body were moving in a straight line 
under the action of the force. This is, I think, the simplest 
mode of apprehending the second law of motion. 

The clear apprehension of the law, as well as the para- 
bolic theory of projectiles which immediately follows from 
it, is due to Galileo ; the fact is, that the parabolic form 
of the path is so thoroughly destroyed by the resistance 
of the air, that the notion which was at one time prevalent 
of the path being in the first instance a right line, and 
then becoming a curve and finally becoming a straight 
line again, does in reality much more nearly correspond to 
the actual path than does the parabolic theory. Nicholas 
Tartaglia (who flourished in the early part of the sixteenth 
century) was the first who perceived that the path must 
in reality be curvilinear throughout, but he did not suc- 
ceed in determining the natiure of the curve. This was 
effected by Galileo, and his treatise on the subject forms 
the substance of his fourth dialogue, which is entitled De 
Motu Projectorum. I entered at some length into an 
account of his dialogue on falling bodies, because it is in- 
teresting to see how these subjects presented themselves 
to the minds of early discoverers, and for the same reason 
I will call your attention (but only briefly) to the dialogue 
on projectiles. 

The dialogue is introduced as follows : 

Quae in Motu sequabili contingimt accidentia itemque 
in Motu natiuraliter accelerato super quascunque planorum 
inclinationes, supra consideravimus. In hac, quam mode 
aggredior, contemplatione, prsecipua qusedam symptomata, 
eaque scitu digna in medium afferre curabor, eademque 
firmis demonstrationibus stabilire, quae Mobili accidunt 
dum motu duplici latione composito, sequabili nempe, et 
natiuraliter accelerata, movetur : hujusmodi autem videtur 
esse Motus ille, quern de Projectis dicimus : ciyus gene- 
rationem tale constituo. 
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Mobile quoddam super planum horizontale projectum 
mente eoneipio omni secluso impedimento : jam constat 
ex his qu8e fusius alibi dicta sunt illius motum sequabilem, 
et perpetuum super ipso piano futurum esse, si planum 
in infinitum extendatur : si vero terminatum, et in sublimi 
positum intelligamus, mobile, quod gravitate prseditum 
eoneipio, ad plani terminum delatum, ulterius progrediens, 
sequabili, atque indelebili priori lationi superaddet illam, 
quam a propria gravitate habet deorsum propensionem, 
indeque motus quidam emerget compositus ex 8equabili 
horizontali, et ex deorsum naturaliter accelerato: quem 
Projectionem voco. Cujus accidentia nonnulla demonstra- 
bimus. 

I may remark that nothing can be more distinct than 
the explanation of the composition of motion here given : 
it is, in fact, the enunciation of the second Law of Motion, 
upon which the motion of projectiles immediately depends. 
The discourse contains fourteen propositions, which begin 
with the fundamental one of the motion of the projectile 
being parabolical, and then proceeds to various applications, 
much in the same manner as in a modern treatise on the 
subject. 

Theor. Prop. i. Projectum dum fertur motu com- 
posito ex horizontali sequalibi, et ex naturaliter accelerato 
deorsum, lineam semiparabolicam describit in sua latione. 

This is demonstrated in the same manner substantially 
as in the preceding Chapter. 

In the conversation which follows this proposition, the 
question of the apparent disagreement of the parabolical 
form with experiment is discussed, and referred to its true 
cause, the resistance of the air ; and in the course of it 
Salviati explains that if a body be let fall in a medium 
such as the air, the acceleration of its motion will not 
increase continually, but that the resistance increasing as 
the velocity increases will at length destroy the acceleration, 
and that the body will thus continually approximate in its 
motion to a uniform terminal velocity ; a result which ma- 
thematical investigation confirms. 
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The next proposition does not distinctly refer to the 
theory of projectiles ; after it Galileo introduces a variety 
of Theorems and Problems, which are of no special in- 
terest except as shewing how thoroughly he had mastered 
the principles of the motion. 

P. I am surprised to find that the resistance of the 
air is so great as to render the parabolic theory of pro- 
jectiles practically useless. 

T. The resistance of the air depends upon the ve- 
locity with which the body passes through it ; it is usual 
to consider the resistance to vary as the square of the 
velocity, a law which though not strictly true is sufiiciently 
near to the truth to give some notion of the enormous 
effect of the air for high velocities, and you will remember 
that in all cases of practical importance the velocity is 
very great. Thus in some cases it has been found that 
the resistance of the air was equivalent to as much as 
100 times the force of gravity ; this was the case when the 
velocity was about 2000 feet per second or 23 miles in a 
minute. Now it is evident that such a force as this must 
totally destroy the results obtained upon the supposition 
of the ball moving in a vacuum. 

And without entering into any consideration of the 
form of the curve, the impossibility of obtaining anything 
like true results upon the parabolic theory is manifest from 
this, that with a velocity such as has been mentioned and 
an angle of projection equal to 45° the range ought to be 
almost 24 miles, (Art. 15) ; whereas in practice the range 
is frequently found to be short of one mile. 

P. It is clear from this that the parabolic theory 
must remain theory only. I suppose that the mode of 
determining the motion of the projectile given in Art. 2, 
in which no reference is made to the parabola, is a com- 
plete solution of the problem of motion in a vacuum. 

T. Yes, the velocity and position of the body at any 
given time can be assigned ; and when that can be done 
the problem is completely solved ; and indeed it would be 
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possible from the equations there given to shew that the 
body moved in a parabola, but to do so would require 
another method of treating the parabola from that with 
which you are acquainted. You will observe that in de- 
termining the height to which the body rises, (Art. 14) and 
the time of its flight, (Art. 16), the fact of the parabolic 
form of the path is not introduced, but reference is im- 
mediately made to the principles of the Article to which 
you have referred. 

P. The difference between the two methods is in fact 
nothing more than taking different straight lines to which 
to refer the motion. 

T, It is merely that; and it depends upon circum- 
stances what lines of reference may happen to be most 
convenient. Suppose, for instance, we project a body from 
the foot of an inclined plane, and we wish to know the 
greatest distance from the plane attained by the body, 
then we need only consider the motion in a direction per- 
pendicular to the plane. 

Let Q be the inclination of the plane, and a the angle of 
projection; then the velocity perpendicular to the plane 
will be V sin (a - 0), and the resolved part of gravity per* 
pendicular to the plane will be g cos Q ; you will see the 
truth of this if you draw a figure; hence we have at once 
for the greatest distance attained by the projectile 

V^ sin« (g - ff) 

In like manner if we call w the distance of the body 
from the plane at the time U we shall have 

ar= Fsin(a-e)e-^^^^««; 

and therefore the time which elapses before the body 

strikes the plane will be -z . You may upon 

g cos Q 

the same principles find the range upon the inclined plane, 

that is, the distance from the point of projection at which. 
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the body strikes the phme. This I leave to your own 
iDgenuity. 

P. Are there no other problems besides that of pro- 
jectiles to which the principles of this chapter apply ? 

T. The principles apply to the very important problem 
of the motion of the heavenly bodies; for instance, the 
earth and each of the planets describes an ellipse about 
the sun in one of the foci, and it is possible to shew that 
this elliptical form of the orbit is an immediate consequence 
from the hypothesis of the sun attracting the planets ac- 
cording to a certain law, and no other principle is re- 
quired for the demonstration of this remarkable proposition 
besides those of the first and second Laws of Motion ; but 
the force not being a uniform force, we should find con- 
siderable difficulty in applying our principle, and had better 
therefore defer the problem. 

EXAMINATION UPON CHAPTER IIL 

1. Enunciate and illustrate the second law of motion. 

2. Apply it to find the height above the ground at the time i of 
a body, which is projected with a velocity V and in a direction making 
an angle a with the horizon. 

3. A ball is thrown with a yelodty 6g at an angle of 60^ with 
the horizon^ find after what lapse of time it will strike a wall at a 
distance of 10 feet. 

4. The path of a projectile is a parabola. 

5. Shew that the velocity at any point of the parabolic path of 
a projectile is that which would be acquired in falling from the directiix 

6. A body is projected with a velocity of 100 feet per second; 
find the position of the directrix. 

7* Determine the greatest height to which Uie projectile will rise, 
and the range on a horizontal plane. 

8. Find the time of flight. 

P. If the angle of pro^ectioii be 45^, the focus lies in the hori- 
^ntal plane passing thTOugli t\ie ^om\> ol -^q^^a^qlvsdu 
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10. Determine the angle of projection for which the range is a 
maximum. 

11. Given the velocity, determine the angle of projection in order 
that the projectile may pass through a given point. 

12. Given the range^ determine the angle in order that the same 
result may be produced. 

13. Prove that the two angles given by the construction in the 
preceding question are complementary to each other. 

14. Given the angle of projection, determine the velocity in order 
that the projectile may pass through a given point. 

15. The curve traced out upon an inclined plane by a body pro- 
jected along its surface will be a parabola. 

16. A body is projected from the foot of an inclined plane; find 
the distance from the foot at which the body strikes the plane ; the 
velocity and angle of projection and the inclination of the plane being 
given. 

17* Find also the time which elapses before it strikes the plane, 

18. A body is projected horizontally from the highest point of a 
vertical circle ; shew that in order that the body may clear the circle, 

the velocity of projection must not be less than Jgr, where r is the 
radius of the cirde. 

19. If the velocity be precisely Jgr in the preceding problem^ 
find the distance of the focus from the centre of the circle. 

20. Find also under the same circumstances the distance of the 
projectile from the centre of the circle, when it passes the horizontal 
plane in which the centre lies. 

21. From the vertex of an equilateral triangle having its base 
horizontal and plane vertical^ a body is projected horizontally in such a 
manner as to pass through one extremity of the base ; compare the 
perimeter of the triangle with the height due to the velocity of pro- 
jection. 

22. Find the distance of the focus from the vertex of the triangle 
in the preceding problem. 

23. A body is projected upwards upon an inclined plane> I feet 
long, inclination a, with a velocity F; find the latus rectiwci oC iJaa 
parabola desenbed after the body leaves t\ie ^\axL<&» 
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24. A ball i8 projected with velocity of V at an angle of 60* with 
the horizon ; find how long a time will elapse before it is moving in a 
direction making an angle of 45® with the same. 

25. Given the range and the time of flight, find the velocity and 
angle of projection. 

26. Give the result of the preceding question^ when the time of 
flight in one second, and the range l6.1 feet. 

27* The time is noted at which a projectile is moving at an angle 
of 45® with the horizon, and again when it is moving horizontally, the 
time being measured from the instant of projection ; with these data 
find the velocity and angle of projection. 

28. Shew that if the distance of a body from the point of pro* 
jection at any two given periods of time measured from the instant of 
projection be given, the velocity and angle of projection can be found. 

29. If the resistance of the air were imperceptible, shew that the 
accelerating force of gravity might be determined from the motion of a 
cannon-ball^ without determining the velocity with which the ball issued 
from the gun. What observations would be necessary ? 

30. A shell is thrown at an angle a, and falls a feet short of the 
mark intended ; another is thrown with precisely the same charge of 
powder, but at an angle of elevation greater by a given quantity /3, and 
the shell now falls b feet beyond the point; supposing the velocity 
of projection of the shell -to be known, shew how to find the angle of 
elevation in order that the shell may fall at the point desired ; and 
prove that if a= 1 foot, and b^} foot, the angle of elevation will be 

o + — early. 



CHAPTER IV. 

ON THE MOTION OF BODIES UNDER THE ACTION OF FORCE, 
WHEN THE MASS OF THE BODY MOVED IS TAKEN 
INTO ACCOUNT, THIRD LAW OF MOTION. FALLING 
BODIES CONNECTED BY A STRING. 



1. It will be remembered, that in speaking of the 
action of force as changing the motion of a body, we dis- 
criminated between the case in which we are able to con- 
fine our attention entirely to the acceleration or retardation 
of the motion and the case in which we have to take into 
account not only the change of velocity but also the mass 
of, or quantity of matter contained in, the body moved. 
In the former case we called the force accelerating force, 
in the latter moving ; but we took especial pains to point 
out that these terms did not imply two different kinds of 
force, but only two different modes of estimating it. Mov- 
ing force we have hitherto not discussed, because we found 
that there was an important class of problems, namely, 
that of falling bodies and projectiles, which we could 
treat while we regarded force purely in its accelerating or 
retarding character, and we preferred to treat of force 
considered thus, before we took the more general view of 
it as moving force. 

2. In the present Chapter we propose to treat of 
moving force, or to consider the action of force in those 
cases in which it is necessary to take account of the mass 
of the body moved. And here the question immediately 
arises, what do we mean by the mass of a body ? It may 
be answered, that we mean the quantity of matter it con- 
tains; but this answer only shifts the difficulty, because 
we are compelled to ask, how do we know anything con- 
cerning the quantity of matter which a body contains? the 
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mere magnitude of a body evidently does not give us the 
information we require, for a body may be compressed or 
expanded without in any way altering the quantity of 
matter contained; we require then a definition of mass, 
or else some distinct method of measuring the quantity 
of matter. 

3. Now the question, how is the mass of a body to be 
measured, assumes a very different appearance, according 
as we regard it as a statical or as a dynamical question ; 
and it will assist the student in understanding the sub- 
ject to regard it in both ways. 

4. First let us regard the question merely as a statical 
one, that is, let us consider how we shall estimate the 
mass of a body without any reference to the manner in 
which difference of mass may modify the effect of a force 
in changing a body's velocity. Now if we take a body of 
a certain magnitude and compress it to half that magni- 
tude, it is clear that we do not alter the quantity of 
matter in it ; the change produced we express by saying, 
that we have reduced it to half the original volume and 
have doubled its density, and that the mass consequently 
remains the same. If we had weighed the body before we 
compressed it, and if we weigh it again after we have 
compressed it, we shall find that the weight is the same ; 
and this suggests to us that weight may be a proper test 
of mass or of the quantity of matter ; and it will give us 
a simple and distinct notion of mass if we say that the 
mass of two bodies is the same when the weight is the 
same, and if the word mass be not otherwise defined, we 
may of course, if we please, thus define it. When however 
we say that the weight of a body measures the quantity of 
matter in the body, we do to a certain extent advance a 
theory concerning the earth'^s attraction ; for if we take a 
cubic inch of cork and a cubic inch of lead we find that 
the latter weighs much more than the former, and accord- 
ingly we say that there is much more matter contained in 
it ; and by thira speaking we imply, that the cubic inch of 
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lead does not weigh more than the cork because it is lead, 
but because there is more matter in it ; that is, we assume 
that the earth acts upon all kinds of matter with equal in- 
tensity, and that the difference between its action upon 
two bodies of the same volume is a difference depending 
upon quantity only and not upon quality. This, it will be 
remembered, is not the case with all kinds of attraction ; 
the magnet acts upon iron and not upon wood, its action 
depends upon the quality of the matter submitted to it ; 
and it would be difficult to assert a priori that the same 
was not the case with the attraction of the earth, nor in- 
deed can it be easily proved without dynamical consider- 
ations that it is not so: we shall however assume the 
contrary, that is, we shall assume that the earth acts with 
equal intensity upon matter of all kinds, and upon this 
assumption the weight of a body will measure its mass or 
the quantity of matter it contains. In fact, in Statics we 
can assign no other definition of mass than by saying, that 
two bodies have the same mass when they have the same 
weight. 

5. Before we leave this part of the subject, we will 
put down two or three equations which embody the mean- 
ing of the preceding paragraph. Let W be the weight of 
a body, M its mass, V its volume or the number of cubic 
inches it contains, D its density. Then all that we can 
say of JIf is that 

MooW, 

or if M\ W" be the mass and weight of another body, 

M : JMT :: W : W\ 

M, V, and D are connected by the equation 

and this gives the only definition of D. The equation 
expresses what we have already stated, namely, that if we 
take a body of given mass and compress it to half its 
volume we double its density, in other words, if the mass 
of a body be given, the density varies inversely as the 
volume. 
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6. Now let us look upon the question of the method 
of measuring the mass of a body from a dynamical point 
of view. And for fear of any mbunderstanding let it be 
first remarked, that if a body be at rest any force however 
small will put it in motion ; practically there are always 
impediments to motion such as friction and the like, and 
a body will not move from rest unless the force acting upon 
it be sufficient to overcome such impediments; but if 
there be no such hinderances to motion the body itself 
offers no resistance ; it is true that if a body were placed 
under such circumstances, we should be sensible of an 
effort in putting it in motion, but this sensation would not 
imply a resistance on the part of the body ; so far as ex^ 
traneous forces are concerned matter is inert, it remains at 
rest until a force acts upon it, and then, however small the 
force may be, it acquires motion. 

Suppose that we have the means of exerting a given 
uniform force by means of a spring or by any other method 
And suppose that with this force we make experiment 
upon different bodies, and that we have the means of 
observing accurately the velocity generated in each in the 
period of one second. Let there be two bodies, which we 
will denote for clearness' sake by M and M', and in one 
second let this given force generate the same amount of 
velocity in JHf as in il[f ; in fact, having first made experi- 
ment upon M, and found what velocity can be generated 
in one second, find another body Jf ' in which the velocity 
generated is the same ; then we may, if we please, describe 
the relation between M and M' by saying that they have 
the same mass ; in doing so we are putting aside for the 
moment the statical notion of mass and adopting a new 
notion, namely, that two bodies have the same mass, or conr 
tain the same quantity of matter, when the same force gene- 
rates in them the same velocity in the sams tim£. Now let us 
fasten M and M' together, then it will be found that in 
the compound body the force employed in the former ex- 
periments will generate only half the velocity in one 
second; and generally it will appear that the velocity 
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generated in one second will be inversely proportional to 
the mass of the body upon which the force acts, mass 
being defined as in the present Article. Suppose therefore 
that we denote force by -F, the mass of the body by M, 
and the velocity generated in a second by /, then when 
F is given, it appears from what precedes, that 

and when M is given we know that 

f O.F, 

because F is measured in that case by the velocity gene- 
rated in one second, as explained in a former Chapter; 
hence, when neither M nor F are given, we have by the 
general principle of variation, 

or F cc Mf. 

In other words the moving force F varies jointly as the 
mass moved J/, and the accelerating force /. 

7. We have now treated of the mass of a body stati- 
cally, and we have also treated of it dynamically; or rather 
we have given a statical measure of something which we 
have called mass, and we have given a dynamical measure of 
something which we have also called mass, but we have yet 
to see whether the two things independently defined and 
both designated by the name ma^s are the same; the 
student may suppose, from the fact of our assigning the 
same nan^e in the two cases, that this is so, but he must 
remember that we have not proved it. This is what we 
now proceed to do. 

From the formula F « Mf we perceive, that if in 
two cases the accelerating force (/) be the same, the mass 
M (dynamically defined) will be proportional to the moving 
force F. Now treating the question statically, we assumed 
that mass was measured by weight, that is, by the whole 
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moving force of the earth's attraction upon it, and it will 
therefore follow that the two modes of estimating mass 
come to the same thing, provided it be shewn that the aceeU' 
rating force of the eartKs attraction upon all bodies is the 
same. This is in fact the case, as has been before men- 
tioned (Art 6. p 24) ; if bodies be allowed to fall under such 
circumstances that the air cannot act upon them, all 
bodies fall with velocities equally accelerated ; whether a 
body be composed of iron, wood, feathers or what not, a 
velocity of 32.2 feet is generated in one second : in other 
words / is the same for all bodies when the force acting 
upon them is the earth's attraction or their own weight : 
consequently M oc F, or the mass varies as the weight, 
according to our statical definition. 

8. It comes to the same thing then whether we say 
that two bodies are of the same mass when they have the 
same weight, or that two bodies are of the same mass 
when the same force acting upon them generates in them 
equal velocities in equal times. The former is the simpler 
definition and the one generally referred to when we speak 
of mass. Suppose that we so define mass, and let us de- 
note the product of the mass of a body and its velocity at 
any time by the term m(ymentum ; that is, if Jf be the mass, 
and Fthe velocity, let us call MV the momentum; then 
the formula F oc Mf expresses that the momentum gene^ 
rated in one second is proportional to the moving force. 

9. And thus we are led to the discovery of the 
proper measure of moving force, that is, the proper 
measure of the effect of a pressure or tension upon a body 
when the mass of the body is taken into account. Moving 
force may be either uniform or variable ; if uniform, it is 
measured by the momentum generated in a unit of time, 
or one second ; if variable, by the momentum which would 
be generated in a unit of time, on the hypothesis of the 
force remaining uniform during that unit. 

If then we define mass as being proportional to weight, 
and momentum as being the product of the mass and the 
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velocity, we may enunciate the following as the Third Law 
of Motion. 

When a uniform force acts upon a hody^ the momentum 
generated in a unit of time is proportional to the force ; and 
when a variable force acts, the momentum which would he 
generated in a unit of time on the hypothesis of the force re- 
m^aining uniform during the unit of time is proportional to 
the force. 

In other words, we may take the measure of a moving 
force as being the product of the mass of the body and 
the accelerating force ; or if -F be a force, M the mass of 
the body, / the accelerating force, then we may say that 

We have already, it will be remembered, shewn that 
F oc Mf, when F is uniform ; the differences between 
the equation just now written down, and that which we 
had before are these, that at present we are not confining 
our attention to uniform force, and that we have used the 
symbol «= instead of oc ; this latter change merely implies, 
that the unit of moving force is that force which will pro- 
duce a unit of momentum in a unit of time. 

10. Let us illustrate the above equation by discussing 
it in the important case of the earth's attraction ; in that 
case the force F is the weight, and in conformity with the 
practice adopted in statics we will therefore denote it by 
W; the accelerating force / is the velocity generated in 
a falling body in one second, or 32.2, which we have already 
agreed to denote by g : hence our equation becomes 

Mg therefore is the dynamical measure of the weight of 
a body ; and this, instead of the symbol W, will be adopted 
as the symbol of weight in all dynamical problems. 

11. Weight then, which in statics is measured by the 
number of pounds to which the weight of the body is 
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equivalent, is estimated in dynamics by the momentum 
which the body acquires in falling during one second : and 
the third law of motion as above enunciated asserts that 
these two measures are equivalent, that is, that if two 
weights appear to be one twice as great as the other ac- 
cording to the statical mode of comparing them they will 
appear to be in the same ratio if compared dynamically* 
It is manifest that the statical mode of comparing weights 
would not answer our purpose in the present subject, 
because it tells us nothing of the actual effect of the 
force of gravity in producing or changing a body's motion ; 
and it is equally clear that it was unnecessary in statics 
to adopt any more complicated mode of measuring force, 
than that of considering ^hat number of pounds weight 
would be sufficient to produce equilibrium, because no 
motion being actually produced it was not necessary to 
complicate the subject by considering what motion might 
be produced. 

12. On the whole, the student must fix his mind as 
much as possible upon the notion of momentum generated 
or destroyed being the measure of the action of force. This 
may be well illustrated by reference to the case of one 
body striking another ; in alluding to this, we anticipate 
to a certain extent what is to be contained in a subsequent 
Chapter, nevertheless the problem will be intelligible so 
far as we introduce it here. Suppose then a ball to be 
moving with a certain velocity, and suppose it to strike 
another ball which is at rest ; then the striking ball loses 
momentum and the ball struck receives momentum, and the 
momentum lost by one is precisely equal to that gained 
by the other ; and this is the case under all circumstances 
however complicated; a body can never lose any of its 
momentum without imparting to some other body or bodies 
precisely the amount of momentum which it itself loses. 

The phrase quantity of motion is sometimes used in- 
stead of momentum ; the two terms are exactly equivalent ; 
and we may therefore say that a body cannot lose any 



THIRD LAW OP MOTION. 89 

portion of its motion without commuYiicating to some other 
body or bodies the same quantity of motion as it loses. 
The student will bear in mind, that in case the motion of 
a body should be thus spoken of, the term must be in- 
terpreted strictly in its scientific sense. 

13. It may be worth while to remark, as illustrative of 
the relation between accelerating and moving force which 
we have been discussing, that accelerating force may be 
regarded as the moving force upon a unit of mass. For we 
have the general relation between the moving force F and 
the corresponding accelerating force /, 

F^Mf; 

now ^ if we make Jf « 1, we have f^F; in other words, 
the accelerating force and the moving force to which it 
corresponds may be regarded as the same provided the 
mass moved be taken as unity. 

14. The whole of the preceding discussion will doubt- 
less appear difficult to the student, but it is hardly possible 
to present the subject under a form free from difficulties. 
Indeed it may be asserted that nothing but mature re- 
flection can give clear views upon the fundamental prin- 
ciples of Dynamics. The subject in its present form is the 
result of the efforts of the most acute minds, and our 
present knowledge was only attained after many attempts 
and the explosion of many errors. It cannot be expected 
therefore that the subject should be otherwise than diffi- 
cult ; the application of our principles will however tend 
to make them intelligible, and to such application we now 
proceed, observing that we cannot carry the student be- 
yond a very limited range without making use of mathe- 
matical methods with which we do not consider him to be 
acquainted. 

15. Prop. Two heavy bodies are connected by a fine 
string, which passes over a small pully; to determine the 
motion. 



MV 
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Let 3f, Jf' be the masses of the bodies, M jO 
being greater than M\ Then the diflference be- 
tween the two weights will be the moving force 
which makes the heavier descend. We shall sup- 
pose that no part of this force is expended in 
turning the pully ; practically this will not be the 
case, but we shall suppose it to be so, or we may 
consider the string to pass over a perfectly smooth 
horizontal cylinder, which will come to the same 
thing. The difference between the two weights jtf^ 
Mgi M'g^ will therefore be employed wholly in moving 
the weight; in other words, we shall have a moving 
force Mg - M'g, and M + M' for the mass moved. 

Hence by the principles which we have expounded, the 
accelerating force, or the velocity generated in one second, 
will be 

And M will descend precisely as if it were free, and gravity 

reduced in the ratio of M + M' : J/ - M\ That is, the 

velocity of M downwards, or of M' upwards, at the time /, 

M -M' 
will be -- — r7> gt; and the space described, will be 

M + M 

M-M' gt' 

Suppose, for instance, one of the weights to be twice as 
great as the other, or let j3f a<eitf'; then the accelerating 

force will be - ; in other words, the system will acquire 

3 

a velocity of about 10.72 feet in one second, and in the 
first second each body will move through about 5,36 feet. 

"We have supposed the string connecting the bodies 
to have no weight; this we have done for the sake of 
simplicity; the only effect of the string which we have 
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considered is that of connecting the two bodies. In main- 
taining this connexion^ the string must itself undergo a 
certain tension, that is^ there must be a certain force 
necessary to prevent the bodies from separating the one 
from the other, and this force the string produces. Let 
us investigate the magnitude of the force, or the tension 
of the string. 

16. Prop. To find the tension of the string. 

The tension of the string will be measured by the 
momentum which it destroys in M, or which it generates 
in J/', in one second. 

If Jf fell freely, the momentum generated in one second 
would be Mg ; as it is, the momentum generated is, as we 

have seen, M -rj — 577 g". Therefore the momentum de- 

M •\- M 

stroyed in one second is 

^^M-M' 2MM' 

Mg-M -J-— §, or— — -pg. 

In like manner the momentum generated in M' in one 
second by the string is 

which is the same expression as before, as it ought to be, 
according to the general principle which we before ex- 
plained, namely, that a body cannot lose motion without 
generating in another as much as it loses. The expression 

- -z — TTT ff therefore measxures the tension of the string. 
M + M 

For instance, suppose that M =» 2M', then the tension 

is - Mg, or two-thirds of the larger weight ; and we may 

if we please estimate the tension statically, thus if the 
weights be 61bs. and Slbs. the tension will be 4lbs., or the 
string will experience precisely the same tension as it it were 
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suspended by one extremity and had a weight of 4lbs. 
attached to the other. 

17. This problem so well illustrates the principles 
which we have been endeavouring to explain, that we will 
solve it again, and in a slightly different manner. 

Let us call the tension of the string T, so that Mg — T 
is the moving force upon M, and M'g — T the moving force 

T 

upon M\ Then by oxu: principles, g — --is the velocity 

T . 
generated in one second in M, and 9 " irp^ ^^ velocity 

generated in M*. 

Now since the bodies are connected by an inextensible 
string, they must always move with the same velocity ; but 
one must ascend and the other descend, or algebraically 
speaking, the velocity generated in one must be equal to 
that generated in the other but must have the opposite 
sign ; hence 



M'-y M' 







or T{-+—\^2g 



This is the same result as before ; it has been obtained, 
as will be observed, without a previous investigation of the 
velocity generated in one second, in other words, of the 
accelerating force, and from it we can at once obtain the 
accelerating force, which according to the former method 
was investigated first. 

For we have seen that the velocity generated in M in 

T 

one second is flr - -— ; but 

M 
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the same expression for the accelerating force as was ob- 
tained before. 

18. If we had considered the puUy over which the 
string passes as having a finite mass, instead of being in- 
definitely small, a portion of the moving force of the system 
would have been expended in turning the puUy, and the 
tension of the two portions of the string would not have 
been the same ; the problem thus varied cannot be solved 
by the principles already explained. 

19. Let us vary the problem by supposing one of the 
bodies to rest upon a smooth horizontal plane, and the 
other to descend ; the two being connected by a fine string 
passing over an indefinitely small puUy as in the figure. 

In this case, if MM' be the masses S 

as before, the moving force will be Mg^ 

and the mass moved M+M'; hence 

M 
the acccelerating force is — — — ; g, 

and the problem is completely solved, ^s^ 

It appears from the comparison of this result with what 
is said in Art. 26, p. 40, that the motion of M' is precisely 
similar to that of a body upon a plane inclined to the 

horizon at an angle a, where sin a = — - — — > . 

M-j- M 

What will be the tension of the string in this case ? It 
will be measured by Mg - the portion of the weight Mg 
which is employed in moving itself, i. e, by 

.^ ikf MM' 

Mg - M —~ — — rflr or-- — ^or. 

^ M^M'^ M + M'^ 

The tension then will be only half what it was in the 
preceding problem. 

20. Let us obtain this result otherwise. Call the 
tension T; then 

moving force upon M;^ Mg - T, 
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T 

.*. ax^celerating force -g- -- ; 

moTing force upon M' = T, 

T 

/. accelerating force ■= — ; ; 

but the bodies move with equal velocities, or the accelerat- 
ing forces upon them are the same ; 

T _ T 

^ g MM' , ^ 

.-. T = — = — - — —7 a, as before. 

\_ 1 Jf + Jf' ^ 

if "^Jf 

21. In Art 26 p. 40, we observed, that in the case of a 
heavy body falling down a smooth inclined plane, the re- 
solved part of the force of gravity in the direction of the 
plane accelerates the motion, and that the resolved part 
perpendicular to the plane causes pressure upon the plane, 
and we then confined our attention entirely to the former; 
we are now in a condition to treat the problem more com- 
pletely. 

Let a be the angle of inclination of the plane, Mg the 
weight of the body ; then the two resolved parts of Mg will 
be Mg sin a parallel to the plane, and Mg cos a perpendi- 
cular to it. The accelerating force corresponding to the 
former will therefore be g sin a, as in the Article before 
referred to ; there is no acceleration perpendicular to the 
plane, consequently the whole of the moving force Mg cos a 
is expended in producing pressure upon the plane, in fact 
the effect of the plane is to destroy a velocity g cos a per 
second in the body. The pressure upon the plane will be 
precisely the same as in statics, for there being no motion 
perpendicular to the plane the question will be entirely 
statical so far as the forces in that direction are concerned. 

This problem is worthy of the student's attention as 
presenting us a case in which one portion of the moving 
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force is entirely taken up in producing motion, the other 
in producing pressure. Force is in general expended in 
producing both, thus in the case of the falling bodies con- 
nected by a string, the moving force upon M partly moves 
M and partly produces tension in the string, and these 
parts we have already separately determined, but they are 
not so easily separated as in the simple case of the smooth 
inclined plane. 

22. We may combine the two problems treated of in 
Arts 15 and 21 ; that is, we may suppose 
two bodies to be connected by a fine 
string and one of them to move upon a 
smooth inclined plane. 

Let M hang freely and -3f' rest upon a plane whose in- 
clination is a. Then the mass moved is iltf + JIf , and the 
moving force is Mg - M^g sin a, supposing M greater than 
M' sin a so that M shall descend. Hence the accelerating 

. M - 3t sina 
force IS — ^ — —, — g. 

23. Still more generally we may suppose each of the 

weights to rest upon an inclined plane ; then if /3 be the 

inclination of that upon which M rests, the accelerating 

.11 t_ -Wsin j3 - ilf sin a 
force will be — — z-p g. 

Let us determine the tension of the string in this case ; 
call it r, then by our principle, 

r« ,^ . /^ __J/sinj3 -ilf'sina 

Mif ... . . 
(sm p + sm a)g. 



Suppose that I3 = 9(fi - a, that is, let the two planes be at 
right angles to each other, then 
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This Will be greatest when a + 45*^ « 90*, or a « 45® ; hence 
if two weights rest in the manner above supposed upon two 
planes at right angles to each other the tension of the 
string b greatest when each of the planes is inclined at an 
angle of 45^ to the horizon. 



CONVERSATION UPON THE PRECEDING CHAPTER. 

P, This Chapter seems to me to present considerable 
difficulties ; it is not so much that any one particular portion 
of it is hard to be understood, but I feel that I do not at 
present comprehend the whole scope of it. 

T, I imagine that no one ever studied Dynamics 
without having the same feeling on occasion of his first 
acquaintance with this part of the subject; and probably 
you will find that only long acquaintance will give you an 
entire insight. But you will see the necessity of some such 
explanations and discussions as this Chapter contains by 
proposing to yourself a problem, and considering how you 
would solve it without the rules which this Chapter supplies. 
Take, for example, the problem which we have already 
solved; two weights of lib. and 2lbs. respectively, are con- 
nected by a fine thread which passes over a very small 
pully, or a smooth horizontal cylinder, what tension will 
the string experience? how would you solve this problem? 

P. I confess that I should be quite at a loss, 

T. Very well ; then you see at least the need of some 
principle beyond those which enabled us to solve the prob- 
lem of falling bodies and that of projectiles. 

Let us discuss the problem now proposed, as we may 
suppose that we should have done if we had not known 
what the preceding Chapter has told us; we should perceive 
that in consequence of being connected by a string to an- 
other weight the 2 lbs. weight would not move so rapidly as 
it would if free ; the 1 lb. weight on the other hand, so far 
from obeying the ordinary rule of a falling body, actually 
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moves in opposition to gravity, and ascends instead of de- 
scending ; some of the motion of the 2 lb. weight then is 
destroyed, or lost, in consequence of its connexion with 
the string. This destruction of motion is what causes the 
tension of the string, and the same tension not only; 
destroys all the motion which the lib. weight would have 
had, but generates a motion opposite to that which it 
naturally would have. 

Hence, I think we may say that the motion which is 
destroyed in one weight is transferred by the string to the 
other, and the communication of this motion from one to 
the other is that which causes the tension. 

P. But what do you mean by motion ? it seems rather 
a vague term. 

T. That is precisely the point. In order that what 
I have now been saying to you should have any scientific 
value, it is necessary that we should be able to give a 
definition of what we mean by the term. Now the chapter 
which you have just read teaches you that the motion of 
which I have been speaking is properly measured by what 
has been called momentum^ that is, by a quantity which is 
jointly proportional to the weight and the velocity. 

P. You mean the mass and the velocity. 

r. It is equally true that the momentum is jointly 
proportional to the weight and the velocity, because the 
mass varies as the weight; but my reason for using the 
weight in this instance is, that I wish to keep clear of all 
new terms which may introduce a difficulty. Suppose then 
that we regard the motion as being measured by a quantity 
jointly proportional to the weight and velocity, or by ^ Wv, 
where v is the velocity, W the weight, and fx a constant 
quantity ; then I say that the quantity of motion destroyed 
in the larger weight, or generated in the smaller, in a unit 
of time, is the measure of the tension of the string. 

P. But how is iL to be found ? 

T. Very easily ; we say that a force is to be measiyed 
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by the momentum it generates in a unit of time ; for what 
is true of the tension of the string must be true of all 
forces. Now suppose the force to be the weight itself, then 
we know from experiment that the velocity generated in 
a unit of time is 3^.2 or g, and the momentum generated 
is therefore fA Wg, but this is according our principle to be 
the measure of the weight ; 

1 
or M = - ; 
g 

hence the expression for the momentum is . 

Now in oiur actual problem let g' be the velocity gene- 
rated in one second, then since the whole weight in mo- 
tion is 3lbs.9 the momentum generated in one second will be 

-g'i and this, therefore, must be the measure of the 

e 

force which causes the motion; but this is the difference 
between the two weights, or l lb. ; hence we have 

g 
org ^-\ 

it appears then that whereas the 2 lb. weight if free would 
have had a velocity g generated in it in one second, as it 

is there is only a velocity - generated, or — is destroyed, 

4 
and the momentum destroyed is therefore - , (since in the 

3 



expression , FT =2 andvs — ); in other words, the 

g S / 

4 

tension of the string is - lbs. 

-P. This mode oi measvxxm^ motion seems to be arbi- 
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T. Undoubtedly; I do not give you this as a suffi-- 

cient solution of the problem, though a probable one ; I 

only wish you to see that we must have some relation 

established between the statical measure of a forqe which 

is nothing more than the pressure which will cotmteract 

it, and the dynamical measure of a force which depends 

upon the motion produced. There can be no doubt of the 

motion produced being the proper measure of a force, 

since it is the effect of the force, and the effect must be 

the measure of the cause ; but the question meets us, how 

is the motion to be measured? The measure which I have 

assumed is (in the case of a uniform force) the momentum 

generated by the force in one second, understanding by 

Wv 
momentum the quantity — . This mode of measuring 

a force is, as you have remarked, to a certain extent, arbi- 
trary ; but still the manner in which I have treated the 
problem will throw light upon the subject, and at all 
events will point out to you the absolute necessity of 
obtaining some mode of measuring force in dynamics 
which shall be comparable with the weight of a body. In 
the present instance the tension of the string manifests 
its action by destroying motion, and I require to know 
how many pounds weight are equivalent to the tension ; 
we must, therefore, have some connecting link between 
motion destroyed and pounds weight. 

P. And the proof of the correctness of the method which 
you have adopted of measuring a pressure by the momentum 
generated in a unit of time is, I suppose, experiment ? 

T. Mathematicians do not always agree amongst 
themselves as to what laws must be referred to experiment, 
and what laws may be demonstrated independently ; and 
when laws have been established and proved in thousands 
of different cases to be conformable with the truth, it is a 
question rather curious than useful to determine the sim. 
plest basis upon which they can be made ia\iYa^^<(^ \j^ 
rest. I shovld Bay, however, ia tYie -pte-^etA, qas^^^ ^Qoa55*\i«!r- 
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yond doubt experiment is necessary to enable us to assert 
that the quantity of matter which a body contains is mea^ 
sured by its weight; for if we assume weight as the measure 
of the quantity of matter in a body, we must then ascer* 
tain that the action of gravity upon a body depends upon 
the quantity i and not the quality of the matter of which 
it is composed; and if we define bodies to have the same 
mass, or the same quantity of matter, when the same 
uniform force generates in them equal velocities in a unit 
of time, we must then ascertain by experiment whether 
this definition will coincide in its result with the statical 
definition of mass, that is, whether two bodies which are 
of equal mass dynamically, will be of equal mass statically. 
To ascertain this, I think we must have recourse to expe- 
riment, because we cannot assert anything a priori re- 
specting the nature of the attraction of the earth, or of 
one particle of matter upon another. 

One of the best experimental proofs of the truth of 
the principles developed in this chapter is that given by 
Atwood'a Machine. 

This machine consists, in fact, of an apparatus by 
means of which the problem of Art.l5. p. 89. can be exhibited 
experimentally. Two weights are connected by a fine silk 
thread which passes over a wheel the axle of which is 
made to turn upon friction-wheels*; by this method of 
suspension, and by the help of great delicacy of work- 
manship, it is found that the effects of friction may be 
almost entirely avoided. By making the two weights to 
differ slightly from each other, we can make the motion 
as slow as *we please, and therefore convenient for expe- 
riment. A graduated scale is placed close to one of the 
weights, so that the space through which it moves can be 
noted ; and the time of motion is observed by means of 
a clock made to beat seconds distinctly, so that the time 
can be ascertained by t|ie ear without the necessity of 
looking at the clock-face. With this machine, then, the 
space described, and the velocity generated can be ascer« 
Mined by direct observation. 

* Elementarif StaUcs,'^. \^1« 
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Now let FT and W be two weights of which TT is the 
greater ; then the weight which is effective in producing 
motion is PT - W\ and the weight moved is W •{• W* \ you 
will perceive that W •\- W^ can be made to remain the 
same while W ^ W' \s varied, that is, we can make expe- 
riment upon the effect of changing the moving force while 
the mass moved remains the same ; and the result of the 
experiment is, that the accelerating force as determined 

by direct experiment is in all cases proportional to-— — — ;; 

in other words, 

the moving force oc mass moved x accelerating force ; 

and this is the result which forms the subject of the 
chapter which you have just now* read. 

P. I do not see in what manner the accelerating 
force is determined by experiment. 

T. What we have to ascertain is the velocity gene- 
rated in a given time; if the two weights be equal, 
there is no moving force ; and if the weights be set in 
motion, one will rise and the other fall uniformly; now 
suppose that we take two weights precisely equal, and 
that we place upon one of thetn a small loose weight, then 
motion will ensue ; after a given time let the small weight 
be gently removed, which may be easily arranged, then 
the equal weights will move uniformly ; and if the space 
moved through in a given time be noted, this will give us 
the velocity generated, that is, the accelerating force. 

And you will perceive that this machine also gives us 
a convenient method of experimenting upon the force of 
gravity ; for instance, the fact of gravity being an uniform 
force may be proved by means of it; for the velocity 
generated in a given time may be ascertained ih th^ 
manner just explained, and it can be easily shewn ihat 
under all circumstances the velocity generated is propor- 
tional to the time, that is, the motion is uniformly acce-* 
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lerated. The difficulty in making experiments upon falling 
bodies consists in the rapidity with which they fall ; they 
may be made to fall as slowly as we please by causing 
them to move upon an inclined plane, the method adopted 
by Galileo ; but the method supplied by Atwood's machine 
is far more convenient, and susceptible of greater accu- 
racy. 

P. Is it by Atwood's machine that the accelerating 
force of gravity is actually found ? 

T. It might be so determined; for let /be the acce* 
lerating force corresponding to the two weights W and 
W\ then (as has been stated) for different experiments, 



f 



FT- W 



where Cis a constant quantity. Now suppose that Tr'«=0, 
then / becomes equal C, that is, C is the accelerating force 
when the weight W falls freely, or what we have before 
called g ; hence 

now in this formula /is known by direct experiment, and 
the proportion of Wto W is known, and hence the value 
of g is determined. 

For example, let W=: l6 oz., and W «= 15 oz., then 

5^=31/; 

/must be found by removing an ounce weight from W 
after a given time in the manner before described, and 
then noting the space passed over in a given time. Thus 
^will be known, but its value can be determined more 
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exactly by means of observations of the pendulum, in a 
manner which you will understand hereafter. 

P. And I suppose that all the results obtamed con- 
cerning falling bodies might be tested experimentally by 
this machine. 

T. Certainly ; for instance, that the velocity acquired 
by a body in one second is measured by twice the space 
passed over in one second from rest, that the height to 
which a body will rise is proportional to the square of the 
velocity of projection. These and the like propositions may 
without much difficulty be submitted to experiment ; but 
I think it is not necessary to trouble you with such appli- 
cations of the machine ; I should say that its two great 
uses are, to demonstrate that bodies fall with a uniformly 
accelerated velocity, or that gravity is a uniform force, 
and to demonstrate that velocity generated is in all cases 
proportional to the ratio of the weight producing motion 
to the weight moved. 

P. There is one other point upon which I desire 
some explanation. We have been engaged in considering 
the mode of estimating pressures dynamically ; but I con- 
fess that I should be quite at a loss if I were asked what 
was the dynamical measure of a pound weight. 

T. . The dynamical measure of a uniform pressure is, 
as we have seen, the momentum which it will generate in 
a second, and this method of estimating a force would 
give you the dynamical measure of a pound weight ; but 
the weight which we call a pound is an arbitrary quantity, 
having no natural connexion with the quantities involved 
in Dynamics ; nevertheless we shall find that the conven- 
tions which we have already made will make it necessary 
for us to take a certain dynamical unit of weight, and 
when we have once ascertained what that unit is, we shall 
then estimate all other weights accordingly. 

P. What do you mean by a dynamical unit of 
weight ? 
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T. In Statics you will remember that we agreed io 
represent a force by a letter P, understanding by P a 
force equivalent to Plbs. ; we might have said Poz. ; but 
pounds nAsre taken instead, as being on the whole the most 
usual standard of weight ; that is, we assumed 1 lb. for our 
statical unit. It was, in fact, perfectly indifferent what unit 
we assumed since we were only concerned with the ratio of 
one force to another, and the forces P and Q have the 
same ratio whether we regard them as Plbs. and Qlbs., or 
as P oz. and Q oz. ; but in Dynamics it is not indifferent 
what we call unity ; the unit will, in fact, be determined 
by the equation 

W^Mg; 

or rather, if we denote volume by F, and density by 2?, 

W^DVg. 

Now in this equation let us take D « 1, that is let us take 
the density to be that density by which it is usual to mea< 
sure others, namely, the cten«i7y of distilled water ; let us also 
take Fas 1, that is let Fbe a cubic foot, since a foot is 
always taken as the unit of linear measure, and therefore 
the cubic foot must be taken as that of volume or of cubic 
measure ; with these assumptions W becomes the weight of 
a cubic foot of distilled water. A cubic foot of distilled 
water may be weighed^ and it will be found to weigh 1000 
oz. nearly ; take this as its weight, and our equation then 
becomes 

1000 oz = ^, 

1000 

or a 1 ; 

in other words the dynamical unit of weight is oz. ; 

• 82.2 

hence 1 oz. dynamically is measured by — '- or .0322, and 

J ^ ^ 1000 

1 lb. will be measured by 1 6 times this quantity. 

P. Would it not have been better to have taken this 
dynamical unit of weight as the statical unit also ? • 
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T. There would have been no practical advantage in 
such arrangement ; and there would have been this disad- 
vantage, that the unit of weight being made to depend 
upon the accelerating force of gravity, would have varied 
from place to place upon the earth's surface ; and this for 
ordinary purposes would not have been convenient. The' 
reasons why the accelerating force of gravity varies from 
one point to another upon the earth's surface^ we may 
perhaps discuss at a future time. 

EXAMINATION UPON CHAPTER IV. 

1. How is the mass of a body measured ? Distinguish between 
the statical and dynamical measures of a nuiss, 

2. What is meant by the density of a body ? And how is density 
measured ? 

3. Define momentum. 

4. Explain the meaning of the equation W=M^, 
5» Enunciate the Third Law of Motion. 

6. When one weight draws up another with vfhich it is connected 
by means of a fine string passing over a very small pully, determine 
the motion, and find the tension of the string. 

7. Why is the pully in the preceding question spoken of as very 
small? 

8. A weight of 41bs. resting upon a plane inclined at an angle of 
30^ to the horizon is drawn up by means of an equal weight connected 
with it by a fine string which passes over a small pully at the summit 
of the plane, the second weight hanging freely ; find the tension of the 
string. 

9. A weight M tying upon a smooth table is made to move by 
means of a string which passing over a pully is connected with another 
weight M* hanging freely ; find the inclination of the plane upon which 
M would move so that its velocity should be accelerated precisely as it 
actually is in the above case. 

10. A weight M is drawn by another M' up an inclined plane of 
length a and inclination 6^ as in question 8 ; find at what point j3f must 
have arrived in order that the string being cut it may just reach the 
summit of the plane. 
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11. How does At wood's machine enable as to detennine the re- 
lation between moving and accelerating force ? 

12. Shew how Atwood's machine may be used to determine the 
accelerating force of gravity. 

13. Why is it that a ball of lead and another of cork, precisely 
^ual in volume, will not fall to the earth with like velocity ? 

14. What b the dynamical unit of weighty and why is that unit 
taken? 

15. One weight draws up another by means of a fine string passing 
oyer a pully, and it is ascertained that the string undergoes a tension 
equivalent to mlbs. weight; the larger weight being doubled, the 
tension becomes nibs ; find the two weights. 

16. When two weights move as in the preceding question^ shew 
that the centre of gravity of the two weights remains at rest during the 
motion. 

17. Two scales are suspended by a string over a small pully ; six 
equal bullets are placed in one scale and six in the other ; shew that the 
tension of the string is greater with this arrangement of the bullets, 
than with any other. 

18. If two unequal weights connected by a string be allowed to 
fiill, the strmg being vertical, what Ynil be the tension of the string ? 



CHAPTER V. 



ON IMrULSIVE FORCE. IMPACT OF BALLS. 



1. We have seen that the measure of a uniform force 
is the momentum generated by it in a certain given time» 
as one second ; or if the force be estimated only as an 
accelerating force, then the velocity generated in one 
second is the measure of it. This mode of estimating 
force supposes therefore that we have the means of deter- 
mining the eflfiect which will be produced by a force acting 
during a given finite time : but suppose the case of a force 
of very great intensity acting during an exceedingly short 
period of time, as the thousandth part of a second, and 
suppose that the intensity of the force is so great that 
this very short time suffices to enable the force to generate 
a finite velocity, then it is manifiest that the mode of 
estimating the force above referred to will not serve us, 
because we shall have no means of ascertaining what the 
effect would be if this very intense force were to act during 
a finite time. 

Take an example. A cricket-ball is delivered full pitch, 
it is moving in a certain direction with a finite velocity, 
when being struck by the bat, not only is its velocity 
destroyed, but a velocity is generated in the opposite 
direction apparently instantaneously. If we desire to find 
a measure of the blow which the ball receives, it is clear 
that we must adopt some method different from that 
already introduced, since we know nothing of the action of 
the bat beyond the phenomenon above described, and we 
have no means whatever of determining what the result 
would be if the action of the bat were conceived to take 
place during one second. 

2. Here then we come upon a new class of forces, 
differing from those which we have already considered, not 
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in kind but in intensity, and in the length of time 
during which they act ; this difference being sufficient to 
make it necessary to adopt a new mode of estimating their 
value. This new class of forces we term impulsivef denot- 
ing by the name finite that kind of force which is measured 
by the momentum generated in a unit of time or in one 
second. The distinction between the two will be seen 
from the following formal definitions. 

Dbf. a finite force is one which requires a finite time 
to genei^ate a finite momentum, or to generate a finite velocity 
in a body of finite mass. 

Def. An impulsive force is one which requires only an 
indefinitely short time to generate a finite momentum^ or to 
generate a finite velocity in a body of finite mass, 

3. It will be perceived that an impulsive force de- 
fined as above is strictly speaking an imaginary thing ; that 
is to say, every force with which we are concerned in 
practice does act during a finite though it may be an 
extremely short period of time. In fact, the action which 
takes place in every case of impact is of a very complicated 
kind, and must obviously require time for its accomplish- 
ment. Take for example the impact of two billiard-balls ; 
they strike each other and appear to separate and fly off 
in opposite directions instantaneously ; but the effect is in 
reality by no means instantaneous. When the balls first 
come in contact the ivory of which they are formed gives 
way in consequence of the blow, the balls flatten until the 
velocity is destroyed, then in consequence of the property 
of ivory which we call elasticity, the balls resume their form 
and in so doing generate a velocity in the opposite direction 
to that of the impact, and the balls fly apart. This is 
what takes place in the case of impact of elastic bodies, 
and the greater number of bodies are more or less elastic ; 
and it is clear that this complicated action must occupy a 
finite, though of course a very short, period of time ; never- 
theless forasmuch as we are not able to take account of 
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the time SO occupied, it is convenient to define an impulsive 
force mathematically as that which generates a finite mo- 
mentum in an indefinitely short time; and we may con- 
sider this as a mathematical limit to which the impulsive 
forces with which we are concerned approach sufficiently 
near in character to be regarded as coming under the 
definition* 

4. The question arises then, how are we to estimate 
an impulsive force ? We know nothing of the law of its 
action ; all that we know is the momentum which it actually 
generates; this therefore must be our measure of the 
impulse ; that is, an impulsive force must be measured, not 
by the momentum which would be generated in one 
second, but by the whole momentum actually generated. 
Speaking of the accelerating efiect of an impulse we should 
say, that the accelerating force of an impulse is measured 
by the velocity actually generated. Suppose, for example, 
that a body of mass M is observed to strike a fixed ob- 
stacle, a wall for instance, with a velocity V and to rebound 
with a velocity F', then the momentum J/(r- F') has been 
destroyed by the impact ; and this is therefore the measure 
of the impulsive force with which the body strikes the 
wall. 

6. It may be thought that a confusion will be intro- 
duced by our thus adopting two methods of measuring two 
kinds of force, which are in fact essentially the same. But 
it will be sufficient to remove all fear of such confusion to 
remark, that the two kinds of force, namely, finite and 
impulsive, can never occur in the same problem. For sup- 
pose we have a body under the action of both kinds of 
force, then by hypothesis the finite force cannot generate 
or destroy any finite amount of momentum during the timd 
which suffices for the entire action of the impulsive forces^ 
and therefore, so far as these latter forces are concerned, 
we may regard the finite forces as not acting at all. Sup- 
pose, for example, that a ball is falling vertically under the 
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action of gravity, and suppose that it receives a blow in a 
horizontal direction ; at the instant of the blow let the 
balfs velocity be V, and let the intensity of c 
the blow be such that if the ball were at rest 
the blow would cause it to move off with a 
velocity V ; then the actual velocity of the ^ 
ball after the impact will be found by combining the 
vertical velocity V with the horizontal velocity V, exactly 
as though gravity were not acting in the body; in fact, 
take JB, AC, proportional to F, V\ complete the rectangle 
ACDBy and join AD^ then if -4 be the place of the body at 
the time of impact, it will after impact describe a para- 
bola touching ^D in A^ and starting with the velocity 
y/y^ ^ ^'«^ Why is not gravity taken into account? 
because during the very brief period of the impact it can 
generate no appreciable velocity. To make this more appa- 
rent let us assign an actual period of duration to the blow : 
suppose it to last during the hundredth part of a second, 
then in that time gravity generates a velocity of .322 of 
a foot ; suppose the value of F' to be lOO, then we have 
committed an error to the extent of omitting a quantity 
such as (.322)' as compared with 100\ It will be seen that an 
error such as that now described is very small, and the 
smaller the duration of the impulse the smaller will be 
the error committed in neglecting the effect of gravity 
during the time of impact ; on the mathematical supposition 
of an impulsive force producing its effect in an indefinitely 
short time the error altogether vanishes. 

Problems of impact therefore involve impidsive forces, 
and no others, and the measure of each impulsive force is 
the whole momentum which it generates or destroys. 

6. It has been before mentioned (p. 88.) that when a 
body is animated with a certain amount of momentum, it 
cannot lose any portion of that momentum without impart* 
ing to some other body, or bodies, exactly as much mo- 
mentum as it loses, and that either by impact or otherwise. 
Suppose^ for instance, that a ball of mass M has a velocity 
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F, and suppose that it impinges upon another ball of 
mass At which is at rest, and suppose that it is observed 
to rebound with half its original velocity, then the amount 

MV 

of momentum lost is , and this must be gained by the 

ball JM* ; consequently M' will move off with the velocity 

MV 

-— >• This law is perfectly general, and applies to all 

bodies whether elastic or not. 

7. It may be urged as an exception to our assertion, 
that momentum cannot be lost by a body without the 
generation of an equal momentum in some other, that 
momentum can be destroyed by a fixed obstacle, as by 
a wall in the case supposed in Art. 4. The exception, 
however, is only apparent ; for in nature there is no such 
thing as a fixed obstacle ; even if the wall were perfectly 
rigid and perfectly firmly fixed to the earth, which cannot 
be, still the earth is not fixed, and the impact of a body 
upon the earth's mass generates a momentum, but no sen- 
sible velocity, on account of the immense mass upon which 
the impact takes place. 

8. We now proceed to the solution of some problems 
of impact. There is only one class of problems with which 
we can conveniently deal, namely, problems concerning the 
impact of balls; the balls we shall regard as being spherical 
and homogeneous; and there will be two cases to con- 
sider, according as the balls are inelastic or elastic. 

9. All bodies in nature are, in fact, more or less 
elastic ; that is, if they be compressed there is a tendency, 
greater or smaller, to recover their original form. But the 
degree of elasticity varies very much ; thus ivory and glass 
are substances of extreme elasticity, boxwood and ebony 
of much greater elasticity than the softer kinds of wood, as 
willow and deal ; lead is very imperfectly elastic, and a ball 
made of soft clay would be almost totally devoid of elasticity. 
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The extreme case of actual inelasticity, although one wiih 
which we are very little concerned in practice, is so much 
more simple than that of elasticity in a mathematical point 
of view, that we shall consider it first. 

10. Def. a body is said to be inelastic when after 
suffering compression by impact, there is no tendency to recover 
its/arm^ and consequently no impulsive force generated by the 
restitution of its form. 

11. Def. The impact of two balls is said to be direct^ 
when the motion of their centres previously to impact is in the 
same straight line. When this condition is not satisfied^ the 
impact is said to be oblique. 

12. Prop. Two inelastic balls moving in the same di- 
rection with given velocities, impinge directly upon each other; 
to find the velocity of each after impact. 

This problem may be solved by means of the general 
principle, already laid down, of the constancy of the quan- 
tity of momentum before and after impact. 

For let J/, ikT be the masses of the two balls, 

V, V the velocities before impact. 

Then after impact there will be no force tending to sepa- 
rate them, they being by hypothesis inelastic, and their 
velocity will therefore be the same ; call it v. 

The whole momentum before impact is MV + M'Y, 
and the whole momentum after impact is Mv + M'v ; but 
these must be equal by our general principle ; 

MV + M'r 



or t) = 



M+M' 



which formula gives us the common velocity of the two 
balls after impact. 
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13. It win be convenient to solve the problem in a 
rather different manner. 

Let M, M' be the masses of the two balls, as before, 
and let the direction of mo- 
tion be that indicated in the 
figure by the arrow. Then 
the effect of the impact is to 
produce an impulsive action 
between the two balls. This 
impulsive action will be equal 
and in opposite directions 
upon the two balls ; this is, 
in fact, to say that as much momentum will be generated 
in one ball as is destroyed in the other. 

> 

Let F, V be velocities before impact, as before. Then 
the momentum of it/ after impact will be MV- R, and 
that of J/' will be Jf ' V + R; and the corresponding velo- 

cities will be F - —, , and V' + ■—,, But these two velo- 

M M 

cities must be the same by the definition of inelasticity, 
hence, 

^ „ F-F' MM' ,^^ ^^. 

andi?«^p_^=^^-^(r.r). 

M'^ M' 

This expression shews the amount of momentum which 
passes from one ball to the other by the impact ; and the 
common velocity after impact 

as before. 

14. If we solve the problem by the former method, we 
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can easQy find the amount of momentom which passes firom 
one ball to the other. For the momentum lost by it is 

if F- Mv, or if F- M —^ — :rp- , 

the value above obtained for R. 

15. It will be observed then, that the two jn-eceding 
methods differ only in this, that in one we have first found 
the common velocity and then the amount of momentum 
lost and gained, in the other we have first found the mo- 
mentum and then the common velocity. It will be remem- 
bered that we solved the problem of the two weights 
connected by a string, in Chap. IV., by two analogous 
methods ; and it is worth while to observe the connexion 
between that problem and the present one. The formube 
will be found to be much alike, and the problems are in 
fact very cognate in their principle, the tension of the 
string in the former problem being the means of communis 
eating momentum from one body to the other, and causing 
them to move with the same velocity ; results which in the 
problem just now solved are produced by the impact of the 
balls and the absence of all elasticity. 

16. Suppose we have three balls, the masses of which are 
if, M\ M" ; let their centres be in the same straight line, 
and let F, F', V" be their velocities before impact. Let 
M overtake M' before any impact takes place between iT 
and M" \ then the common velocity of JIf and If will be 

and if an impact now take place between M' and JT' the 
common velocity after impact will be 

M+M' + W • 
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17. And it is easy to see that the same thing will 
hold of any number of balls, that is, if there be n balls 
MiM2...M^ in a row, moving with velocities FiF^... r„, and 
they come successively in contact, the common velocity of 
the balls after impact will be 

Jfi + Mg + ... + M^ 

18. It may be remarked that any ball may be ac< 
counted as proceeding in the opposite direction to that 
above supposed by making its velocity negative. Thus if 
two balls are moving in opposite directions with velocities 
F, F', the common velocity after impact will be 

and the motion will be in the direction of that of M or 
that of M\ according as ilf F is greater or less than if V\ 

19. It may also be remarked that if V and F' be the 
velocities of two bodies M and M\ which are moving uni- 
formly in the same straight line, then the velocity of the 

MV+M'V 
centre of gravity of the two is — :rz — 777— • This follows 

at once from the general formulae for the position of the 
centre of gravity investigated in the Treatise on Statics, 
(Chap, III. Art. 14) ; for let a? be the distance of the centre 
of gravity of M Jlnd M' from the point which it occupied at 
any given time, a, a the distances of the centres of 3f and 
M' from the same point, then 

Ma-¥ Ufa 

now suppose a and d each to increase uniformly, one at the 
rate of F feet per Second, the other at the rate of V feet 
per second, then x increases at the rate of 

MV+M'V 
M+M' 
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feet per second ; in other words, the centre of gnyitj 
moves with a Telocity 

Hence it appears, that the velocity of the centre of gravity 
of the balls is the same after impact cu before; for this quan- 
tity which expresses the velocity of the centre of gravity 
before impact has been shewn to express the velocity of 
either of the balls, and therefore of their centre of gravity 
afler impact. 

And the same thing holds true of any number of 
balls. 

Hence, if the centre of gravity be at rest at any momad 
it will always continue at rest. 

20. This remarkable proposition has been proved by 
reference to the formulse investigated for inelastic balls; 
it is however true whether the balls be inelastic or no ; in 
fact, it is a perfectly general proposition flowing at once 
from the general principle of the constancy of the mo- 
mentum of the bodies. 

For, let there be any number of bodies Jif, Jf*, Af ",..• 

and let their velocities before impact be F, V\ F",... 

after u, v\ v\... 

Then the whole momentum before impact is 

and the whole momentum after impact is 

Jfo + JfV + JirV'+ ... ; 

and by our general principle these two momenta must be 
the same ; 

.-. Mr-^3rv' + Jlf'T' + ... ^Mv+ MV + M"v" + ../, 



1 
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and this equation expresses the fact that the velocity of the 
centre of gravity of the balls before impact is the same a3 
the velocity after impact. 

21. We now proceed to explain the method of treat- 
ing elastic bodies. When two elastic balls impinge di- 
rectly upon each other, a compression of the form of 
the balls takes place, and so long as this compression 
continues the nature of the action between them is the 
same as if they were inelastic; the difference is, that 
whereas inelastic bodies after compression remain com- 
pressed, elastic bodies recover their form ; it will be con- 
venient then to consider the impact as consisting of 
two parts, which we will call compression and restitution. 
Now when a ball M impinges upon another ilT, a cer- 
tain portion of Jf 's momentum is destroyed during the 
compression, and another portion during the restitution ; 
the quantity destroyed during the compression is precisely 
that which would be destroyed if the bodies were inelastic, 
since until restitution commences the peculiar feature of 
elasticity does not come into play; hence the quantity 
destroyed during compression is known, and will, according 

MM' 
to our former notation, be equal to -— —-, {V ^ V), Ja 

M -^ M 

order to determine the momentum destroyed during 
restitution we must refer to experiment, and by that means 
we deduce this very simple rule, that the momentum destroyed 
in restitution bears to that destroyed in compression a constant 
ratio, that is, a ratio independent of the intensity of the 
impact or any such circumstances, and depending only upon 
the nature of the substance of which the balls are made. Let 
us call this ratio e, then the momentum destroyed in resti- 
tution will be e ~ — z^. (V- F') ; and therefore the whole 

M+M 

momentum destroyed by the impact will be 
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Hence, if v, v be the velocities of M and M' after impact^ 
we have 

Mv-^MV-il+e)- -,(F- r); 

M + M 

and since the momentum lost by M is gained by M\ we 
have also 

MAf 

22. The quantity e is called the modulus of elasticity, 
and is (as we have said) dependent only upon the nature of 
the substance of which the balls are made : thus it has 
a certain value for ivory, another for glass, another for 
box-wood, and so on. It may be observed that elasticity 
cannot be predicated of one substance only, but depends 
upon the nature of both substances in case two imping- 
ing bodies are not composed of the same; however 
highly elastic one of the substances may be, its elasticity 
may be reduced to any extent by the want of elasticity 
on the part of the other impinging body ; thus ivory will 
not indicate any considerable elasticity if it impinge 
upon clay. 

The quantity e is always in practice less than 1 ; we 
may conceive of the case in which it actually becomes 
equal to 1, in other words in which as much momentum is 
generated or destroyed in restitution as in compression, 
but no elastic substance ever attains to this limit ; problems 
are however sometimes made for convenience sake upon 
this imaginary hypothesis, and bodies for which the sup- 
position is made are said to be perfectly elastic. 

23. If according to the method adopted in Art. 13. 
we denote the impulsive force of compression by R^ and 
if we in like manner denote the impulsive force of resti- 
tution by R\ then we may say that the result of experi- 
ment is to shew that 

R'^eRi 
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SO that the whole impulsive action is R+ ff or {l + e) R. 
Hence we can put the rule for treating the impact of elastic 
bodies in a very convenient form by saying ; first solve the 
problem upon the hypothesis of inelasticity , and find the im- 
pulsive action R, and then the impulsive action required will be 

(I •\-e)R. 

24. We will illustrate this rule by applying it to the 
case (already solved) of two balls Jf , M' impinging directly, 

First suppose them inelastic, and let R be the impulsive 
action between them ; then 

R 

velocity of M after impact « F , 

M 

■ «■ -"••^1= 



but these two must be equal upon our present hypothesis. 



_ MM ,^ __,. 

Now let V, v' be the velocities of 3f, M' after impact ; 
then by our rule, 

Jf t> « MV - (1 + «) R, 
Jf V « Jf T' + (1 + e) 5, 
where R has the above value. 

25. We have said that the physical fact, expressed by 
the formula R' ^eR, is the result of experiment ; it will 
be easily understood that the momentum generated or 
destroyed cannot be the immediate subject of experiment ; 
that which we can observe directly is the rate at which the 
balls approach each other before impact and recede from 
each other after impact ; in other words, we can observe the 
relative velocities before and after impact. Let as before 
V, V' be the velocities before impact, v, i?' the velocities 
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after impact; then, e being such as we have before de- 
scribed, it is observed that 

in other words, that the relative velocity after impact bears 
a constant ratio to the relative velocity before impact. Let us 
see how from this experimental result we can shew that 
R' « eR. 

Now we have from our general principles, 

Mv = Mr - (« + R), 
M'v '^M'r + {R-^R'); 

or (1 +e) (F- F) - (fi + iT)"" "" 



MM 



/ > 



mm! 

but from the investigation for the case of inelastic balls 
we know that 

^ MM" ,^ ., 

if + Jf 

^, MM* ,„ wr/^ ^ 

Hence it follows from the observed relation between the 
relative velocities before and after impact, that the mo- 
mentum generated or destroyed during compression bears 
a constant ratio to that generated or destroyed during 
restitution. 

26. Prop. An elastic ball impinges directly upon a 
perfectly hard fixed pUme ; to find the velocity after impact 

Let M be the mass of the ball ; V the velocity before 
impact ; v the velocity after impact ; R - the -impulsive 
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action between the ball and the plane as the hypothesis of 
inelasticity. 

Then, upon this hypothesis, there is no motion after 
impact, 

.-. = ifF- R; 

hence Mv = MV - (l + c) R, 

« - e« = - eMV, 

or tj = - e F; 

that is, the velocity after impact is less than before in 
the proportion of 6 to 1 ; the minus sign indicates that 
the motion after impact is in the direction opposite to 
that before impact, which must manifestly be the case. 

27. The problem of oblique impact requires no prin- 
ciples in addition to those already explained. When im- 
pact takes place obliquely, we have only to resolve the 
impulsive action into two parts, one normal to the balls, 
the other tangential ; the former will be treated according 
to the same laws as direct impact, the latter will be un- 
affected since we suppose the balls to be smooth. The 
method will be understood from the following applications. 

28. Prop. An elastic hall impinges upon a perfectly 
hard plane, the direction of the halPs motion before impact 
making a given angle (a) with the normal to the plane ; re- 
quired the motion after impact. 

Let M be the mass of the ball ; 

F its velocity before impact ; 

V after 

6 the angle which the direction of 

motion after impact makes with the normal to the plane ; 

then before impact the velocity parallel to the plane 
is V sin a, and that perpendicular to the plane is V cos a ; 
and the corresponding quantities after impact are v sin 0, 
and V cos 9. 

F 
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Hence, by Art. 26, we shall have 

V cos e - c F cos a, 
and since the velocity parallel to the plane is not affected, 

V sin = F sin ex. 
Adding the squares of these two equations, 

V* = F* (sin* a + e* cos* a) 
« F'-Cl-c'OF'cos^a. 

Hence the velocity will be diminished, as might have been 
expected, except in the extreme case of perfect elasticity, 
for which c « 1. 

For the direction of the motion, we have 

cot 9 ^ - e cot a. 

The minus sign shews that the ball will rebound on 
the opposite side of the normal, and since e is less than 
unity, 6 will be greater than a, except in the extreme 
case of perfect elasticity when the two are equal. 

29. Let us now take the more general case of two 
balls impinging obliquely upon each other. We will sup- 
pose them to be moving in opposite directions, contrary 
to the supposition made hitherto. 

Prop. Two elastic balls impinge obliquely upon each 
other ; to determine the motion after impact. 

Let F, V be the velocities before impact, a, a the 
angles which the directions of mo- 
tion make with the straight line 
joining the centres of the balls at 
the instant of impact; t>, v, 0, 6!', 
the corresponding quantities after 
impact. 

Let us first find the impulsive action R upon the hy- 
pothesis of the balls being inelastic, (Art. 23, p. 118.) Then 
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treating the problem, so far as the direction of the com- 
mon normal or line joining the centres is concerned^ as 
if the impact were direct, we have 

Tr R B _ , , 

V COS a - 37^ = -ryr - V cos a ; 
M M 

MM' 

••• R = -7^ vr, iV cos a + F' cos a ). 

M ■¥ M 

Hence by our principles, 

Mv cos = JtfFcos a - (1 + c) -B 

MM' 
« MVQOSa - (y-^-e)--- — ;rp(Fcosa+ F'cosa)... (l); 

and since the motion in the direction perpendicular to 
the common normal is not affected by the impact, we have 

Mv sin 6 - if F sin a (2). 

In like manner for the other ball, 

MM' 
M'v' cos ff ^(1 +e) , ( Fcos a -^ V' cos o') 

-Jf'rcosa (3). 

M'v sin e' « JIf'r'sin a' (4). 

These four equations entirely determine the motion of the 
two balls. 

30. We may vary the problem in many ways. Sup- 
pose, for instance, that the ball M' is at rest, which will 
give us the case of a billiard-ball struck by another. 
Then making F'= 0, we have 

-MM-rr . N MM' ^ 

Mv cos 6 «= MV cos a - (1 + c) ^rz — TTT V cos a, 

M -{• M 

Mv sin 6 = MV sin a, 

MM' 

M'v cos 0' « (1 + c) — —7 V cos a, 

^ M + M 

M'v'smff^O; 

F2 
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from this last equation we have ff ^^0, bs might have been 
foreseen ; to simplify the formulse still further, let us sup- 
pose the balls equal, or M ^^ M\ and let e » ^, which is 
nearly the value which it has for ivory ; then 

V cos 6 — Tcosa — ^^ Fcos a « -^ Fcos a, 
r sin d B F sin a, 
V « -j^ F cos a ; 

/. ^^ V^Um^a + ^^^ - F»(l-.99C08«o), 

and tan d «■ 10 tan a ; 

the former of these two formulse gives the velocity of the 
impinging ball, and the latter shews that the direction of 
the motion will be changed so as to make with the direc- 
tion of the common normal an angle much larger than 
before, but less than a right angle. 

31. A very curious result will follow from the sup- 
position that the two balls are made in such a manner 
that the ratio of their weights, or nmsses, shall be the 
modulus of elasticity, if, for instance, we have two ivory 
balls, one of which weighs four fifths as much as the other. 

In general let us introduce into the equations of 

Art. 29, the condition that e = —7 , or that 1 + c = --; — ; 

M' M 

then the equations (1) (2) (3) (4) become, 

Mfi cos Q = MV cos a - if (Fcos a + F'cos a )' 

= - MV cos a', 
Jl/t> sin d B MV sin a, 

Jf 't>' cos O' - Jtf ( F cos a-\-V' cos a) " M' V cos a , 
ifVsine'-M'r'sina; 
or, if the ball M' be at rest, • 

V cos « 0, "I 

V sin «= F sin a, [ 

t?'cos0' = cFcosa, f 

t/'sin 0' «= 0. J 
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From these equations we perceive that = 90^ and 
d's 0^ and that 

v =» F sin a, 

v' Bx e Feos a. 

It appears then, that if the weights of the balls be ad- 
justed as here supposed, the two balls will fly off after 
impact in directions at right angles to each other, what- 
ever be the direction of impact. There is, however, an 
exception; if the impact be direct, it is manifest that 
the balls cannot move as here described ; let us see how 
this exception is taken into account by our equations. 

Besuming equations {A) it will be seen that in the case 
of direct impact a « 0, hence the first two equations 
become 

V cos = 0, t; sin d = 0, 

and from these we must conclude, not that d « 90^ as 
before, but that t) = ; hence in the case of direct impact 
the impinging ball is brought to rest, and the ball which 
was previously at rest moves off with a velocity e F. 

32. We shall conclude this Chapter with two propo- 
sitions, which will require the definition of a term not 
hitherto introduced. 

Def. The mass of a body in motion multiplied hy the 
square of its velocity is called the vis viva of the body. 

Thus it may be stated, that in the case of a falling 
body, the vis viva generated in falling through a given 
space is proportional to the space. The student will ob- 
serve that the term vis viva is merely used as a conve- 
nient term for expressing briefly a particular combination 
of mass and velocity Ivhich not unfrequently occurs in 
Dynamics. 

33. Prop. In the direct impact of perfectly elastic 
balls, the vis viva is the same after impact as before. 



} 
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In the case of perfect elasticitj e « 1, hence we can 
easily obtain the equations, (ArL 21» p. 117). 

andc'-tj-r- F'; J 

or jf (d - n = - J^' (t'' - n» 

and t7 + F «= r' + V* ; 

multipljing together the corresponding sides of these 
equations, there results, 

Jf(c«+ F»)= -Jf'(r''- r«), 
or 3f c* + 3r r *» = If F» + Jf' F % 

which proves the proposition. 

The same proposition is true when a perfectly elastic 
ball impinges directly upon a perfectly hard plane. 

34. Prop. In the direct in^pact of imperfeetfy elcutic 
balls, yis viva is lost by impact; that is, the vis viya c^Ur 
impact is less than it was before. 

In tliis case our equations are 
and V -f?«e(F- T); 

.-. {Mv + M' v'Y ^(Mv-¥3r ry, 

and MM^iv-vy = e^ MM' (V ^ Vy 

= 3f4f ' (F - r)« - (1 - cO JOf (F- F')' ; 
.*. by addition, 

( jf + M')iMv' + M' vy = (if + JIT) ( Jf F* + jf ' vy 

-O-eyifjf' (F- jry, 

MM* 

or M^ + M'v'^ = iJfF* + J/F'«- (i - c^ — — —, (F- F'V, 

which proves the proposition, since e is less than i. 

By making e » 1 we obtain the proposition of the pre- 
ceding Article. 
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35. The preceding propositions concerning vis viva 
may be still further generalized ; indeed, it is true in the 
most general way possible that vis viva is always lost by 
collision of bodies in whatever manner the impact may 
take place. It will be seen by reference to the formula 
of Art. 28, that the proposition is true in the case of 
oblique impact upon a fixed plane, for we have 

Mv^ = MV^ - (1 - e') MV^ cos* a ; 

and it may also be shewn to be true in the most general 
case which we have considered, namely, that of the oblique 
impact of two balls. 

For it will be seen by reference to the equations (1) (3) 
of Art. 29, compared with those of Art. 21, that the 
process adopted in the preceding Article would give us, 

Mv" cos« e + M'v' cos« ff = Jf r cos' a + M' F * cos* a 

MM' 
- - OliT — TTT (Fcosa + F'cos aT; 

also from equations (2) and (4) of Art. 29, we have 

Mv' sin'' e -- MV* sin' a, 
and MV sin^ ff « M' F' sin« a ; 

now add these three equations together, and we have 

Mv^ + iHr v'* « MV + M' F'^ 

MM' 
- (1 - e') j^ ^ (Fcosa+ F' cosa'^, 

which equation proves the proposition. 



CONVERSATION UPON THE PRECEDING CHAPTER. 

P. If you will allow me to begin at the end of the 
Chapter in asking questions, I should like to know how it 
came to pass that Mv* should have been called the vis viva 
of a body. 
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71 The name is a monument of an error in dyna- 
mical principles once maintained by mathematicians of 
great name ; they held that a force which produced only 
a tendency to motion differed in kind from a force actu- 
aUy producing motion, the former they proposed to term 
a vis mortua, and the latter a vis viva. Thus they con- 
sidered that in a body actually falling there was a force 
which did not exist before the body began to fall ; and 
they were led to imagine that this living farce was to 
be measured by the square of the velocity. The source 
of this error in measuring force was fundamentally this^ 
that they considered the force as measured by its effect, 
while the body passed through a given spacsy instead of 
its effect during a given time ; in the case of falling bodies 
you will remember that the momentum generated varies 
as the time, the via viva as the space described ; if then 
we considered the effect of a force while the body passes 
through a given space, we should be led to take vis viva 
as the measure of force. 

P. Do you consider it manifest that this notion of a 
distinction between the force, in the case of a body at 
rest, and a body in motion, is incorrect ? 

T. Not manifest, because men of the first order of 
intellect fell into the mistake ; to us it perhaps seems 
strange that it should not have been perceived that it was 
the time of a force's action, and not the space through 
which the body moved, upon which the effect depended ; 
but the notion of some new property being developed in 
a body by motion seems not an unnatural one to strike 
the mind in the infancy of science. 

P. I think it does not ; indeed, it seems to me hard 
to realize that the force acting upon a body at rest and 
in motion can be the same. 

T. There is but one measure of force, and that is 
the momentimx generated or destroyed by it in a given 
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time ; suppose a body to rest upon a plane, then the plane 
by preventing motion destroys a certain amount of mo- 
mentum in each second, which would have been generated 
if the plane had not been there, and this amount of mo- 
mentum measures the weight of the body ; if the plane 
be removed, momentum is actually generated, and the 
momentum generated in one second measures the weight* 
Referring to symbols, I must remind you that whether a 
body is at rest or in motion, Mg is taken as the symbol 
of its weight ; and in the case of a body descending upon 
an inclined plane, we had one resolved part of the weight 
producing pressure, and the other producing motion ; but 
the weight was represented by the same symbol Mg in 
both cases. 

P. So that in fact the true dynamical principle is> 
that in all cases momentum generated or destroyed is the 
proper measure of force. 

T. Yes ; that is the true basis of dynamics ; and the 
only thing to be remarked is, that in the case of jBnite 
force we consider the momentum generated in a unit of 
time, in the case of impulsive force we consider the mo- 
mentum actually generated during the impact. But there 
is no difference of principle in the mode of treating the 
two kinds of force, and this perhaps will appear to you 
clearly from Newton's method of stating the Third Law 
of Motion. He states that Beaction is always equal and 
opposite to Action ; that is, that the actions of two bodies 
upon each other are always equal and opposed to each 
other in direction. " Actioni contrariam semper et eequa- 
lem esse reactionem: sive corporum duorum actiones in 
se mutuo semper esse eequales et in partes contrarias 
dirigi." And Newton gives three illustrations of the 
meaning of his law ; first, a stone being pressed by the 
finger, in which case the finger is equally pressed by the 
stone; secondly, a horse dragging a burden by means of 
a rope, in which case the connecting rope causes the horse 

F5 
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to be drawn towards the burden just as the burden is 
drawn towards the horse ; thirdly, a body impinging upon 
another, in which case any change of motion in one body 
will cause an equal and opposite change of motion in the 
other. Now here we have three kinds of action and re- 
action ; the first statical, the second dynamical but the 
force finite, the third dynamical but the force impulsive ; 
and the same principle applies to all, but the question of 
course is still open, how the action and reaction are to be 
measured, and Newton takes care to explain that the 
momentum generated or destroyed is the proper mea- 
sure ; and bearing in mind that this is the case, you will 
find the formula, dction and reaction are always equal and 
opposite, to be a useful law to bear in mind; without 
knowing this great principle concerning momentum the 
law would be very little better than a truism, and equi- 
valent to saying that the cause is measured by the effect. 

P, It would be easy to verify the law by experimcDt 
in the case of impact ; would it not? 

T. Yes ; and it has been done. Newton made experi- 
ments with great care and on a large scale, by means of 
balls suspended by strings ; two balls being thus suspended 
in such a manner as to be in contact when at rest, one was 
drawn out of its position and being let go impinged upon the 
other ; the velocity with which the ball impinged was known 
from the height through which it fell, and that of the ball 
struck by observing the height to which it rose, and it was 
found that in all cases the motion lost by one ball was 
gained by the other. In conducting these experiments it 
was necessary to take account of the effect of the air in 
resisting the motion of the balls, but I will not trouble 
you with an explanation of the method which Newton 
adopted. 

You may regard it therefore if you please as an experi- 
mental fact, that in the case of the impact of bodies the. 
momentum lost by one body is gained by the other, or 
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that the whole momentum before impact and after impact 
is the same. 

And still more generally, if you have a system of bodies 
which act upon each other in any way either by mutual 
attraction, or by strings, or by impact, the whole momentum 
of the system never varies ; and from this I may mention 
that it follows, that the centre of gravity of such a system 
if once at rest is always at rest. 

P. How does that appear ? 

T. You see how it appears in the case considered 
in Art. 19 ; what I have said to you just now is only a gene- 
ralization of the principle contained in that Article ; I can- 
not give you the mathematical proof of the proposition in 
its most general form, but you will, I think, have no diffi- 
culty in perceiving that the principles which proved the 
proposition in that Article will establish the more general 
proposition which I have just now enunciated. 

P. How if the centre of gravity be not at rest ? 

T. Then it requires very little argument to shew 
that it will move uniformly in a straight line, for there 
being no tendency to move arising from the system itself, 
whatever motion the centre of gravity has it will always 
have, precisely after the manner of a particle acted upon 
by no forces, and which therefore obeys the first law of 
motion. 

Hence I may state to you, that constancy of momentum 
is equivalent to uniform rectilinear motion or rest of the 
centre of gravity. 

I have endeavoured to lead you up to this general 
proposition, in order that you may see something of the 
greatness of the results which we can obtain by mathema- 
tical reasoning without any complicated calculations or 
mysterious symbols. The case which I have just described 
holds in fact in the case of the solar system ; here we have 
the sun and the planets mutually acting upon each other, 
and we may at once conclude that, putting aside the con- 
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sideratlon of external influences, the action of the fixed 
stars for instance, the centre of gravity of the solar system 
is either at rest or moving uniformly in a straight Une. 

P. I thought that the sun was at rest, and that the 
planets revolved about it. 

T. So it is often stated, but it is not strictly true ; 
on account of the enormous mass of the sun the distance 
of the centre of gravity of the whole system from the sun's 
centre is not great, and therefore we commit no great geo- 
metrical error in speaking of the sun's centre being at rest 
when we should say the centre of gravity of the solar 
system ; but we commit a very great dynamical error if we 
conceive of the sun as having any fixity of character which 
does not belong to the other heavenly bodies ; there is no 
such thing as a fixed particle of matter in the universe, 
and dynamically speaking it would be quite as correct to 
say that the sun goes round the earth as that the earth 
goes round the sun, the fact being that neither is at rest, 
but that both are moving about the common centre of 
gravity of the whole system. ' 

We have however been led away from the subject of 
impact. Have you any further question to ask ? 

P. I should wish to know whether there is any means 
of ascertaining that the action described in Art. 3, as taking 
place between elastic bodies actually does take place ; it 
seems to me difficult to conceive of such an action in the 
case of such substances as glass or ivory. 

T. Remember that however hard a substance may 
appear it is not rigid, and there is no reason why the form 
of a body should not be changed by impact and why the 
internal action of the particles of the body upon each other 
should not restore the form as soon as the pressure is re- 
moved. You may however easily satisfy yourself of the 
fact of the change of form thus ; cover a marble table with 
a very delicate coating of oil, and allow an ivory ball to 
fall from some height above the table upon it, then it will 
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be found that the circular mark lefl upon the table by the 
ball "will be perceptibly larger than if the ball had been 
merely placed gently upon the table, thus shewing incon- 
testably that a larger portion of the surface of the ball is 
brought into contact by impact than otherwise, and there- 
fore that there must be a change of form. There will be 
no perceptible change of form either in the ball or table 
after the impact, which shews that a restitution of form has 
taken place. 

Try the experiment with a leaden ball upon a leaden 
table and the result will be very diflTerent; you- will have a 
change of form by impact as before, but only an imperfect 
restitution of form ; the ball will not rebound from the 
table, and the effect of the impact will be visible afterwards 
both upon the table and the ball. 

P. That appears decisive. Will the principles which 
have been explained in this Chapter solve all the problems 
of the impact of billiard balls ? 

T. There is an important circumstance in the case of 
a billiard table which has not been taken into account, 
namely the effect of friction upon the balls. In consequence 
of this a variety of effects may be produced by a skilful 
player, which cannot be accounted for upon the principles 
of this Chapter ; the actual solution of the problem of the 
impact of billiard balls when the friction of the table is 
taken into account belongs to a much more difficult por- 
tion of Dynamics, namely, that which treats of the motion 
of rigid bodies under the action of any forces. For though 
the balls, the motion of which has been discussed, are in 
fact rigid bodies, still in the particular case considered the 
forces upon any one of them all act through a single point, 
namely, the centre ; and therefore the motion of the centre 
is precisely the same as that of a particle, and we have no 
occasion for any new principles in addition to those which 
apply to the motion of a particle. 

P. But would the introduction of friction make any 
material difference ? 



134 ELEMENTABY DYNAMICS. 

T. A very great difference, because it would intro- 
duce the consideration of the rolling of the balls ; and the 
complication introduced by this circumstance is such as to 
remove the problem into quite another region of Dynamics. 
The only way to make experiments upon the impact of 
elastic balls upon the principles of this Chapter is to suspend 
them by strings, and to let them impinge by falling against 
each other. 



EXAMINATION ON CHAPTER V. 

1 . Distinguish between^ntf^ and impulsive force. 

2. Distinguish between elastic and ineiUutic bodies ; what is meant 
by the tenn modulus of elasticity ? 

3. Two inelastic balls impinge directly upon each other with given 
velocities, determine the velocity of each after impact. 

4. Three equal inelastic balls lie with their centres in the same 
straight line upon a smooth horizontal table ; the first being made to 
move with a given velocity, find the velocity which will be communi- 
cated by impact to the third. 

5. Two inelastic balls impinge obliquely upon each other, with 
given velocities ; find the motion after impact. 

6. Explain generally the method of solving problems concerning 
the motion of impinging elastic bodies. 

7* Two balls of given elasticity impinge directly upon each other; 
determine the motion after impact. 

8. When a perfectly elastic ball impinges obliquely upon a fixed 
plane, the angle of reflexion is equal to the angle of incidence. 

9. Two imperfectly elastic balls impinge upon each other obliquely ; 
determine the motion after impact. 

10. From the result of the preceding problem deduce the motion 
after impact of an imperfectly elastic ball which impinges obliquely 
upon a fixed plane. 

11. In the impact of perfectly elastic balls no vis viva is lost. 

12. In the impact of imperfectly elastic balls vis viva is lost by 
the impact. 

13. A particle moving along a smooth horizontal plane impinges 
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upon a plane inclined at any angle to the horizon ; if the particle be 
inelastic^ find the velocity in order that the particle may rise upon the 
inclined plane to a vertical height h ; if the elasticity be «, what will 
be the motion of the particle ? 

14. A perfectly elastic body is projected from a point in a plane 
inclined at an angle a to the horizon ; determine the angle at which it 
must be projected, so that after striking the plane it may be reflected 
vertically upwards. 

15. Determine the motion of the body in the preceding problem 
after it has again struck the plane. 

16. Two elastic balls A and B, such that the mass of A is three 
times as great as that of B^ are placed on a horizontal table. A im- 
pinging on B at rest drives it perpendicularly against a hard vertical 
plane, and it meets A in returning at half its original distance. Find 
the modulus of elasticity. 

17. If two perfectly elastic balls, the masses of which are in the 
ratio of 1 : 3, meet directly with equal velocities, the larger one will 
remain at rest. 

18. A body of given elasticity is let fall from a given height upon 
a plane of given inclination ; find the latus rectum of the parabola de- 
scribed by the body after the impact. 



CHAPTER VI. 



ON THE CONSTRAINED MOTION OF A PARTICLE. OSCIL- 
LATION OF A CYCLOIDAL PENDULUM. APPLICATION 
OF THE PENDULUM. 



1. .Therb are two ways in which we may conceive 
the motion of a particle to be constrained ; it may either 
be connected with another particle, or with a fixed point 
by a fine thread, or it may be compelled to move in a 
tube, or upon the surface of a fixed curve. We have 
already had an instance of each of these kinds of con- 
straint ; the motion of two weights connected by a thread 
passing over a pully was an instance of the former, the 
descent of a particle upon an inclined plane of the latter. 
We now proceed to consider the subject more generally, 
premising that the mathematics supposed to be at our 
command are not sufficient to enable us to pursue the 
subject to any very great length. 

2. In general, when a particle moves upon a curve, 
we may suppose the force acting upon it to be resolved 
into two parts, one in the direction of the tangent to the 
curve, the other in that perpendicular to the tangent or 
the direction of the normal; the former part will tend to 
accelerate or retard the body's motion, the latter will 
have no effect upon the velocity, but will be entirely ex- 
pended in increasing or diminishing the pressure upon 
the curve. In the simple case of a heavy particle moving 
upon an inclined plane, it will be remembered, (Art. S6, 
p. 40) that each of these resolved parts was a constant 
quantity, and consequently the motion was uniformly ac- 
celerated ; there would be in this case also (though this 
was not proved) a constant pressure upon the plane ; in 
general such will not be the case : suppose, for instance. 
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that a particle runs down any curve in a vertical plane, 
as an arc of a circle, then the resolved part of gravity in 
the direction of the tangent changes from point to point, 
as does also that in the direction of the normal, conse- 
quently the velocity is not uniformly accelerated, neither 
is the pressure constant. 

3. We say that the pressure is not constant ; it must 
not be supposed, however, that the variation of the pres- 
sure arises entirely from the change of the value of the 
resolved part of the force in the direction of the normal, 
for the pressure upon the curve is only partly due to this 
force ; this is a matter requiring much consideration, and 
which we will explain as clearly as we can. 

Let P be a particle moving upon the inside of a cir- 
cular arc AB ; and let us suppose either that j^ 
there is no force acting upon P, or that the / 
whole of such force is in the direction of the P^ 
tangent PT\ then although there is no force '^^^y 
in the direction of the normal to the circle, j/ 
there will nevertheless be a pressure between ^ 
the particle and the curve ; this appears at once from the 
consideration, that if the curve were removed, the par- 
ticle P would move in a straight line in the direction 
which its motion had at P, that is, it would move in the 
direction of the tangent PT\ but the curve prevents it 
from doing so, and it cannot thus change the direction 
of the particle's motion without pressing the particle and 
itself sustaining a pressure. K then a particle move upon 
a curve in such manner that the whole extraneous force 
acting upon it is either in the direction of the tangent 
or else zero, there will still be a pressure upon the curve ; 
and hence in the general case, in which a body is acted 
upon by a force partly tangential and partly normal, the 
pressure is due only in part to the normal force. And it 
is easy to see that the pressure due to the normal force 
may be either increased or diminished by the motion, 
according to circumstances ; suppose, for instance, that a 
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heavy particle is made to run down the exterior surface 
of a circle in a vertical plane, then it is clear that since 
the body has a tendency at each moment to proceed in 
the direction of the tangent, the effect of the motion is 
to diminish the pressure upon the curve ; on the other 
hand, if the body run down upon the interior surface of a 
vertical circle, the same considerations shew that the 
motion increases the pressure upon the curve. In illus- 
tration we will mention a result which will be afterwards 
proved, namely, that if the particle in the last supposed 
case run down from the extremity of the horizontal dia- 
meter, the pressure when it passes the lowest point will be 
three times its weight, that is, three times what it would 
have been if we had only taken into account the direct 
effect of gravity. 

The principle is precisely the same if we suppose the 
body to be constrained by a string ; for instance, if we 
suspend a body by a string, and make it oscillate, the 
body will be constrained to move in a circle exactly as 
though it were moving upon a circular arc, and the tension 
of the string will take the place of the pressure upon the 
curve. Thus, to take our preceding illustration, if a body 
be suspended by a string, and having been held so that 
the string shall be horizontal, be then let go, the weight 
which the string will have to support when it comes into 
the vertical position will be three times the weight of the 
body. 

In common language the pressure or tension spoken 
of is said to be due to centrifugal force ; this name is not 
a very suitable one, since, as we have explained, the very 
peculiarity of the pressure or tension in question is that it 
is produced by the tendency of the body to move in a 
certain way, which tendency is checked, and not by the 
immediate action of any force upon the body. The name 
is however generally used, and will not lead to any mis- 
conception if the student bear carefully in mind the ex- 
planations already given. We will now give a formal 
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statement of the meaning of the term, which will embody 
in a small compass what has been said. 

4. Prop. To explain what is meant hy the term cen- 
trifugal force. 

When a particle moves under the action of any force, 
it has a tendency at each instant to continue to move in 
the manner in which it is moving at that instant, as regards 
both direction and velocity. This is an immediate con- 
sequence of the First Law of Motion. If therefore the 
motion of the body be curvilinear, there is a tendency at 
each instant to move in a direction different from that 
which the body is compelled to pursue ; the force neces- 
sary to counteract this tendency is the measure of what is 
called the centrifugal force. 

5. Let us now discuss an actual case of motion which 
will throw light on what precedes, and which is on other 
grounds important. The case is that of a particle revolving 
in a circular tube, or at the extremity of a thread ; we 
wiU suppose no force to act upon the particle, or (which 
comes to the same thing) that a particle is set in motion 
within a circular tube which is held in a horizontal posi- 
tion ; in the latter case it is clear that the weight of the 
particle will not affect its motion, and that putting friction 
out of the question, it will revolve uniformly for ever. 
Our purpose is to find the pressure upon the circular tube, 
or the tension of the string, according as we adopt one 
form of the problem or the other ; the two forms are in 
principle identical, but the former will be more convenient 
for our method of treatment ; we will therefore state the 
problem as follows. 

6. Prop. A particle of given mass revolves uniformly 
with a given velocity in a circular tube ; to find the pressure 
upon the tube. 

We shall arrive at the result by first supposing the 
particle to move in a tube of the form of a regular polygon 
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having a great many sides, just as in works on Trigonometiy 
the area of a circle is found by first investigating the area 
of a polygon and then supposing the number of sides of the 
polygon to be indefinitely great. Suppose the particle to 
be projected with the given velocity along one side of the 
polygon, then when it arrives at the end of that side or at 
the angular point, an oblique impact will take place upon 
the next side ; suppose the momentum of the particle to be 
resolved into two parts, one in the direction of the next 
side of the polygon and the other perpendicular to it, then 
this latter portion will be destroyed by the impact, and it 
is the destruction of such momenta at successive impacts 
which constitutes the whole pressure on the curve. 

Let V be the velocity, M the mass of the particle, and 
let the polygon have n sides ; then the angle between two 

271- 

successive sides is — , (Euc. i. 32, Cor. 2), and the momentum 

n 

destroyed by the impact is therefore 3IV sin — . Now in 

a complete circuit there will be n times this amount of 

momentum destroyed, or nMVsin — ; and hence the 

n 

amount of momentum destroyed in one revolution is the 

value of the preceding expression when n is indefinitely 

great, or QirMV. Also since the body moves uniformly 

the time of a revolution will be —=- , where r is the radius 

of the circle ; and therefore the momentum destroyed in 
one second 

,^., 27rr MV* 

F r 

This then is the expression for the pressure upon the tube. 

7. If we suppose the body to be attached to one end 
of a string the other end of which is fixed, then the tension 

of the string will in like manner be measured by . 
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And the tension of the string may be compared with 
the weight of the body ; for let T be the tension, W the 
weight ; then W = Mg^ and 

or we may express the result in terms of the time required 
by the body to make one revolution ; let P be the time, 
then rP = 2 7rr, 



• • 



W P^g 



8. Let us illustrate the preceding formulae by a few 
examples. 

Ex. 1. A weight of lib. revolves at the extremity of a string 1 
foot long and makes a revolution in 1 second ; find the tension of the 
string. 

In this case, r= 1, P= 1, ^= lib., 

.-. 2'= — lbs., 
9 
where tt = S. 1 41 59, y = S2.2, 

.-. 2'= 1.226 lbs. nearly. 

Ex. 2. A string 3 feet long is capable of supporting a weight of 
6 lbs. ; how many revolutions per minute must be made by a weight of 
1 lb. which is attached to it^ in order that the string may break. 

Taking the formula 

T _ 4>ir'r 

we must have in this case, W= 1, T= 6,r = 3; also let a be the number 

of revolutions required, then a? P = 60, 

4i'n^x 3x^ ^ 

•'• ~60* "^> 

60 ,^ ^.^ - 
or a? = — jzr = 13.505 nearly. 

Hence the string will sustain 13 revolutions per minute, but 14 will 
break the string. 

Ex. 3. If the tension of the string be 5 times the weight of the 
revolving body and the length of the string be 2 feet, find the velocity. 
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^ T 

We have ^^=^^y> 

= 10 X 32.2 « 322 ; 
.*. F= 18 feet per second^ nearly. 

Ex. 4. When the tension is equal to the weight, the velocity is that 
acquired by a body in falling through a distance equal to half the radius, 
or the velocity is that due to half the radius. More generally, suppose 
that the tension is equal to n times the weighty then we have 

F«=n^r = 2^x^, 
or the velocity is that acquired in falling through the distance -3-. 

9. In the preceding investigation there is one point 
which requires explanation ; we have supposed that there is 
a destruction of momentum by impact at the end of each 
side of the polygon upon which we have imagined the body 
to move, and that the sum of all the momenta so destroyed 
is the measure of the pressure upon the circle when the 
polygon becomes a circle by the indefinite increase of the 
number of its sides ; and nevertheless we have supposed 
that the velocity of the body is not altered by the impacts. 
These two suppositions appear to be inconsistent with each 
other, and the apparent inconsistency requires explanation. 

The difficulty arises entirely from our peculiar mode of 
treating the problem ; it is manifest that in the actual case 
of motion in a circle the velocity does remain unaltered, 
because there is no force acting upon the body in the 
direction of the tangent, and it will be only necessary for 
us to shew that the velocity destroyed in our supposed 
case is such as to be insensible when the polygon becomes 
a circle. This we shall do by strict mathematical calcu- 
lation. 

Let V be the velocity upon the first side of the polygon 
as before ; then when the body begins to move upon the 

2 IT 

second side the velocity V sin — is destroyed as we have 

n 
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seen, and the velocity with which the body proceeds upon 

the second side is V cos — . In like manner the velocity 

n 

upon the next side is V I cos — ) , and so on : hence if we 

suppose the body to make a complete revolution, the velo- 
city with which it will commence a second revolution will 

be V ( cos — I . The question is what will be the value 

of this quantity when n is indefinitely great. 

Let a be the length of a side of the polygon, r the 
radius of the circumscribed circle ; 

then - = chd. — = 2 sm - ; 
r n n 

, Stt . ^ir a* 

also cos — = 1-2 sm* - 1= i , 

n n 2ir # 

Now when the polygon becomes a circle, 

na = the circumference of the circle = 27rr, 

a? 27r* 



• • 



2r' n* 



... V (cos ^^)" ■ r{z - g^ 4. »' Y f^ (-^^y - ^-] 

= V when n is indefinitely great. 

Hence it appears that although the velocity upon the 
polygon is diminished by the impact, yet the quantity by 
which it is diminished is of such a kind that it becomes 
evanescent when the polygon becomes a circle. And thus 
the apparent difficulty is explained. 

10. The case which we have now considered is of 
interest as being a first introduction to the theory of the 
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motion of the heavenly bodies; for instance, the moon very 
nearly describes a circle round the earth, and the earth 
very nearly a circle round the sun. Suppose that as a first 
approximation we consider the orbit of the earth about the 
sun to be a circle described uniformly, then the preceding 
investigation teaches us the force which must act upon 
the earth ; it must be a force tending towards the sun and 

measured by — -, — , where M is the earth's mass, r its 

distance from the sun expressed in feet, and P the length 
of a year expressed in seconds. It will be observed that 
no force is required to urge the body to move in its orbit, 
but only a force tending towards the centre of the circle, 
that is towards the sun, which changes the direction of the 
earth's motion without altering its velocity. Hence the 
existence of this attractive force of the sun upon the earth 
is no assumption, but is a demonstrated fact, provided it be 
allowed that the earth moves uniformly in a circle which is 
nearly but not acciu*ately true : when one body describes a 
circle about another in the centre of the circle the attrac- 
tion of that central body corresponds to the pressure upon 
the tube, or the tension of the string in the cases before 
considered. 

The force of the earth upon the moon on the hypo- 
thesis of circular motion is interesting because we can 
compare it with the force of the earth upon a body at its 
surface, and the comparison will help us to determine the 
law according to which the intensity of the earth's force 
changes with the distance. Now the accelerating force of 
the earth upon the moon determined upon the preceding 

principles is , where r is the moon's distance from 

the earth, and P the time of a revolution, or the length 
of one lunar month ; the force of the earth's attraction 
at the earth'*s surface is g^ and Newton was led to imagine 
that the intensity of this attraction upon any particle is 
less as the square of its distance from the earth's centrQ 
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is greater ; we shall not now concern ourselves with the 
manner in which he might have been led to this law, but 
we will test it in the case of the moon^ so far as that can 
be done upon the hypothesis of the moon's orbit being a 
circle. Let R be the radius of the earth considered as a 
sphere, then if the Newtonian law be true we must have 

47rV 11 



• » •• • — 



47rV" 

or ff =s : 

we shall now proceed to calculate the value of the right- 
hand side of this equation, making use of the following 
data, 

R = 20888700 feet, 

r ^R X 59.964>3y 

P =27.3217 days; 

47r* (59.9643)' X 20888700 tt' (59.9643)' X 208887 
'* ^"^ (27.3217 X 24 X 60 X 60)" ** (273.217 X 432)* 

From the tables we have the following, 

log TT = .4971495 ; .-. log TT^ = .9942990 
log 59.96^3 = 1.7778928 ; .-. log (59-9643)' = 5.SSS61M 

log 208887 = 5.3199115 

11.6478889 

log 273.217 « 2.4365077 ; .'. log (273.217)' = 4.8730154 
log 432 = 2.6354837 ; .'. log (432)' = 5.2709674 

10.1439828 
.'. log g = 1.5039061, 
or ^ = 31 .9 nearly. 

We have before mentioned that the value of ^ as deter- 
mined from terrestrial observations is 32.2, which differs 

G 
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from the above by only .3 of a foot ; a quantity not to be 
neglected, but sufficiently small to render the law of 
attraction highly probable when it is considered that the 
whole calculation has been conducted upon an hypothesis 
which is only approximately true. 

11. The formula for the pressure upon the circular 
tube, in which we have supposed a particle to move, has 
been investigated on the supposition of the velocity being 
uniform ; it is not however difficult to shew that the same 
formula would hold true if the velocity were not uniform, 
that is, if the body were subject to the action of a force 
in the direction of its motion. For suppose the body 
were to move uniformly through half the circumference, 
and then to receive an impulse which increased its velo- 
city through the other half; then it is clear that the for- 
mula would hold for each half circumference, only that in 
the second V will have a different value from that which 
it has in the first ; the same thing will hold true if we 
suppose that the body receives an impulse at the end of 
each quadrant ; and so if we conceive the circumference 
to be divided into an infinitely great number of small arcs, 
and suppose the body to receive a small impulse at the 
end of each, the formula will still be true, but V will have 
a different value for each indefinitely small arc : but in 
this way we may arrive at the case of a particle moving in 
any manner whatever, or under the action of any force, 
and the conclusion at which we have arrived will still be 
true, and hence it appears that if a body move in a cir- 
cular tube under the action of a force in the direction of 
its motion, and if V be the velocity at any given instant, 

the pressure upon the tube at that instant will be . 

T 

12. And hence we may arrive at the still more gene- 
ral case of a body moving in a circular tube under the 
action of any forces whatever ; for let the forces be resolved 
into two portions, T in the direction of the motion^ and 
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N in the direction perpendicular to the motion, that is 

normal to the circle. Then N will have no effect upon 

the velocity, but will produce only pressure upon the curve ; 

hence omitting all consideration of the motion the pressure 

would be MN, (JV being reckoned as an accelerating force); 

JIfF* 
and we have before seen that a pressure measured by 

is due to the motion, hence taking both sources of pressure 

into account, the pressure upon the tube will be MN^ , 

T 

the upper or lower sign being taken according as the 
motion tends to increase or decrease the pressure due to 
the normal force. 

13. We will now consider the case of a body moving 
down the surface of a curve, or in the interior of a tube, 
in a vertical plane, under the action of gravity only ; and 
we are able to prove the following general proposition. 

Prop. The velocity acquired by a body in falling down 
a curve in a vei^tical plane is thai; which would have been 
acquired by the body in falling freely through the same ver- 
tical height. 

For instance, let a body fall from a point A upon such 
a curve and reach another point j8, and let the point B be 
vertically lower than A by the distance A, then the velo- 
city of the body at B will be \/zgh. 

This proposition we shall prove by supposing the body 
in the first instance to fall down a succession of inclined 
planes ; now we have already seen (Art. 27, p. 41) that in 
falling down an inclined plane the velocity is that acquired 
in falling through the vertical height of the plane, hence 
at the bottom of the first plane the proposition is true, 
and it will be true for the bottom of the second plane if 
there be no velocity destroyed in passing from one plane to the 
other ; and so of the third, fourth, &c. Hence if a body 
fall down any number of inclined planes, the velocity 
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acquired will be that due to the vertical height, provided 
no velocity be destroyed in passing from one plane to another. 
But velocity is lost in passing from one plane to another 
by impact, and therefore in the case of a number of planes 
the proposition is not true ; but the smaller the angle 
between two consecutive planes, the smaller will be the 
amount of velocity destroyed, and when the system of 
planes becomes such as to be not capable of being dis- 
tinguished from a continuous curve we are justified in 
assuming that the quantity of velocity destroyed is imper- 
ceptible. That this is so may be seen in two ways ; in the 
first place we have shewn that such is the case in an ana- 
logous problem, (Art. 9, p. 143) and the principles of that 
demonstration apply to this, although we are not able 
with elementary mathematical methods to work out the 
result : and in the next place, if any velocity were de- 
stroyed, the destruction must be due to the action of the 
curve; now the action of the curve is always exactly 
perpendicular to the motion, and therefore has no effect 
in retarding it, and hence the supposition of velocity being 
destroyed involves us in an absurdity. 

On the whole, therefore, we conclude that the propo- 
sition which is true for an inclined plane is true for any 
curve ; that is, the velocity acquired in falling down it is 
that due to the vertical height. 

14. Let us apply the preceding proposition to the 
case of a particle moving upon a circle in a vertical 
plane. 

Ex. 1. A particle runs down the interior of a vertical semicircle; 
to find the pressure at the lowest point. 

Let the radius be r ; then if F be the velocity at the lowest point, 

we have 

F»=2gr. 

The pressure due to the weight is Mg, hence the whole pressure will 
be (Art. 12) 

Mg + = Mg + 2 Mg = 3 Mg. 
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Or the pressure is three times the weight, as announced by anticipation 
in Art. 3, p. 138. 

Ex. 2. A particle runs down the exterior surface of a vertical circle, 
to find the point at which it will leave the curve. 

This is a case in which the motion tends to lessen the pressure due 
to the direct action of gravity ; and as the pressure due to the motion 
increases and that due to the weight diminishes, the particle soon arrives 
at a point for which they are equal ; at this point it leaves the curve 
and describes a parabola. 

Let A be the highest point of the circle, B any other point, the 
centre, AOB = e,AO = r. 

Then the vertical distance of B from Aiar — rcos^, 
and therefore if V be the velocity at B, we have 

F* = 2gr(l-cosa), 
.*. the pressure due to the motion 

= llL.=2ilfg(l-cosa). 

Again, the resolved part of the weight Mg in the direction BO is 
Mg cos Of and therefore the actual pressure at B will be 

Jlfg cos a - 2 jlf g ( 1 - cos 6) = Mg (S cos 6 - 2). 

Hence the particle will leave the curve, when 

3 cos ^-2 = 0, 

2 
or cos ^ = 77 , or ^ = 48®48' nearly ; 
3 

in other words the particle will leave when it has passed over a vertical 
distance equal to one-third of the radius. 

Ex. 3. To find the latus rectum of the parabola which the particle 
describes after leaving the circle. 

The direction of projection is that perpendicular to OB, if j? be the 
point at which the body leaves the curve, and therefore the value of 
above determined will be the angle which the direction of projection makes 
with the horizontal line through B; hence, referring to the general ex- 
pression for the latus rectum given in Art. 12^ p. 67, we have 

latus rectum = 4r(l - cos 6) cob^B 

4 4 16 

= -x-r = — r. 

3 9 27 
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15. If we have a particle moving upon the interior of 
any vertical curve ACB, of which 
C is the lowest point, and if we 
allow the particle to fall from a 
point P, it will descend to C and 
ascend again on the other side of 
C to a point Q, such that the ver- 
tical height of Q above C is equal 
to that of P, in other words Q and P lie in the same hori^ 
zontal line. This is clear from the fact that the velocity 
at C is that which would be acquired in falling through 
the vertical height of P above C, and the velocity so 
acquired will be destroyed when the body has moved 
upwards through a vertical space equal to that through 
which it has fallen. From Q the body will descend, and 
passing C will rise to P, and so on perpetually. 

16. If we suppose the curve to be a circle, the motion 
of the particle will be precisely the same as if it were 
attached by a fine thread to a fixed point at the centre of 
the circle; and we are thus brought to a case of constrained 
motion which is of the utmost practical importance. 

A heavy body suspended by a thread is called a pendu- 
lum ; practically of course the body must have appreciable 
magnitude, and the thread must have perceptible weight ; 
we shall however be concerned only with the extreme 
mathematical case of a particle suspended by an indefinitely 
fine thread, or moving upon a smooth inverted semicircle. 

A particle so suspended will oscillate through equal 
angles upon opposite sides of the vertical line through the 
point of suspension, that is, of the position which the pen- 
dulum would occupy if hanging at rest. The problem is 
to determine the time in which the pendulum will make an 
oscillation, and this is a problem of first-rate importance in 
physical science, as will be seen hereafter. 

The complete determination of the time of oscillation 
in this general case will however be beyond our powers ; 
it will be easily understood that the time of oscillation 
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depends upon the extent of the arc through which the 
pendulum vibrates, and the law according to which the 
time depends upon the arc of vibration is very complicated. 
Mathematicians have however discovered that there is a 
certain curve, upon which if the particle be made to oscillate 
the time of oscillation is not dependent upon the extent of 
the arc of vibration ; on this account the determination of 
the time of oscillation upon this curve will be found much 
more easily than in the case of a circle, and we shall there- 
fore first consider this more simple case. 

17. The curve in question is called a cycloid; it is the 
curve described by any point in a carriage-wheel when the 
wheel rolls upon a plane ; or we may give the following 
definition : 

Def. When a circle rolls upon a fixed straight line, the 
locus of any point in the circumference is called a cycloid. 

The form of the curve is shewn in the accompanying 

R C 




T A Q B A' 

figure. O is the centre of the rolling circle in any position, 
JP the point which traces out the cycloid, AA' the straight 
line upon which it rolls, and which is called the base or 
directrix. The describing point P will rise from the point 
A in the directrix from which it starts until it reaches the 
highest point C at a distance BC from the directrix equal 
to the diameter of the rolling circle; it then again approaches 
the directrix, describing an arc CJ' precisely similar to the 
arc CA ; £C is called the axis of the cycloid. 

We must now digress from the immediate subject of 
this Chapter for the purpose of investigating some of the 
chief properties of the cycloid. 
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18. Prop. To draw a tangent to a cycloid. 

In order to do this we shall consider the tangent at 
any point of the cycloid as the direction in which the 
generating point is moving. This may in fact be regarded 
as the simplest mode of defining the tangent of a curve 
which is generated by a point moving according to a 
certain law ; the tangent to a circle, for example, though 
otherwise defined by Euclid, admits of such definition; 
that is, if we regard a circle as generated by a point which 
moves under the condition of being always at a given 
distance from a certain fixed point, then the direction of 
the motion of the generating point is constantly changing, 
and if at any instant we suppose the point to continue to 
move in the direction in which it is moving at that instant, 
then the straight line in which the generating point moves 
is the tangent to the circle at the point which is being 
traced at the instant in question. 

Now let us apply this notion of a tangent to the case 
of the cycloid. Let P be the generating point, and Q 
the point of the circle in contact with the directrix at 
any given instant, (see figure of preceding Article). Join 
PQ ; then since the generating circle rolh upon the direc- 
trix, the point Q may be regarded as for an instant at 
rest, and therefore the motion of P will be for a very 
short time like that of a point describing a circle round Q, 
in other words, its motion is perpendicular to PQ, and 
therefore the tangent of the cycloid at P is perpendicular 
to PQ. 

Hence we have a very simple construction for the 
tangent of the cycloid. Draw the diameter QR of the 
generating circle from the point of contact Q ; join PR, 
which will be the tangent required. 

19. Prop. To find the length of the arc of a cycloid. 

Let P, P' be two contiguous points in a cycloid ; on 
the axis BC describe a semicircle, and through P, P 
draw straight lines PQM, P'Q'J/', perpendicular to BC and 
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cutting the semicircle in Q, Q' respectively. Join CQ, CQ' 
and let JB be the intersection of CQ, P'M\ 




We shall now prove that if P and P be indefinitely 
near together, the small arc of the cycloid PP will be 
indefinitely nearly equal to twice the difference between 
the two chords CQ and CQ'. 

When P' is indefinitely near to P, the small portion 
of the arc of the cycloid PP may be regarded as being 
the same as the straight line PP^, and this straight line 
may be regarded as coinciding with the tangent at P; 
but CQ, being by the preceding proposition parallel to the 
tangent at P, is parallel to PP^y hence PP = QR, P and 
P' (it will be remembered) being supposed to be indefi- 
nitely near to each other. 

Again, let a be the radius of the generating circle, 
BCQ = e, QCQi = a, then 

PP =^QR^ 2a cos - 2a cos* (9 + a) sec 9 

=s 2asec {cos^ - cos* (0 + a)}, 

CQ - CQ' = 2a cos - 2a cos (0 + a); 

PP' 

.*. -— — -;^ « sec {cos + 009(0 + a)] =2 when a = ; 

that is, if P and P be indefinitely near together, 

PP' = 2(CQ-C7Q'); 

and as this is true for every indefinitely small portion of 
the arc of the cycloid, and as CQ is equal to the chord of 
the generating circle which touches the cycloid at P, we 
conclude that the arc of the cycloid measured from the 
vertex to any point is equal to twice the chord of the gene- 

q5 
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rating circle which touches the curve at that point. In the 
figure of Art. 17, CP ^ 2 PR. 

20. We shall now shew how a particle may be made 
to oscillate in a cycloid ; theoretically we may suppose a 
groove to be cut in the form of a cycloid, and a particle 
to be allowed to oscillate in this groove, but we shall be 
able to prove that the cycloid possesses a property which 
enables us to make a particle suspended by a thread 
oscillate in such a manner as to trace out a cycloidal 
path, and the motion of a particle so suspended will be 
precisely the same in a mechanical point of view as if it 
were constrained by a groove, 

21. Prop. To make a pendulum oscillate in a given 
cycloid. 

Let JPC be a given semicycloid, having directrix AB 
and axis BC; produce CB to A\ making BA' = BC, and 
complete the rectangle A' BAB' : with A'B' as directrix 
and AB' as axis, describe the semicycloid AP^A\ 




C R 

From any point iZ' in A'B' draw R'QR equal and pa- 
rallel to A'BC, and cutting AB in (i\ on RQ, R'Q describe 
the two generating semicircles QPR, QP^R'; join QP, PR, 
QF, P'R'. 

Then the circular arc QP ts AQ, as.i3 manifest from 
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the manner in which the cycloid is generated ; and in like 
manner, arc QPR ^ AB; 

.-. arc PR^BQ^ J!B! = arc P'iJ' ; 

.-. PR = PR\ 

also QJS. = CIR\ 

and each of the angles QJPR^ QP'R! is a right angle ; 

/. the triangles QPR^ QP'R^ are fequal in all respects. 

Hence angle PQR = P'QR^, and therefore PQP is a 
straight line. 

Also PP", which is a tangent to A'P'A at P' = 2P'Q 
= arc P'A by Art. 19. 

Hence if a string of length A'P'A, fixed at A' and 
wrapped upon the semicycloid APA be unwrapped, begin- 
ning at Ay a particle attached to its extremity will trace 
out the semicycloid APC. And by means of another semi- 
cycloid A*a, the particle may be made to describe the 
other half of the cycloid AC a. 

22. We now proceed to determine the time in which a 
particle will make an oscillation when constrained to move 
in a vertical cycloidal groove, or (which is the same thing), 
when constrained to trace out a cycloid in the manner 
explained in the preceding Article. The general problem 
of finding the time of oscillation, when a particle is con- 
strained to move upon a curve, is beyond the reach of the 
mathematics employed in this book, but the solution can 
be effected in the particular case of the cycloid. The 
principle of the method which we shall adopt is as follows ; 
we shall suppose the arc of the cycloid to be divided into 
an indefinite number of small portions ; we shall know the 
velocity which the particle has at the commencement of 
each of these portions by Art. IS, and we shall suppose the 
particle to describe each small arc uniformly with the velo- 
city which it has at its commencement ; the time which the 
particle takes to describe the cycloid upon this hypothesis 
will not be precisely that which is actually required, but 
it will be more and more nearly so as the portions into 
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which the arc is divided are smaller, and if we find the 

time on the supposition of the portions being infinitely 

small, the time so found will be that actually required by 

the particle for a true cycloidal oscillation. The student 

will perceive that this method is precisely the same in 

principle as that adopted in Art. 12, p. 28. 

Obs. The student is supposed to be acquainted with 

the proposition, proved in all treatises upon Trigonometry, 

• ^ 

that when is indefinitely small — ^— = 1, being ex- 



e 



pressed in the circular measure. 



23. Prop. To find the time of oscillation of a heavy 
particle moving on the surface of a cycloid. 

Let AC A' be the cycloid having its axis BC vertical, 
N a point from which a heavy particle is allowed to de- 




scend ; then if we draw NDN* horizontal, N* will be the 
point to which the particle will ascend. On BC describe 
the semicircle JB QC, and on DC the semicircle DnC 
having O for its centre. 

Let P be the position of the particle at any given 
time, P' its place at an indefinitely short time after it has 
passed P; through P, P' draw the horizontal lines PQ^nm, 
P'Qin\ cutting the circles above described in Q, Q' and 
w, n' respectively. And join On, On\ 

Let the angles COn' = a, n On =0, OC = r, BC = 2a. 

Then the velocity of the particle at P « \/2g.Dm (Art. 
13, p. 147.) 
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.*. the time of describing PP' uniformly with the velo- 

PP' 

city which the particle has at P « . . 

But PP^ « 2 {CQ - C(i), Art. 19, and if we suppose 
SQ9 CQ to be joined, we have from similar triangles BCQ, 
QCmy 

BC : CQ :: CQ : Cm; 

/. CCt^BC.Om, 

in like manner, Cn^ ^ DC. Cm ; 

CQ' BC a 

'*• C^-"/>C"r* 

and CQ = V - C« = \/or chd (a + 0) « 2 i/^sin " "^ ; 



2 



similarly Ci^ « 2\/or sin - ; 

2 

a + 

also Dm ^r + r cos (a + 0) ■■ 2r cos* ; 

^ 2 

4\/or (sm sm-J 

.*. time of describing: PP^ » .........^— _^_.. 

V 4g'r cos —^ 

a 9\ . 9 
sin- 



= 4 V- 



COS I - + - 
a V2 4/ 



/a V2 47 4 



^ /a . 0^ 

COS 



(i-'i) 



" 'V - 0, when is indefi- 
nitely small, since in that case 4 sin - = 0, (see last Art.), 

4 

and cos ( - + - ) and cos ( - + - ) each become equal to 

a 
cos-. 

2 
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It willbe seen that all the indefinitely small angles, 
such as 0, corresponding to the small arcs PP between 
N and iV, will together make up four right angles ; hence 

the time of describing the arc NCN* will be 2 tt sJ - ; 

and the time of a complete oscillation, that is, of moving 
from N to N' and back again from iV" to N will be 

la 
47r V -• 
g 

24. The time of oscillation it will be observed depends 
solely upon the values of a and g^ and is entirely indepen- 
dent of the point in the cycloid from which the particle 
starts. Hence the time of vibration in a cycloid is said to 
be independent of the arc of oscillation, and this curious 
property of the curve is expressed by saying that the curve 
is isochronous. 

25. If Z be the length of a string by which a particle is 
suspended, and if the particle be made to perform cycloidal 
oscillations in the manner above explained, it will be seen 
that Z = 4a, and therefore the time of semi vibration will 

be ttV- . 
S 

26. If we suspend a particle by a string of length Z, 
and cause it to oscillate without using the artifice necessary 
to make it trace out a cycloid, the particle will move in a 
circular arc and the time of oscillation just investigated 
will not be correct ; in fact, the time of oscillation will 
depend upon the extent of the arc of vibration, and will 
not depend entirely upon I and g as in the case of the 
cycloid ; it is manifest however that the smaller the arc 
of vibration the smaller will be the diflTerence between the 
time of oscillation on the supposition of the particle moving 
in a cycloid, and the time on the supposition of the particle 
moving in a circle, and hence if we suppose the excursions 
of the pendulum to be very small we may say without 
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sensible error that the time of a semivibration will be 

^ \/ — • 
9 

27. The pendulum here described is, however, purely 
theoretical. Over investigation has been conducted upon the 
hypothesis of a particle being attached to a string without 
weight; now no portion of matter capable of being used as 
a pendulum can be regarded accurately as a particle, and 
the string used, however fine, must have weight ; hence no 
pendulum can be constructed such as that which we have 
described. This theoretical pendulum consisting of a single 
particle and a string without weight is called a simple 
pendulum, and since no such pendulum can be actually 
constructed it is necessary to determine by calculation 
from observations of such a pendulum as we can actually 
construct, what would be the length of the simple pendu- 
lum. This problem has been solved in several ways ; it is 
tiot within the compass of this treatise however to give the 
solution, it must be sufficient to state that from observa- 
tions made with a properly constructed pendulum it is 
possible to deduce the length of a simple pendulum, which 
would oscillate in precisely the same time as the actual 
pendulum upon which the observations are made. 

28. One of the most important applications of the pen- 
dulum is the determination of the value of the accelerating 
force of gravity. It may be determined by observation of 
falling bodies, as explained in p. 102, but no method is so 
accurate as that which depends upon the observation of the 
time of oscillation of a pendulum, because by taking the 
result obtained from a large number of oscillations, the errors 
of observation may be diminished to almost any extent. 

29. Prop. To determine from observations of the pen^ 
dulum the value of the accelerating force of gravity. 

By comparing the time of oscillation of a pendulum 
with the beats of the pendulum of a good clock, the length 
of the simple pendulum which makes a semivibration 
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in one second may be determined. This can be done 
with great accuracy ; let L be its length expressed in feet : 
then the unit of time being one second, we have 



w^ 



1, 
g 

Hence if L, or the length of a seconds^ pendulum, be 
known, g is also known ; and as L can be determined with 
great nicety, g can also be determined with equal accuracy. 

When observations of the length of the seconds' pen- 
dulum are made at different parts of the earth's surface, 
it is found that the length varies between small limits ; 
this is due partly to the fact of the earth not being truly 
spherical but rather flattened at the poles, and partly to 
the effect of centrifugal force being greatest at the 
equator and diminishing as we go north or south; the 
length of the seconds' pendulum at the equator is about 
$Q inches, at the poles SQ^ ; in the latitude of London the 
length is about 39^. 

30. Prop. To find the number of seconds which a pen- 
dulum will lose in a day, when lengthened by a given small 
quantity t supposing the pendulum to be previously a seconds^ 
pendulum. 

Let a be the additional length, and T the time of a 
semi-oscillation, x the number of seconds lost in 24 hours. 

Then T.. \/5±^=^ \/? (l +^1* 

g g \ LI 



= w \/ — ( 1 + — =r] nearly, (if we expand by 
the Binomial Theorem and retain only the first two terms,) 



• • 



= 1 + —J , since by hypothesis tt ^ 

o 

^ ^ ^ 24 X 60 X 60 ^ ^ a 

0? = 24 X 60 X 6o — — — «24 X 60 X 6o X ~— nearly. 

M 2 Ju 
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n 1 

Suppose, for example, that ■- = — , then the number 
: ^^ ' ^ ' i 100 

, , ^ 24 X 60 X 60 
of seconds lost = = 432. 

200 

31. Prop. To ascertain the height of a mountain by 
observation of the pendulum. 

To solve this problem we shall assume that the inten- 
sity of the force of gravity varies inversely as the square 
of the distance of the point at which the observation is 
made from the centre of the earth, and the earth we 
shall suppose to be a sphere of 4000 miles radius, which 
though not strictly true is sufficiently near the truth for 
our present purpose. 

Suppose then the height of a mountain to be oo feet, 
and let g be the accelerating force of gravity at its 
summit, g at its base ; then 

/ 4000 X 1760 X 3 \* 

^ "* ^ UoOO X 1760 X 3 + a?/ • 

Hence if L be the length of the seconds' pendulum at the 
base of the mountain, the time of oscillation of such a 
pendulum at the summit 

^ /Z /Z 4000 X 1760 X 3 + 0? 

g g 4000 X 1760 X 3 

s= 1 + , since tt V — = 1 by hypothesis. 

4000 X 1760 X 3 ^ g ^^ 

Now suppose it to be ascertained by observation that 
the pendulum at the summit of the mountain loses n 
oscillations in 24 hours, then the time of oscillation will be 

24 X 60 X 60 n . 

1 + 2 ^ nearly ; 



24 X 60 X 60 - w 24 X 60 X 60 

4000 X 1760 X 3 , 

/. w = n ;; — = n X 245 nearly. 

24 X 60 X 60 

Suppose, for example, that n =■ 10, then the height of 
the mountain is 2450 feet. 
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CONVERSATION UPON THE PRECEDING CHAPTER. 

T. Do you clearly understand the statements made 
in this Chapter respecting Centrifugal Force ? 

P, It seems that there is in reality no such force ; 
that is to say, what we call centrifugal force is not a force. 

T. It is not a force due to the action of some cause 
external to the body, and which like gravity would act 
upon the body precisely in the same manner whether it 
be at rest or in motion, but it is an imaginary force ca- 
pable of producing a certain effect, which effect is due to 
the motion of the body. Thus if you make a stone to 
revolve at the extremity of a string, the string undergoes a 
tension which is due entirely to the stone's motion, and we 
should say that the string is stretched by the centrifugal 
force of the stone, but more properly it would be stated 
that the tension of the string is due to the continual 
checking of the tendency which the stone has to move in 
a straight line instead of a circle. Perhaps the less you 
use the term the better, as without great care it is likely 
to give rise to erroneous notions. 

P. I found the other day in a scientific dictionary 
explanations of the terms Centrifugal and Centripetal 
Force, which, I believe, did convey a mistaken notion to 
my mind. They were as follows : 

Centrifugal Force is that by which a body revolving 
about a centre, or about another body, endeavours to 
recede from it. 

Centripetal Force is that by which a moving body is 
perpetually urged towards a centre, and made to revolve 
in a curve, instead of a right line. 

T. It would be incorrect to suppose, as perhaps you 
might from reading these definitions, that the centrifugal 
and centripetal forces under the action of which bodies 
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are supposed to describe curvilinear paths were forces of 
the same kind, one tending towards a centre, the other 
from the centre. You will observe, however, that in the 
definition of Centrifugal Force the term endeavours is 
used, implying that the force is due to the body's own 
motion, not to any external influence; no such term is 
applied to Centripetal Force ; so that the definitions are 
correct, though it must be allowed that the affinity of the 
names Centripetal and Centrifugal is rather likely to en- 
gender the notion that they are forces of the same kind 
but opposite in direction. 

P. Is it not sometimes said that the motion of the 
earth round the sun is maintained by the equilibrium of 
the centripetal and centrifugal forces ? 

T. Such an expression may be used, and the meaning 
of it is this. The sun exerts a powerful attraction upon 
the earth ; we cannot say what the cause of the attraction 
is, at present the knowledge of its existence and of the 
laws according to which it acts form the limits of our 
knowledge concerning it. The efi^ect of this attractive 
force, if the sun and earth were placed at a distance from 
each other, and both at rest, would be to cause the earth 
to approach the sun, or more strictly, to cause the sun and 
earth to approach each other, and the earth falling into 
the sun would cease to exist as a separate body. But the 
earth instead of being thus placed at rest has been pro- 
jected in a direction nearly perpendicular to the line 
joining it with the sun ; if the earth had been projected 
in an exactly perpendicular direction, and with a proper 
velocity, the earth would have moved uniformly in a circle 
round the sun ; as it is, the motion is nearly circular and 
nearly uniform, taking place in an ellipse of small excen- 
tricity having the sun in one of the foci. When the earth 
is at its smallest distance from the sun, or in perihelion, 
its velocity is too great to allow it to describe a circle, 
consequently its distance from the sun increases, until at 
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length the sun's attraction causes the distance again to 
diminish, and so on perpetually. If the motion of the 
earth were circular, no portion of the sun's attraction 
would be employed in accelerating and retarding the 
earth's motion, all the force exercised by the sun would 
be employed in checking the tendency of the earth to 
move out of the circle, in other words, in destroying the 
effect of centrifugal force ; in this case then it would be 
said that there is equilibrium between the centripetal and 
centrifugal forces ; in the actual case of the earth it would 
be more correct to say that the greater part of the cen- 
tripetal force is expended in counteracting the centrifugal 
force, and that a small part is employed in accelerating 
and retarding the motion. 

P. You said that the earth would describe a circle 
if projected with a proper velocity ; how could that velo- 
city be ascertained ? 

T. It appears at once from the investigation of Art. 
6, p. 140. For the result of that investigation was to shew 
that when a particle revolves uniformly with a velocity F, 
in a circular tube, the pressure upon the tube is measured 

MV^ . . r* 

by , or the corresponding accelerating force is — ; 

T T 

suppose that instead of a tube we have an attractive force 
tending to a certain point, and at the distance r from this 
centre let / be the accelerating force which the attraction 
can exert, in other words, let / be the velocity which the 
attractive force of the centre could generate in one second 
in a body whose mass is unity if the force were to act 
uniformly during that second. Now if we project a par- 
ticle in a direction perpendicular to the line joining it 
with the centre of force, and with a velocity such that 

V'^fr (A) 

the particle will be under precisely the same circumstances 
as when projected within a circular tube with a velocity 
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V; consequently the particle will continue to describe the 
circle, arid the velocity will be throughout the motion that 
given by the equation (J). 

P. If then the radius of the circle and the intensity 
of the attractive force of the centre be given, it will 
always be possible to project a body with such a velocity 
as to make it move in a circle. 

T. Yes ; if we know the velocity we can find the force 
as in Art. 10, and if we know the force we can determine 
the velocity. Hence you will perceive that the time re- 
quired by a stone to fall from my hand to the earth, and 
the time required by the moon to revolve round the earth, 
that is, the length of the month, are quantities intimately 
connected. 

P. I am much struck by the manner in which science 
connects facts apparently unconnected ; I suppose that it 
was somewhat in the manner given in p. 145, that Newton 
satisfied himself that the attraction of the earth was really 
the force which retained the moon in its orbit. 

T. Yes ; and the evidence would be still more satis- 
factory if we followed out the principle of universal gra- 
vitation more exactly, for you will remember that if the 
theory of universal gravitation be true, there are other 
bodies acting upon the moon besides the earth ; of these 
bodies one is of such magnitude that its effect can be by 
no means neglected, I mean the sun. If the force of the 
sun had been taken into account as well as that of the 
earth in the calculation of page 145, the resulting value 
of g would have been nearer to the truth. Without 
making that calculation, which would take us too far from 
our present subject, I will remark that it is easy to see 
that the result there obtained is a little too small : for 
although the force of the sun upon the moon is very va-- 
riable at different times, stiU inasmuch as the orbit of the 
sun (considered as moving round the earth) is always ex«* 
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tenor to that of the moon, the general or mean effect of 
the sun is to draw the moon away from the earth, or to 
diminish apparently the earth's attraction ; now the value 
of g found in page 145 is the value calculated without 
considering that the moon'^s motion is in part due to the 
action of the sun, and is therefore smaller than it ought 
to be ; in fact, suppose G to be the true value of the force 
of gravity, and suppose that the mean effect of the sun 
is to diminish this by a small quantity /, then the quan- 
tity g found in page 145 is G -/, or is rather too small. 
I assume the quantity / to be small, it will in fact be so, 
in consequence of the great distance of the sun« 

But we are losing sight of the subject of the Chapter, 
which is constrained motion, and I will therefore only 
recommend to you to study the history of the discovery 
of the truth that the moon is held in her orbit by the 
same force which makes a stone fall to the ground, as you 
will find it in any biography of Ne¥rton ; the discovery 
formed one of the most remarkable epochs in the history 
of science, and the circumstances related as connected, 
with it, such as the abandoning of the thought by Newton 
when in consequence of using an erroneous value of the 
earth's radius he fancied that he had disproved his theory, 
and the intensity of his excitement when he subsequently 
found that his expectations were likely to be realized, give 
to the history a much more than ordinary interest. 

P. I suppose then that we may now pass on to the 
cycloid and the pendulum. I feel some difficTilty concerning 
the method given of drawing a tangent to a cycloid. 

T, With regard to the general notion of a tangent to 
a curve at any point being the direction in which the point 
which traces out the curve is then moving, I think that there 
is no difficulty in the conception and that it is one of the 
best modes of considering tangents. The only question, I 
suppose, is to determine in the case of a rolling circle what 
is the direction of motion of any point in the circunoference, 
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In consequence of successive portions of the circumference 
coming in contact with the directrix the direction of 
motion of any given point is continually changing, but if 
we regard only a very small motion of the circle it seems 
to me that we may safely conclude that the motion of a 
portion of the circular area resting upon the point of con- 
tact, the triangle RPQ, for instance, (figiu-e p. 151), will 
move precisely as if the rest of the circle were cut away. 
Let us then confine our attention to the triangle BPQ ; it 
is manifest that in this case the point P moves in a circle 
round Q or its motion is perpendicular to PQ, and hence, 
I think, you may infer that even when the triangle RPQ 
forms a portion of the rolling wheel the direction of motion 
of P is for an instant the same, that is, perpendicular to 
PQ, I admit however that the question is not without 
difficulty in consequence of the continual change of the 
point of the circle which is in contact with the directrix. 

P. I must take time to consider the question. 

T. In the mean time I will furnish you with another 
mode of treating the cycloid which does not introduce the 
same difficulty. 

It is not hard to see that the cycloid, instead of being 
generated as described in page 151, may be supposed to be 
generated as follows. 

Let JPB be a fixed circle standing upon the straight 
line BC ; in JPB take _-.^^;=— iJL 

any point P, and from 
P draw PQ parallel to q^ 

BC and equal to the 
arc JP, then the locus 
of Q will be a cycloid 
A QC of which the axis 
is AB and the directrix 
BC. This follows at 
once from the fact that 
if we suppose the circle to roll until J comes in contact 
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with C, and suppose iV to be the point in Bd which came 
in contact with P, we shall have 

BC = arc APB, 

and BN « arc PB^ 

.-. CN - arc ^P ; 

but it is evident that CN must be equal to QP since the 
curves described by P and A are precisely the same in 
form and only differ from each other in the circumstance 
of one being shifted a little in a horizontal direction from 
the other, in other words the locus of P and A are two 
equal cycloids having the same directrix and axes distant 
from each other by the quantity CN. 

If we adopt the method of generating the cycloid 
which I have now described, the property of the tangent 
may be easily investigated, as follows. 

Let P, P' be two contiguous points in the fixed circle 
APB^ whose centre is O, _— -^s^-v^ 

Q, Q' the corresponding 
points in the cycloid ; join ^ 

QQ[ and produce it to 
meet the directrix in T, 
then when Q and Q' are 
indefinitely near together 
T^Q will become a tan- ^ 
gent to the cycloid. Draw QjR parallel to the chord PP^ 
and meeting P'Q' in R\ join PO, P^O, P^B, and draw Q'G 
perpendicular to TQ'Q. 

Then because QRP^P is a parallelogram, QR = PP', 

and PR « PQ. 
Also Q'R = Q'P" -'P'R^ Q[F ^PQ^PP" by the mode of 
generating the cycloid, 

= QjR, if we suppose the arc PP" and the chord 
P to be equal ; 

.-. angle RQiQ = angle RQQ\ 

and QQ'R = half QRP 

^half P'OA ^P'BA, 
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.-. GQ[R - GBP\ 

or Q'G is parallel to P^B ; 

hence the normal to the cycloid at Q' is parallel to P^B, or 
the tangent is parallel to PA, which gives the same rule 
for drawing the tangent as that investigated in page 152. 

P. You have regarded the tangent in the demon- 
stration in quite a different light from that in which it is 
viewed according to the other method, 

T. I have regarded the tangent as the straight line 
joining two points in the curve, when those two points are 
indefinitely near together ; this is a very good notion to 
have of a tangent, and indeed is the one generally adopted 
in the higher mathematics. 

Let me call your attention to the fact that in the de- 
monstration the small arc PP and the chord PP have 
been regarded as equal ; this is justified by the proposition 
proved in trigonometry, namely, that the sine and the arc 
are ultimately equal, or which is the same thing, that the 
arc and the subtending chord are ultimately equal. 

P. Is the method of making a pendulum move in a 
cycloid, given in p. 154, of any practical utility ? 

T. Very little, if any ; sometimes it is attempted to 
make the oscillations of a pendulum isochronous by such 
means, but the result can generally be sufficiently nearly 
attained by making the excursions of the pendulum very 
small. In fact, the difficulty of dealing with the pendulum 
practically is of quite another kind. Treating the pendulum 
as a regulator of clocks a difficulty arises from the change 
in the form of the pendulum in consequence of change of 
temperature; the irregularity arising from this cause is 
remedied in several ways, but I must refer you upon this 
subject, as well as upon that of Escapements, to treatises on 
clockmaking, reminding you that the complete investigation 
of the subject involves dynamical considerations upon which 
we have not yet entered. Treating the pendulum as a 
scientific instrument the great problem is to deduce in the 

H 
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most accurate manner from an actual pendulum the length 
of a theoretical or simple pendulum, that is, a pendulum 
consisting of a single particle suspended by a thread, which 
would vibrate in the same time as the actual pendulum. 
In a mathematical point of view this problem presents no 
difficulty, but it is by no means easy to obtain accurate 
results in practice ; very good results have however been 
obtained by several diflterent methods, and the problem may 
be regarded as completely solved. 

P. It is stated in page l6o, that when observations 
are made of the length of the seconds^ pendulum at differ- 
ent parts of the earth's surface it is found that the length 
varies between small limits, and that this variation is due 
partly to the earth's form and partly to centrifrugal force : 
I am not sure that I understand this. 

T. If the earth were perfectly spherical and homo- 
geneous, there would be no reason why the attraction 
should be different at different points of its surface. But 
the earth is found not to be perfectly spherical ; it may 
be considered as a sphere flattened slightly at the poles; 
it is, in fact, very nearly of the form of an oblate spheroid, 
or the surface which would be formed by an ellipse re- 
volving about its minor axis : now there is no reason why 
we should conclude the attraction of a body such as this 
to be constant throughout its surface; the precise law 
according to which the variation takes place we need not 
inquire, but it seems manifest that such a variation will 
take place. Thus, to take the two extreme cases, it is 
not difficult to perceive without investigation that the 
attraction must be greater at the poles than it is at the 
equator. But suppose that the earth were truly spherical, 
and that it revolved slowly upon its axis, as it in fact does, 
then there would be a centrifugal force upon each particle 
on its surface, which would be proportional to the distance 
of the particle from the axis about which the earth re- 
volved. 



teAVITY MODIFIED BY CENTRIFUGAL FORCE. I7t 

P. Why 86? 

T. Let T be the time iai which the earth revolves, 

that is, what we call 24 hours ; then if r be the distance 

of any particle from the axis this particle describes a 

distance Sirr in the time T, and therefore its velocity is 

27rr 
measured by -— ; hence the measure of the centrifugal 

force will be (— w ) -rrv, or-— ; that is, the centrifugal 

force wiU be proportional to r. 

P. And this centrifugal force tends to counteract 
the effect of gravity. 

T. Yes; gravity will be diminished by the resolved 
part of this force in the direction of gravity; if we sup- 
pose the earth spherical, gravity will tend towards the 
centre of the earth, let R be the earth's radius, d the 
angle which a line drawn from the centre to the particle 
in question makes with a line perpendicular to the earth's 
axis, then you will easily perceive that r = jR cos ; hence 

47r^ 
the centrifugal force is measured by — - R cos 0, and re- 

solving this in the direction of the line joining the particle 

47r* 
and the earth's centre, we have -— R cos*0 for the quantity 

by which centrifugal force diminishes the force of the 
earth's attraction. 

P. "Will this ever be a large quantity ? 

T. Make d s= o so as to give the greatest value pos« 

47r*fl 

sible to it, then the quantity becomes • ; if in this 

expression you make the following substitutions : 

i? = 20888700, 
r = 24 X 60 X 60, 
7r-S.14159, 
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and calculate the value, you will then be able to see 
what proportion the quantity bears to 32, and this will 
give you a notion of the degree in which the attraction 
of the earth upon bodies at its surface is modified by 
centrifugal force. 



EXAMINATION UPON CHAPTER VI. 

I. Explain what is meant by the tenn Centrifugal Force. 

% A particle is made to revolve in a fixed smooth circular tube ; 
determine the pressure upon the tube. 

3. In what time would it be neoessaiy that the earth, considered 
as a sphere of 4000 miles radius, should revolve> in order that the oen- 
trifugal force at the equator should just counteract the earth's attrac- 
tion ; the accelerating force of the earth's attraction being measured by 
the quantity^? 

4. An extenfflble string stretches one inch for every pound weight 
suspended from it; find the length of the string when it is made to 
revolve with a pound weight attached to it in one second^ the un- 
stretched length of the string being one yard. 

5. In what time must a body weighing nibs, revolve at the ex- 
tremity of a string p feet long^ in order that the tension of the string 
may be m lbs. ? 

6. On the hypothesis of the moon revolving about the earth in a 
circle^ shew how the accelerating force of the earth's attraction at its 
surface may be deduced ; the distance of the moon and the radius of 
the earth being given, 

7* The velocity acquired by a body in falling down a curve in a 
vertical plane, is that which would have been acquired by the body in 
felling freely through the same vertical height- 

8. A particle runs down the interior of a smooth hemispherical 
bowl ; find the pressure upon the bowl when the particle is at the lowest 
point. 
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9. A weight of 1 lb. suspended at one extremity of a string S feet 
in length, the other end of which is fixed^ is allowed to foil from a 
position in which the string is horizontal ; find the tension of the string 
when it is vertical 

10. Explain the method of making a pendulum oscillate in a 
cycloid. 

11. Find the time of oscillation in a cycloid. 

12. Find the number of seconds which a pendulum will lose in a 
day if lengthened by the quantity .2 of an inch; the pendulum being a 
seconds' pendulum and 39*125 inches in length. 

13. Shew how to find the height of a mountain by pendulum* 
observations* 

14. If the seconds' pendulum be 39.125 inches in lengthy find the 
accelerating force of gravity. 

15. Supposing that in the interior of the earth the intensity of 
the earth's attraction varies directly as the distance from the centre^ 
fiA,d how many seconds per day a pendulum will lose when taken to 
the bottom of a mine of given depth. 

16. Conversely^ shew how to find the depth of a mine by means 
of the pendulum. 

17. Suppose that in the figure of page 156 a body is let fall from 
the highest point A of the cycloid and allowed to run down to C; 
suppose also that another equal body is allowed to run down a semi- 
circular tube coinciding with the semicircle BC; determine in which 
case the pressure at C will be the greater. 

18. In the figure of page 154, the time required by a particle to 
move down P'P, considered as an inclined plane, will be the same at 
whatever point of the cycloid P' may be taken. 
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CHAPTER Vn. 



PBOBLEMS. 



The problems wbich can be solved by help of the 
principles explained in the preceding Chapters may be 
multiplied to any extent in point of number; but our 
power of solTing problems will extend only to the simplest 
cases of motion, and the following pages will contain only 
a few additional examples of the same kind as those whidi 
have already been g^ven in the examination papers ap- 
pended to the several Chapters. In the elementary treatise 
on Statics we had a much wider range ; we were able, in 
fact, to treat of the equilibrium of a rig^d body quite 
generally, with the single exception of confining ourselves 
to the case of the directions of the forces lying all in one 
plane ; but in treating of Dynamics we were at once re- 
stricted to the most simple cases of the motion of a par- 
ticle in consequence of the student's supposed ignorance 
of the Differential Calculus, and the motion of a rigid body 
we can scarcely be said to have entered upon at alL We 
shall therefore content ourselves with appending some 
miscellaneous examples of those simple cases of motion 
which we have been able to discuss, and we have no re- 
marks to make upon the general method of solution in 
addition to those which will be found in the preceding 
chapters. 

I. Find the velocity of sound by dropping a stone into a wdl of 
known depth, omitting all consideration of the redstanoe of air upon 
the stone. 

II. A body is projected upwards with a velocity of ng feet per 
second ; afier how long a time will it he descending with a velodty of 
py feet? 
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III.' A fftlling body is observed to describe in the nth second of 
its fall a space equal to p times that described in the n — l]***: re- 
-qnir^d Uie whole space described. 

lY. Three heavy particles are projected from the same point in the 
tsame vertical plane ; find the relation between the velocities and direc- 
tions of projection in order that the three particles may always lie in a 
straight line, and determine the motion of this line. 

V. Knd the velocity and direction, of projection in order that a 
projectile may pass horizontally through a given point. 

YI. Find the velocity and direction of projection when the path 
of the projectile in pasdng through a given point makes an angle of 
45^ with the horizon. 

YII. A ball attached to a string is held in such a manner that the 
string is horizontal ; the ball is allowed to fall^ and when the string 
makes an angle of 45^ with the vertical it is cut ; find the latus rectum 
of the path described by the ball. 

YIII. In the preceding problem, determine when the string should 
be cut in order that the latus rectum of the parabola afterwards de« 
scribed may be the greatest possible, and determine this maximum latus 
rectum. 

IX. Find the distance of a projectile at any given time from a 
straight line drawn through the point of projection parallel to the di* 
rection of the body's motion at the time in question. 

X. If P be the point of projection of a projectile, Q its place 
at the time ^, QT" a tangent to the path at Q, and PT vertical, then 
FT is the space through which a body would fall freely in the time t. 

XI. If a heavy body be projected in a direction inclined to the 
horizon, shew that the time of moving between two points at the ex- 
tremities of a focal chord of the parabolic path is proportional to the 
product of the velocities of the body at the two points. 

XII. A cylinder is made to revolve uniformly about its axis which 
is vertical, while a body descends under the action of gravity, carrying 
a pencil which traces a curve on the surface of the cylinder ; if the 
surface of the cylinder be unwrapped, what . will be the nature of tho 
curve? 
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XIII. A body is projected horizontally with a given velocity along 
a plane inclined at a given angle to the horizon ; virith what velocitjr 
must a body be projected horizontally, in free space, 86 that the para- 
bolas described may be eqnal? 

XIV. If a be the angle of projection of a projectile, T the time 
which elapses before the body strikes the ground, prove that at the time 

T 

— .-,— the ansle which the direction of motion makes vnth the direc« 
4 sm" o ° 

tion of projection is equal to ^^a. 

z 

XV. The time of descent of a heavy body from a given point 
to the centre of a given circle situated vertically below it, is the same 
as that of its descent to the circumference down an inclined plane which 
touches the circle. 

XYI. If two circles in a vertical plane intersect, the times of de* 
scent firom the highest points of the circles down inclined planes to 
either point of intersection will be equal* 

XYII. Two given equal circles intersect; given the time of de- 
scent from one centre to the other, and the time of descent down the 
common chord, find the inclination to the vertical of either of these 
chords. 

XYIII. In an inverted parabola the time of descending down any 
chord from a point in the curve to the vertex is equal to the time of 
falling freely to a horizontal line which is at a distance below the 
vertex equal to the latus rectum. 

XIX. Find the chord of a vertical circle drawn from the highest 
point, down which if a body descend it will, after leaving the chord, 
describe the greatest parabola possible. And determine the value of 
the latus rectum of this parabola. 

XX. If a body be projected from a point in a plane inclined at an 
angle a to the horizon, the range upon the plane will be greatest when 

the angle of projection is 45® + - . 

XXI. If a body be projected as in the preceding problem, find the 
imgle of projection in order that the focus of the parabolic path may be 
in the inclined plane. > 
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' ' XXII. The manner of projection being the same, determine the 
condition in order that the body, supposed perfectly elastic, may after 
impact rise vertically. 

XXIII. If a perfectly elastic body be allowed to fall upon a plane 
inclined at an angle a to the horizon, and if Fbe the velocity with which 
it strikes the plane, then the velocity ¥rith which it strikes the plane after 

sin (45»+|-) 
the rebound will be V ^ ^ . 

sin (45--I) 

XXIV. The latus rectum of the path of a projectile being a, and 
the horizontal range 6, determine the velocity and direction of projection. 

* * »» 

!^Xy. Given the range and the angle of projection, construct the 
latus rectum. 

XXVI. The latus rectum is the height through which the pro- 
jectile must fall in order to acquire its horizontal velocity. 

XXVII. A number of balls of given elasticity Ay B, C... are 
placed in a straight line ; ^ is projected with a given velocity so as to 
impinge on B; B then impinges on C, and so on ; find the masses of 
the balls B, 0.., in order that each of the balls A^ B, C,.., may be 
at rest after impinging on the next ; and find the velocity of the n^*" 
ball after the n - 1 1^^ has impinged upon it. 

XXVIII. A ball of given elasticity is projected in a given direction 
-within a fixed horizontal hoop, so as to rebound from the surface of the 
hoop ; find the velocity after any number of rebounds ; shew also that 
the ball will eventually move round upon the surface of the hoop with 
a certain constant velocity, and find this velocity. 

XXIX. What will take place if in the preceding problem the 
ball be considered perfectly elastic ? 

XXX. Two equal balls A and B are moving with given velocities 
in the same plane in directions at right angles to each other, and the 
line joining their centres at the instant of impact is in the direction of 
vd's motion. Determine their motions after impact^ supposing then) 
smooth and inelastic. 
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XXXI. Solve the preceding problem snppodng the balls to be 
elastic 

XXXII. A heavy elastic particle slides down an inclined plane 
of given height nnder the action of gravity, and impinging upon a 
hard horizontal plane rebounds; find the inclination of the former 
plane in order that the range upon the latter may be the greatest possible. 

XXXIII. Three equal elastic balls are moving in the same direc- 
tion with velocities which are proportional to 3, 2, 1, respectively, and 
the dbtances between them at a given time were equal ; find the velo- 
cities after impact^ and shew that tliey continue to be in arithmetical 
progression. 

XXXIV. Consider the case of perfect elasticity. What vrill be 
the common difierence of the arithmetical progression in this case ? 

XXXY. Generalize Prob. xxxni., by taking the velocities of the 
balls to be F+ a, V, and F- a, and prove that in this case the velo- 
cities after impact form an arithmetical progression. 

XXXYI. A smooth tube of uniform bore is bent into the form 
of a circular arc greater than a semicircle, and placed in a vertical plane 
with its open ends upwards and in the same horizontal line. Find 
the velocity with which a ball fitting the tube must bl9 projected along 
the interior from the lowest point, in order that it may pass out at 
one end and re-enter at the other. 

XXXYII. Why is the condition, ^^ greater than a semicircle," 
introduced into the preceding problem ? What would be the motion if 
the arc were exactly a semicircle? and what if the arc were less ? 

XXXYIII. Two elastic particles are allowed to £Edl at the same 
instant into the extremities of a semicircular tube placed as in the pre* 
ceding problem; shew what the nature of the motion will be, and 
determine the height to which either of the particles will rise after 
any number of impacts. 

XXXIX. Two equal balls, elasticity tf, start at the same instant 
vnth equal velocities from the opposite angles of a square along the 
sides, and impinge; determine the angle between the directions of tiieir 
motion after impact 
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XL. An imperitQGtly elastic ball is projected from a point between 
two vertical planeSi the plane of motion being perpendicalar to both ; 
shew that the arcs described between the rebounds are portions of 
parabolas whose latera recta are in geometrical progression. 

XLI. Find the time which elapses between the first and twenty* 
first rebound, in the preceding problem. 

XLII. A body of given elasticity e is projected along a horizontal 
plane from the middle point of one of the sides of an isosceles right- 
angled triangle^ so as after reflexion at the hypothenuse and remaining 
side to return to the same point; shew that the cotangents of the 
angles of reflexion are e + 1 and e + 9. respectively. 

* 

XLIII. When an elastic ball rebounds any number of times on a 
horizontal plane, the curvilinear paths of the body between successive 
rebounds are all portions of the same parabola. 

XLIV. When a weight W draws up another weight ^W by 
means of a string and pully, the tension is found to be jT, when W 
draws up TF* it is found to be jT; find TTin terms of T and T', 

XLV. Two weights are connected by a string passing over a small 
pully ; in the beginning of the motion one of the greater weights is 
higher than the other by a given number of feet ; when the two are 
in the same horizontal line they are suddenly set free from the string ; 
determine the subsequent motion. For example, determine the vertical 
distance between the weights at a given time. 

XLYI. A bead running upon a fine thread the extremities of 
which are fixed describes an ellipse in a plane passing through the 
extremities, under the action of no external force ; prove that the velo- 
city of the bead will be constant. 

XL VII. A railway train is going smoothly along a curve of 500 
yards radius at the rate of 30 miles per hour; find at what angle 
a plumbline hanging in one of the carriages will be inclined to the ver- 
tical. 

The weight suspended may be regarded as a particle kept in equi- 
librium by the tension of the line, its own weight, and the centrifugal 
force. See page 140. 
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XLVIII. A pendulum which oscillates seconds at one place is 
carried to a place where it gains two minutes in 24 hours ; compare 
the force of gravity at the two places, 

XLIX. A seconds' pendulum was too long on a given day by a 
small quantity a, it was then over-corrected so as to be too short by a 
during the next day : shew that the number of minutes gained in the 

two days was 1080 yi nearly, L being the length of the seconds' pen* 

dulum. 

L. A pendulum is found to make 640 vibrations at the equator in 
the same time as it makes 641 at Greenwich ; if a string hanging verti- 
cally can just sustain 80 pounds at Greenwich^ how many such pounds 
can the same string sastain at the equator? 



THE END. 
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